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1601.

Prove that 7yellow=23pink
Proposed by Jafar Nikpour-Iran

Solution by Eric-Dimitrie Cismaru-Romania

r

B
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2
Let x be the length of the sides of the square. It is sufficient to show that § = 73%. Because

MNPQ is asquare, S = MN? + 4 - (c/lAAQM — JlADFG). By Menelaus’s Theorem in ATBS
(where BS = SC), with A — M — C, we have:

TA BC SM 4 AM 1 AM = A AC x\/§

—_——— . S — - =

BA SC TM CM ™~ 2 Q= 3 6
x_\/g_ig_x\/g x5 2xV5

Then, GM = AM — AG =
6 10 15

obtain that MQ = \/GM? + GQ? = g

AG _ d(4;6D) _ 3
AM ~ d(4;MQ) 5

dGM+GQ——=>GQ—

, SO we
15’

We also have = d(4;GD) = g =>d(G;MQ) = %, yielding to GD = g

Finally, we have:

5 x? x2 AF-GD
S:MN +4'(‘AAAQM_‘AADFG)<:>S ?‘*‘4’ 18 2 )

Z xz 7x2
Leadingusto S = —+ 4- (1_8 - E) 30’

so the proof is finished.
1602. In any A ABC, the following relationship holds :
4a* +b*+c* R
<

2a2+bc " r

Proposed by Adil Abdullayev-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

R_2 2 b%+c? bc
"S™4R 2R
2r\ ? 4R2(sm2B+sm2C) 4R%sinBsinC
A B R 4R 2R
8Rsin 5 2 sin 2 sin
R

(:)R(l =
e
2

)
> sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
1 asi A(z_ B . c)?(z B+C . B—c)2
@ —_— J— p— J—
sm2 smzsm2 cos > sin >
B-C B+ C A )
2 — CcoS )>4sm E(l—cos
. A B-C _ZA? -zA -2A 2B—C
S 1—4smicos + 4sin 524sm E—4sm —COoS

2 2
A .,B-C _ A B-C
& 4sin? Ecos2 5~ 4smEcos

s 1 -

A B-C
<1 - 4smi<cos )

? A B-C Z
+120=><Zsin5cos > —1) >0
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4a®? + b?* + c? — (4a* + 2b 4R(R — 2r)
- true = (::—C)Z SR4R(2R—2r) " 4ac2 +2(b:l 2 = 4a? +2brc
? —2r

? Euler
<——1= & 8Rrs < s(él-a2 + Zbc) ( R-2r > 0)
2r 2r

?
& 2abce < (a+ b + ¢)(2a? + be)
)

& 2a3 + abc + 2a?b + b%c + 2a%c + be? > 2abce

? A-G
& 2ad + 2a%b + b%c + 2a%c + be? > abce - true - a® + b%2c+ bc? > 3abc
> abc = 2a3 + 2a?b + b%c + 2a?c + bc? > abce

4a’? + b% + c? — (4a® +2bc) R 4a? + b? + ¢? R
<— 15— -1<—-1

4a? + 2bc 2r 4a? + 2bc 2r
4a2+b2+cz<RVAABC”—" iff A ABCi ilateral (QED
2 1be =7 S =" is equilateral (QED)

1603. In any A ABC, the following relationship holds :

9a?

hZ + —

my, +mg = 4

Proposed by Bogdan Fustei-Romania

Solution 1 by Eric Cismaru-Romania

Let G be the centroid of triangle AABC and let M, N, P be the midpoints of sides
AC,BC,AB. Construct GG' L BC and AA' 1 BC.

ha

Because AA' || GG' & AGG'P ~ AAA'P = GG’ = 3

Let’s apply Pythagoras Theorem in triangles ABGG’' and AGG'C.

2 2 2 2
We obtain that GB? = 4% = % + BG'? and GC? = 4% = % + CG'? and by taking the

square root and adding we’ll have
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2 h2 h2 hq\? hq\?
§(mb+mc)=\/?a+BG’2+\]?a+BG’2=\/<?") +BG’2+\/<?'1> + CG?

