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NAGEL’S AND GERGONNE'’S CEVIANS - APPLICATIONS AND
RESULTS

By Bogdan Fustei-Romania

Extended Abstract

This paper is a new study in the field of geometry of triangle involving Nagel and Gergonne
cevians. We obtain new identities and inequalities involving those two types of cevians
using very well-known relationships in triangle geometry involving other elements of a
triangle. After obtaining new identities involving those type of cevians, we obtain new
inequalities using well known inequalitys both geometric and algebraic.

Those type of cevians as we will see are very close related with very well-known elements
of triangle, which helps us to manipulate the expressions we obtain for a better form.

This paper is not the first written by me involving Nagel and Gergonne’s cevians, but the
results are new, we also use previous results in papers written by me with this topic for
keeping fresh the interest of the readers, sometimes the expressions obtain are not
friendly and they must be manipulated to obtain a better form, for using in future
research. This paper like others was born from passion and curiosity for obscure elements
which in school of math from Europe and USA was not studied so much. This topic is very
rich and as we will see, we can obtain hundreds of results, even more.

| hope this topic will be researched in the future and new results will be obtained.
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1. Research methodology

In this paper we will present applications and results with Nagel and Gergonne cevians.
Results about those type of cevians are very rare in Europe and USA math school. We will
present the new connections of those cevians with very well-known elements of a
triangle. These new results will lead to obtain new geometric inequalities in triangle and
inequalities related with already very well-known.

We consider triangle ABC with sides BC = a, AC=b, AB=c and p = %(a +b+c)

circumradius R, inradius r, 1, I, l.: the angle-bisectors; 1, 13, 7. the radii of excircles; m,,
my,, m.: the medians; h,, hy, h.: the altitudes; n,, g, - cevians of Nagel and Gergonne
from A to BC (and analogs);

_o2
We know that: g2 = (p — a) [p — (:—C) ] (and analogs) [1;3]
41,1 = 4(p — b)(p — ¢) = a? — (b — ¢)? (and analogs), we will obtain:

g2—(p—a)= @ (and analogs), but we know thatr, = é (and analogs),
2S = ah, = 2pr and after banal computations we obtain a new formula:

g2 = (p — a)? + 2rh, (and analogs) (1)

Fromr, = ﬁ (and analogs) 9? = %(and analogs)

From S? =p(p-a)(p-b)(p-c) (Heron) and ctg% = /% (and analogs) we will obtain

ctg% = ? = FB (and analogs); From (1) and this identity we obtain:
a
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22 = ctg? % + 2—:“ (and analogs) (2)

Now we use p? = nZ + 2r,h, (and analogs) [2] and we obtain:

2 2
n 2h, Zh
(g—“) = (—a) + =24+ = (and analogs) (3)
r Iy r
2S ah r a h b+c
Fromr, = =—2 5 2= —» -2 =——1(and analogs
8 2(p-a) b+c-a h, b+c-a 1, a ( gs)

ah, =2pr=(a+b+0)r D —1+ — (and analogs)

%+r__z(w—1+1+w)=4%(andana|ogs)

r

From (3) we obtain a new result:

(g_a)z - ("—"‘)2 + 4?(and analogs) (4)

Ta

After summation we obtain new identities:

2 2
gatg +g 2(hy+hy+he)
BT = otg? D TS (5)
2 2 2
ga+8h+8 n, b+c
seabial _y () 44yt (6)
Erom Ctgz é _ (3)2 E — n§+n%+2hbzrc+2h[;rc > 2(nbnc+hb2rc+hcrc) we obtain:
2 ra/ 2 2r3 2r3
A hpre+h
ctg? 32 w (and analogs) (7)
a
hyre+h h
From (2) and (7) we obtain: (ga) > w 4 20a —* (and analogs) (8)
a
From 2rh, = g2 — (p —a)? = (g, + p — a)(ga + a — p) we obtain:
h - . .
—Ta_ _ atPd (and analogs), and after summation we obtain:
gata-p 2r
ha  _ BatBh+Bctp (9)
gata—p 2r
h
g+—;a ga‘+2—ap (and analogs), after summation we obtain:
At
ha _ Batgbt8c—P (10)
gatp—a 2r
From [4] we have: £ = 3122 + 2 an—jp and 22 = fatiblie 4 oy el and using (9) and
a a
(10) we obtain new results:
ha _ gatg8p+8c ( na Ta )
2 Z gatp-a - r Z h, +2 Z na+p (11)
ha  ga+tg8p+8c (na+nb+nc 2 2ra+ha)
Z gatp—a - r 3r + 3 Z n,+p (12)
h, _ 8at8bt8c ny
ZZgaH_p = + X +22n+p (13)
h, _ 8atg8pht8c “a+“b+“c 2\~ 2ra+hy
Z gata—p - r + 3r Z na+p (14)

From p? = nZ + 2r,h, (and analogs) we have: 2r,h, = (p +n,)(p — n,) and
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—p = Zraba _ p-Da _ 2ha r_1 .
p—n, = o - o = pm (and analogs) also we use Z =_we obtain:
P_yMa zha
phab Yl D Mvey (15)
and using (9) and (10) we obtain:
ha _ gat8b+8c _ na 2h,
2 Z gatp-a - r (Z Ia + Z p+n, ) (16)
ha ga+gb+gc n, Zha
2 s T PIL I (17)
From (1) we obtain: (ﬁa) (?) + ? (and analogs); We will use the well-known
a a a

relations: Zh— = ;; rpre = p(p — a) (and analogs); 2ryr. = h,(ry, + 1r¢) (and analogs);

p-a _ Ip#rc

Y ryre = p?; and we have: — (and analogs) and after simple manipulation we

hy 2p
N2
obtain: 3 (3=2) =§++2_;+ dz(ga) _2+Z(ph_:).
We will obtain:
2 2,.2,.2
8a _E Iy +ry +I¢
D) =5+ (18)