Using Minkowski’s Inequality,

2 2h,\° ’4h2
g(mb +m.) > \/( 3a) + (BG' + CG")? = 9“ + a?,

2

which is equivalent to m;, + m, > /hﬁ + 9%.

Equality holds when BG' = CG' or when G' is the midpoint of BC, meaning that

G'=N© AN L BC © AB = AC

Solution 2 by Soumava Chakraborty-Kolkata-India

mZ + m? =

2c2+2a2—b2+2a2+2b2—c2_lz 2+3a2
4 T2l s

cyc
2

9a 3
=>T=3(m§+m§ —ZZaz =3(m§+m§)—2mﬁ
cyc cyc
9qa?

=>T=2(m12,+m(2:)—m,21—>(1)

9q?2 via (1) 9 2
Amp + mg > h‘Z‘+T S mb+m§+2mbmc2h§+2(mb+m§)—mﬁ

()

© |m2 —hZ > (mp, — m,)?
(b—c)? _4s(s-a)(s-b)(s—0)

2
(b — ¢)? _s(s-— a)(a? - (b-¢)?) _(b— c)a2 N s(s—a)(b —c)?

Now,m2 —h2 =s(s—a) +

=S(5_‘1)+24 a 2 24 2 azz
(b-0° , (b—0c)*(2s—a) (b—c)*(b+c)
= 4s2 — 4 = =
4a? (a® +4s sa) 4a? 4a?
bZ _ CZ 2 bz _ CZ (xx)
=mj —hZ = % - (2) ~via (2),(») © ( 1a? ) > (m, — m,)?

? 9m?
Again, (m? — m%)2 > T“ (b — ¢)?

o ((Zc2 +2a? — b?) — (2a? + 2b? — c2)>2 2 9(2b? + 2¢? — a?)

_ 2
4 16 (b —c)

& 9(b? — cz)2 ; 9(2b? + 2¢% — a?)(b — ¢)?
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& ®m-0%(b+0?—(b+0?+(b-0?-a?))20
& (b-co)?%(a? - (b-0)?) ; 0= (b—0c)%.4(s—b)(s—c) é 0 - true

2 9m?
(mf —mZ)" 2 —=(b-0)?|| > (3)

Implementing (3) on a triangle with sides whose medians as

respectively, we arrive at :

)

N|ﬁw

a consequence of elementary calculations =
2
2 a 2 2
1 9.7 (2 b2 — 2
<Z (b* - CZ)) = T4' <§ (my, — mc)> = % > (my, — m)?

’ 9a?
= (¥x) > (x) istrue ~ mp + m, > [hZ + T v AABC,” =" iff b = c (QED)

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

In any AABC,we have
_Js(s—a).2{(s—b)(s—©) AMéGMw/s(s —a).(5-b)+(s—c)) (b+c)?—a?
= h 2

h, =
a a a

Sb+c> /4ha2+a2.

Using this inequality to the triangle GBC, where G is the centroid of the triangle ABC,

we obtain
GB + GC > /41162 + BC?,

where h; is the altitude from G. Since the area of AGBC is equal to 3’ then we have

h,
hg =—.
€73
Zmb ch
Also,we have GB = 3 GC = =3 then we get

5  9a?
my+m, > |h, +T.

1604. In AABC the following relationship holds:

mg Wq
my\n, (Waq\h, W m
(_a) . (_a) y Yo Ma
hq h, hes — h,
Proposed by Daniel Sitaru — Romania

Equality holds iff b = c.

Solution by Tapas Das — India
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mg Wq mg
G Ge) =G —
hq hq ~ \h, e

my\h, 1
> (—a) . wo (“wg<mgw, >h,)

(&) ha
a
W, Wq

Wq
m,\n, m
o)™ =L+ eI
Wa Wa

b~

W, /m m w
> 1+—“<—“—1)=1+—“——“
Bernoulli h, \w, h, h,
m e 5 m m
w w w w
(—“)h“ - (—“) R T N B T R
hq hq hq he h, h, hq

1605. In any A ABC with p,, py, pc =

Spieker cevians, the following relationship holds :
I, + I N Ic+1, +ra+rb

>3
ra"l'pa I'b"l'pb rc"l'pc

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r'(say)
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Now, 16[DEF]? —22( ><b2> 216 = z a?b? — z 161'252

+bc

a
rs b2 bl b rs r
= [DEF] = =1 % = =r=5-

. . C 2B+C B+m—A
- Spieker center is incenter of A DEF, - m(2AFS) = B + 2= < 2
T _A-B ndm(saEs)=c+o-T_2"C
= —_— = —_—_————_—_—
2~z ndm(4AES) 22 =2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? =

i 2r (;) SinA ; B

N 2r cn, . A—-B 2r by . A-C
ow, —C (—) sin + B <E) sin >
Zsmi Zsm7
T ( C A—B B A — C)
)

— 4Rcoszsin > +4Rcosisin >

. (2_ A+B_A-B _ _ A+C_ A—C)
= Rnr Sin 2 sin 2 Sin 2 Sin 2

=Rr (1 — 2sin? ; + 1 — 2sin? ; -2 (1 — 2sin? %))
— oRr <2a(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s — b)>

abc

_ RY 203 + (b+)a? — 2a(b? + ¢&) = (b + (b — ©)?)

8Rrs
—_ =02 é _ _ =2 é
4(b + c)bcsin? % _2a.2bccosA  PC <(ZS a)sin®5 —a (1 2sin 2)
B 8s o 2s
bc| (2s + a)sin? A_ 4
2 2s+a)(s—b)(s—c¢)

= 2s = 2s — 2Rr
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2r (c) _A-B 2r (b) A-C
= - =) sin - =] sin
ZSing 2 2 25ing 2 2
*) —(2s+a)(s—b)(s— c)
2Rr
2s
Acai r? N r? r? ( ca s ab )
ain, -
® 4Sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
2 ab + ca (**) rz rz

— 2Rr = +
. ,B C
22 f2 -
4sin 2 4sin )

2, o2 ~ i
(i), (+), (+%) = 2AS8? = b*+c -:ab +ca (2s+ a)(sZS b)(s — ¢)
_(a+b+c)(®*+c*+ab+ca)—(2a+b+c)(c+a-b)a+b-c)

r
= I (ca(s—b) +ab(s—¢)) =

s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) , () b® + ¢ — abc + a(4m3?)
= = 2AS8° =

4s 4s
iq sinel A r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
Zsmfsma Cos—5— (a+ b)sm—
S csing 2 TATD) 1 A AES, bsing - =" o+
csina = 7AS and via sine law on sinf 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (xxx) and () pala+b+a+ c) 4s A
4AS “PaT 5t a
, vieG 16s*> b+ c? —abc+ a(4m?)
>ps = .
(2s + a)? 8s
(m) 2s
2 ‘% 3 3 2
Pa = (ZST‘,)Z (b + ¢’ —abc + a(4ma))

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢3 + a® — abc + a(2b? + 2¢% — a?) — a3
= z a3 —abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc

= b3 + ¢3 —abc + a(4ma) Zs(s — 8Rr — 3r2 + 8RrcosA) - (m),(mm)

./sZ — 8Rr — 3r2 + 8Rrcos A > (m)

Pa= 25+t a B
smg sm% ssin (%) cosz scos’s ,A
Also,rp, + 1. =5 E+ c = A B C = (i) = 4R cos 7
cos Cosy €0S > 0S5 COS AR

(i) , A
~“ T, + 1. = 4R cos? 2
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n,+r. r.+r, r,+rn

I'a-l'pa I'b'i'pb l‘c"_pc
Ly r)?  Berssuom (Seyelr +10)°
ra(rb + rc) + pa(rb + rc) B chc I'a(rb + rc) + chc pa(rb + rc)
4(4R + 1r)? ?