2 2,.2,.2 2,.2,.2_ 2

. 5 ry+ry+r 1 1 ry+ry+re—p

From (18) we can wrlte:Z(—ga) =-+ 2B f}-_ =342 D C "
h, 2 2p 2 2 2p

s easy to see r2 + r§ + 12 — p? =r2 + rf + r? — ¥ ryr. and we obtain:
1
b+ a2 = Yyt =5 [0 = 1) + O = 1) + G = 1))

) (i_) =3+ [( —1p)? + (rc — 1) + (1 — 12)?%] (19)

From well-known relation: r,ryr. = Sp = p?r and 2ryr, = h,(ry, + r.) (and analogs)
N Faha(rp+rc) raha(rp+re)
2r 2r
analogs) we obtain:

= p? (and analogs). From = p? and p? = nZ + 2r,h, (and

nZ =r,h, (% - 2) (and analogs) (20)

Fromr, + ry +r. = 4R + r and (20) we obtain:

g _ MR _ ¢ (21)

rahy r

b+c

Fromh, = (1 + —)r (and analogs) and = b

— 1 (and analogs) we obtain

a = (2r, + h)r (and analogs). From raha1 = (2r, + h,)r (and analogs) and (20) we
obtain:

= (2r, + h,) (rl’Jrrc - Zr) (and analogs) (22)

Fromm,l, = p(p —a) = rbrC (Panaitopol inequality) [5] and 2ryr, = h,(ry, + r¢) (and

analogs) we obtain ha la > rb;rrc (and analogs) and from (22) we obtain:

(2r, + hy) (mhL:‘ — Zr) > n? (and analogs) (23)
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We will use now well-known inequality \/g = :11 (and analogs) (for proof see [6]) and
a

using (23) we obtain:

(2r, + hy) (maé - 2r> > n? (and analogs) (24)
From (23) and (24) after summation we obtain two new inequalities:

Y (2r, + h,) (mhLl“ - Zr) > Y n? (25)

Y(2r, +h,) (ma\/g - 2r> > Y n? (26)

From (1) and abc = 4RS; a? + b? + c? = 2(p? — 4Rr — r?);
a® + b3 + ¢® = 2p(p? — 6Rr — 3r?) and 2S = ah, = 2pr (and analogs) we have:

2 N2 2
S8 —6r+2 T and 35 = 2R+ 5r (27)

From (27) and Bergstrom inequality: if xi-real numbers and a; > 0,

2 2 2 2
k€ {1,2,...,n} then R AR Mwith equality only if
a az an a;taz+-+an
2
RERE x—", we obtain: 2R + 5r > (8a*8b*8c) wich can be written as:
ag a an hy+hp+he
V@R +50)(h, +hy, +h) > g, + 8 + & (28)
From g, = h,(and analogs) and (28) we obtain:
2R+5r>g,+ g, + 8. (29)
From (28) and (9), (10) we obtain two new inequalitys:
5 ha p+/(ZR+51) (hy +hp +he) (30)
gata-p — 2r
ha —p+/(2R+51) (hy +hy +he) (31)
gatp—a 2r

From (4), (8) and (28) we obtain another two inequalitys:

Z (n_a)z + 4& < J 2R+5r)(ha+hy+he) (32)
ry a r
Z nbnc+hb2rc+hcrC +2Tha < «/(2R+5F)(:1a+hb+hc) (33)

a

We use now Wolstenholme’s inequality: if X, y, z are real numbers, A, B, C angles of
triangle ABC then we have:

x2+vy% 422 > 2xycosC + 2yz cosA + 2zx cos B with equality if and only if:

x _ Yy _ z

[7] and (25) and (26) and we obtain:

sin A sinB sin C

Y(2r, +h,) (mhLal“ - Zr) > 2npn. cos A + 2n,n, cos B + 2n,n cos C (34)
Y(2r, + h,) (ma,\/ZEr - 2r> > 2nyn, cos A + 2n,n, cos B + 2n,n; cos C (35)
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Using Wolstenholme’s inequality and 3Tp = m + ZZ%we obtain:
2ra+h,
> 2YcosA, /nyn, + 2ry—=-= atp (36)
From g = Z + 2 Z and Wolstenholme’s inequality we obtain:
p npne Ia
->2Y cosA ’ hehe +22naer (37)
From (6) and Wolstenholme’s inequality we obtain:

2 2
g‘”f% 22“"“c05A+42E (38)
z(“—) + 432 > 2y B cos A (39)

From (15) and Wolstenholme’s inequality we obtain:

p npne h,
~>2%cosA f - +22na+p (40)

From (27) and Wolstenholme’s inequality we obtain:

2R+ 5r > 2 B ¢os 4 41
P Jhohe (41)
From (18) and Wolstenholme’s inequality we obtain:
5 rz%‘“‘[%‘“’c 8b8c
>+ 207 Zh b cos A (42)

The last result presented is the following:
I, <m, < p, < n, (and analogs) (43)
pa-Spieker cevian from A to BC

For the demonstration of this result, we will use this theorem: Points I, G, Sp, N, are
colinear, line that passes through these points is called Nagel line.[8]

I (incenter), G (triangle centroid), Sp (Spieker center), N, (Nagel point)

Figure 1.
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2. Conclusion

The field of geometry is full of surprises and we can find new connections between well
known elements of a triangle.
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