?
= >3 o 4(4R+r)2—652232 (ry, + 1)
257 + Y.y Pty + 1) g7 L P T

We have :

cyc

cyc

We also have : 1_[(25 + a) = 8s3 + 4s? Z a-+ Zsz ab + 4Rrs
cyc cyc cyc

= 8s3 + 4s2%.2s + 2s(s? + 4Rr + r?) + 4Rrs
( )
= 1_[(25 + a) = 2s(9s? + 6Rr + r?) and

cyc

a(s—a) _ 1
2s+a  [lyd(2s+a)

1
2
- - -2
2s(9s2 + 6Rr + r2) a(s —a)(8s sa + bc)

cyc

8s? (s(Zs) —2(s? —4Rr — rz))

via (mmm)

z a(s—a)(2s+b)(2s+c) =
cyc

cyc

1
~ 25(9s + 6Rr + 12)"| —2s (Zs(s2 — 4Rr —r?) — 2s(s? — 6Rr — 3r2)) + 4RrsZ(s - a)
cyc

a(s —a) (mumn) 2rs(15R + 2r)

2s+a  9s2+6Rr+r2

cyc
M z az via (mmm) 1 Z 2 25 + b)(2s +
oreover. / 2s+a 2s(9s% + 6Rr +r2)’ @*(2s +b)(2s +©)
cyc cyc
= 1 Z a?(8s? — 2sa + bc)
2s5(9s% + 6Rr + r2)’
cyc
1

= 2 2 _ C22Y L Ac2(e2 9.2
_ZS(9SZ+6Rr+r2)'(85'2(S 4Rr — 1?) — 45%(s? — 6Rr — 3r%) + 4Rrs(2s) )

a? (mmmmm) 28(382 — 8Rr — 1'2)
= =
ZZS+a 9s2 + 6Rr + r2

cyc

via (m) and (iii)
Now,z Pa(rp + 1) =
cyc
2s.4R sa(s — a)
Z /s —8Rr — 3r2 + 8RrcosA.————
2s+a abc

cyc

11 I RMM-GEOMETRY MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

8Rs? j(sz — 3r? — 16Rr sin? %) a(s—a) |a(s—a)
_4Rrs'z 2s+a ‘| 2s+a
cyc
CBS 25 (s2 — 3r? — 16Rr sin? %) a(s—a) a(s — a)
22|y e
r 2s+a 2s+a
cyc cyc
B 2 (s? — 31r2). Za(s—a) 16Rr(s —b)(s—c)(s—a) Z a(s—a)
B S 2s+a abc 2s+a’ 2s+a
cyc cyc cyc
via(mmmm)and (mmmmm)

2s (s? 2) 2rs(15R + 2r) 16Rr.r2s 2s(3s2 — 8Rr —r2) |2rs(15R + 2r)
’ ".|9s2 + 6Rr + r2

T "9s2 + 6Rr + r2 4Rrs = 9s2 + 6Rr +r?

4s?
./(225R2 — 120Rr — 20r?)s? — r2(195R? + 56Rr + 4r2)

~ 952 + 6Rr + 12

1252 (225R2 — 120Rr — 20r?2)s?2
< )
=13 Z Pa(Ty +1e) < 9s2 + 6Rr + r2 \/ —r2(195R2 + 56Rr + 4r2)
cyc
?
< 4(4R +1r)? — 65? © (2(4R +1r)? — 352)%(9s? + 6Rr + r?)?
?
> 36s* ((225R2 — 120Rr — 20r2)s? — r2(195R? + 56Rr + 4r2))
& 729s8 — (23652R? + 2484Rr + 90r?)s®

+(82944R* + 62208R3r + 24624R?r? + 4284Rr3 + 261r)s
+r(110592R5% + 122112R*r + 54144R3r? + 12048R%*r3 + 1344Rr* + 60r°)s

+r? (36864R6 +49152R°r + 27136R*r? + 7936R3r3> 2lo
+1296R?*r* + 112Rr® + 4r° =

Now, Rouche = s? — (m — n) > 0 and s? — (m + n) < 0, where
m = 2R? + 10Rr —r? and n = 2(R — 2r).v/R% — 2Rr
(s2 — (m+ n)) (s2 — (m - n)) <0
(®

4 _s2(4R%2 +20Rr—2r2)+r(4R+r)? < 0
-~ in order to prove (),

=st—-s?22m)+m?-n’<0=s
~ 729(s* — s2(4R? + 20Rr — 2r?) + r(4R +1r)3)2 >0
it suffices to prove : LHS of (¢) >
729(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3)?
< —(17820R? — 26676Rr + 3006r2)s°

+(71280R* — 147744R3r — 325296R?r? + 45108Rr3 — 4113r%)s

(483840R5 + 2268288R*r + 1337184R3r2> <2
+227832R?r3 — 4488Rr* — 2856r°
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(2949120116 + 4429824R5r + 2772224R*r? + 925184R3r 3) (;) 0 and

+173664R?*r* + 17384Rr5 + 725r° =
s* — s2(4R? + 20Rr — 2r2)> “a><'> 0

+r(4R +r)3
-~ in order to prove (), it suffices to prove : LHS of (e¢) >

—(17820R?% — 26676Rr + 3006r%)s?(s* — s2(4R? + 20Rr — 2r%) + r(4R +1)?)

& —(397440R3 — 231840R?r + 68364Rr? — 1899r3)s*

+ (1624320R5 + 1416384R*r + 462960R3r2) <2
+69828R?*r3? + 4908Rr* + 150r°

+ —(17820R? — 26676Rr + 30061r2)s? (

(2949120R6 + 4429824R5r + 2772224R*r? + 925184R3r 3) 0 0 and
+173664R2r* + 17384Rr5 + 72516 ) )
—(397440R® — 231840R%r + 68364Rr? — 1899r3) ( ~ S"(4R" + 20Rr —2r ))
+r(4R +r)

via (#)
> 0 .. in order to prove (e°), it suffices to prove : LHS of (ee¢) >

4 _ 2/4n2 o2
—(397440R? — 231840R?r + 68364Rr? — 1899r3) (S s(4R” + 20Rr - 2r ))
+r(4R +r)

& (1080R® — 175158R*r + 175662R3r? — 54798R?r® + 5613Rr* — 114r°)s?

(702720R6 5952R°r — 148624R*r? — 4684R3r3> 1o
+10116R?*r* + 881Rr°® — 82r° —
1080R> — 175158R*r + 175662R3r? — 54798R?r3 + 5613Rr* — 114r>
> 0 and then : LHS of (eeee) >
r (7027201{6 — 5952R5r — 148624R*r? — 4684R3r3 +)
10116R?*r* + 881Rr° — 82r®
—r <(R _21) ( 702720R> + 1399488R*r + 2650352R3r?
+5296020R?*r3 + 10602156Rr* + 21205193r>

Euler

> 4241030417 > 0 = (eeee) is true (strict inequality)
1080R> — 175158R*r + 175662R3r? — 54798R?*r?® + 5613Rr* — 114r>
< 0 and then : LHS of (eeee)

_ <_ (1080R5 —175158R*r + 175662R3r? — 54798R2r3> <2

~
.

) + 42410304r6>

+5613Rr* — 114r°
(7027201{6 5952R°r — 148624R*r? 4684R3r3> Gerretsen
+10116R?*r* + 881Rr> — 82r° -
_ (_ (1080R5 — 175158R*r + 175662R3r? — 54798R?r3
+5613Rr* — 114r°
ir (702720116 5952R5r — 148624 R*r? 4684R3r3) ’?

>0
+10116R?r* + 881Rr> — 82r®
 2160t7 + 3204t° — 348t° — 95321t* + 1627813

? R
—66141t% + 8632t — 212 >0 (t = ;)

)) (4R? + 4Rr + 3r?)
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5 4 3 ?
+52649t + 101035

Euler
> true ~t > 2 = (eees) is true .. combining both cases, (++++)
Iy + T, r. +r, r, +r
= (s0#) > (s#) > (s) istrue VAABC . >—S 4+ 248 D>3
Irq+Pa T +Pp TctPc
v A ABC," =" iff A ABCis equilateral (QED)

1606. In any A ABC, the following relationship holds :

_1+Z
ga+gb 8r3

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

? r ? Zabccos%
Triangle i lity > g, < Al+r < & ——F+r<—*
riangle inequality = g, r<w, siné r ab £ ¢)
2

A
r ? 8Rrscos 5 1 7 a+b+c
S +r< 1= < -
. A - . A A . A - . A
sinz 4R(b +¢) sinycos5  singy (b+c¢) sinz

? a 1 ?
+1< + o (b+c)sin-<a
sin (b+0¢) siné siné 2
2 2 2
B-C  A?~? A A B—-C?~?
smESéLRsmEcosE@cos <1 - true

(=1

A
< 4R cos E cos

9a < w, and analogs — (1)
Leibnitz

+
a CBS b2c? Goldstone 4R2g2 a 3R
Now YL (STqz [§ VL coigne o | AR SR,
ow, @ 16RZr2s2 16R2r2s2 b=2r = @&
cyc

cyc cyc cyc

be(s — CBS Geretsen
Also ’ ( \/_ Z(s —a).Vs? + 4Rr + r2
cyc sm e I.

cyc
1 _2R+r
—\/4R2+4Rr+3r2+4Rr+r2:> ( ) > (3)

Panaitopol

Now, via (1), z >

ga+gb Wa+wb ma+mb

cyc
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h, _|2r
R, . ’_'
yc E (ha + hb) R cyc
) z w, - 3
i\ Ya +9p  Jt(t+1)
- = ga Wa wa
A , 1 ,Z ’— < Z < z
gain, via (1) wy, + W, wy, + W, hb + h,
cyc cyc cyc
A
Z Zbc.cos > CBS \/_
= h+a2’
(b+c).4R cos sm cyc (b + C) oye smg

Bergstrom

CBS
ZR 21- 1 and v1a 2) [2r
bc + ca ’ ’
cyc /1 +% V3. 3+ 5% 3R

R Euler
- (i) (where t=— = 1)
2r

cyc
(b+c) ZR
via®3) /3 [2(R+r
< —. ( )..Z g“ <\/_ t+——>(ii)
2 r wy, + 2
~ (i), (ii) = in order to prove : Z >1+ Z —ga__ )
o 9a + 9v 8r3 - wp + W,

—1>\/_ t+§

it suffices to prove : |———
V t(t + 1)

Let f(t) 3 +t3-1-+3 t+1Vt>1
e = —_— -1-+3. —vt>
Jt(t+1) 2

f'(t) = 3t% - v3 = - 3(2t+1)§
2. Jt+5 2.(t(t+ 1))?

2
V3 N 9(2t + 1)

3

3 3
4+ D2 4t + D(tE+ D)2 (et +1))?
3 32t+1)2 —4t(t+ 1)

f'(t) = 6t +

= 6t+ 3 +
- 3 3 4t(t+1
4t+ 12 (¢(t+1))2 (t+1)
V3 3 8t2 +8t+3
= 6t . 0=>f"()>0=>f'(t)is 1
+ 3+ 3 Attt 1) =>f")>0=>f'(t)is

4+ 12 (¢(t+1))2
on[1,0)=f'(t)>f'(0)  0.701903 > 0 = f(t) is T on [1, »)

1
t3-1-/3. t+220‘v’t21:>(*)istrue

3
f(t) >f(1) = ——
>f)=>f(1))=0= t(t+1)+
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=1+ Z ——— VA ABC,
9a + 9o 81'3 Wp + W
cyc cyc

" =""iff A ABC is equilateral (QED)

1607.

In any A ABC and for all n > 2,the following relationship holds :

z 2011 [q(b + c) R" > on 4 Z 2011 |m,(my, + m,)
bc r“ m;m,

cyc cyc

Proposed by Nguyen Van Canh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

22011 a(b+ ZZ"“\/Z (s—b)(s—c (b+C)A G

cyc cyc

2011 4‘ i/ (S - b) (S - C 2011 6033 6033
z \/ z 4 sm 64 1_[ sin— ’ "IR
cyc cyc cyc
2011 [q(b + ¢) 6033 [16r
> 3. -
Z 1’ bc R -~
cyc

. 2011 ma(mb + mc) 2011 ma m, Panaltopol
Again,
mpm, me mb

cyc cyc cyc
Co B-C_,

21/R b+c 2011 R 4R cos > cos 2 <cos—H—=

=), | A_A =
coye r cyc 4R sm cosy

—at 2010

2011\/7 So11 A G 2011\/]; Z 2 Sln

Cyc 2 sm T 2011

_2011/R (6030 N 1 bc(s — a) CES

B r |\ 2011  4022° (s—a)(s—b)(s—c)] ~
cyc

2011 |R 6030 Gerretsen
f( \/sz+4Rr+r2\/_) <

2011 4022 r\/_

16 I RMM-GEOMETRY MARATHON 1601-1700
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o R (6030 1 \/4R2 + 8Rr + 4 2)
2011 ' 4022 rrar

2011 ma(mb +m ) 2011 R 6031 R
. ) - (2)
mp,m, 2011 2011 r
cyc

~ (1),(2) = in order to prove :

Z 2011 a(b +c¢) R? 2011 ma(mb +m,)

_>4,

cyc cyc
3 6033 16r+R2 San 2011 R (6031 N 1 R)
' R 2~ 2011 2011'r
6033 (16 ) 6031 t R Euler
P P L LR | . L
+ + e 2011+2011 r

6033,16 6031
Let f(t) = 3. 4tz - 4—2°“t( )Vt>2 d then :
et f(t) o Vt (2011 T 2017) Yt = 2 and then

,it suffices to prove :
mpme

t 6031
2011 6033
£1(0) = vt Zoiitzoir - Vie
- 2011 2010 6034
2011.t2011 2(6)(1)%_1126033
t
" 1 2010 (2011 + 2011) 6034. V16
f'=2{1- 2010 2021 T 12067
4044121, t2011 4044121.62011  12132363.t6033

2010 2010 1 1
Now, = t>2 = 2011.lnt > —1In2 = t2011 > 7" ~ 4044121. t2011 > 4044121. 7 > 1

1
=>1- 5010 > 0~ f () >0vVt=2=f'(t)is T on[2,)
4044121.t2011
Sf'()>f'(2) ~3.998508 > 0Vt=>2=f(t) >f(2)=0

6033 /16 6031
= 3. 2 -4 -2 ( ) 0= t
V(2011 T 2011 () is true

R2 2011 [|m (mb + mc) 2011 a(b +¢)
=> — —4 >
mpme
cyc cyc

LetF(n) = t" — Z“Vt—;> 2 (t - fixed) and V n > 2 and then :

F'(n)=t".(Int) —2".(In2) >0
(+t">2"and Int=>In2 = t".(Int) —2™".(In2) = 0)
n

~F(n)isTvn=2= F(n) = F(z):> R _

2n
RZ  vie(®) Z 2011 /mg(mp + M) 2011 a(b +c
=z2——4 =
r? mpm,
cyc cyc
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z 2011 |q(b + ¢) N R_“ S on 4 2011 ma(mb + m,)
bc " my,m,
cyc CYC
VAABCandVn > 2," =" iff A ABC is equilateral (QED)

1608. In any A ABC, the following relationship holds :

Z g2 R3 8r Z
wi + wC hZ + h2

cyc cyc
Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2
Firstly, Z mj = Z m2 | —2 Z m2m?

cyc cyc cyc
2
_2 Z a? | - 2 —. ) a’*b? = Z z a’b? — 16r?%s?
16 16
cyc cyc cyc cyc
Goldstone 9 9s2
< — (BRZSZ —16r%s?) > Z mi < - (RZ—2r2) > (1)
cyc
2bc cosé 2ca cosE 4R cosEsinE 1 4R cosésiné 1
2 2 2 2 2 2
W, S W, & < = . < .
b+c ct+a cosE b+c cosé cta
2 2
(b+c)2(s—b)(s—c) (c+a)(s—c)(s—a)

bc -
o ab+c)’(c+a—b)> b(c+a)2(b+c—a)

& ab(a? —b%) +c3(a—b) + 3abc(a—b) + c2(a? —b?) >0
o (a—Db) ((ab +c2)(a+b)+cd+ 3abc) >0 - truefora>b
= w, < w, for a > b and analogs - (2)

Now, WLOG assuming a>b>c=h2<h?<h?and

1 1 2 h?
2 i ) = w2 (via (2)) - zga 2 Zz 2 - 2
wi+w2 T wii+wiT o wi+ LW, + Wi S Wh + w¢
2
Chebyshev 1 chc a’b? 1 1 b 1
= =. a z
3° 4R? z wi + w? 36R2 Z s(s—b+s—c¢)

cyc cyc cyc

1 1 1 1
> . . .
2 36R2 3P )@ 4Rrs? ) ab > 3oRz  24RTS" JRpe 18R

cyc cyc

< s? — 14Rr + r? = s> — 16Rr + 5r? + 2r(R — 2r)

Gerretsen + Euler
0)
= s?2 + 4Rr + r? > 18Rr
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2

2 2 =
Wi +w R
cyc b ¢

A G
3 % i [ ) [T
8 hZ + h2 a hZ + h2 £ 4h2h2h2

cyc

via (1) [9g2 a’b? Goldstone 952 4R2s2
< \/_ (R2 — 2r2). LW < — (RZ - 2r2). —— i
16R2. 23 16R? “17

o - 4- oo 4- = V H

3r R3—8r3_ [9RZ(RZ—2r2) (R(R®—8r3)+6r*\" _9RZ(R? —2r?)
+ > >
R 2r3 32r4 2Rr3 32r*

8 6 5 4 2 R
© 8% — 9t® — 128¢° + 114t* + 512t* — 768t + 288 2 0 {t = —
& (t—2) ((t —2)(8t8 + 32t5 + 87t* + 92¢3 + 134t2 + 168t + 648) + 1152) >0

Euler gg 81‘
>truevt = 2. 3 Z > 3
wy + wc hy + h
cyc cyc
v AABC," =" iff A ABCis equilateral (QED)

1609. In any acute triangle ABC holds:
1 1 1 2,
—+tanA+ —+tanB + —+tanC > —=1/3
h, h,, h, R

Proposed by Vasile Mircea Popa — Romania

Solution by Tapas Das — India
Notel: A+ B+C=m
~A+B=m—-C

tan4 + tan B
1—tanAtanB

=tanA-tanB-tanC

tan(A+ B) =tan(mr—C) = = —tanC:ZtanA

Note 2: In any acute triangle : tanA + tan B + tan C > 33

Proof: Since f(x) = tan x is convex on (0, g) So by Jensen’s inequality
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A+B+C b4
tanA+tanB+tan623tanT=3tan§=3\/§
1 Chebyshev1
Z— tanA = than
h,
[WLOGa>b > .-.h,,sh,,Shc:hizhizhl;tanAztanthanC]
a b c
1 AM M 1 1
Zh tanA>— — Z\/tanA §-3(tanAtanBtanC)6=
a

1
1 Euler Z 3\6 2
— 6 > _ "4
B ( V3) ( 2) "R V3
1610. In any A ABC, the following relationship holds :
6r m, w, h. 3 R\’
—<—+—+—=<c 9(;) — 64

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

1 12
Za222x/§=} >

>
2 - 2
ama cyc a ma (chc az)

a? | —3a%(2b*+2c?-a?)>0s a’| —3a%(2 ) a*-3a%|=0
2] (2] 3]

cyc cyc cyc

2 2
@(Zaz) —6a22a2+9a420®<2a2—3a2> >0

cyc cyc cyc

2 cyc
& (b2 +c¢?2-2a%)" 20> true=>m, < and analogs — (1)
( ) *~ 2v3a &
m, h, m; my m. bm,+cmy+am
Now +_b+_CS_a+_b+_c= a b c
‘my, h, " h, h 2rs
via (1) Lelbmtz Lelbmtz
and b and
Mitrinovic chc a? a + b + CBS 9R?2 chc aZb? Goldstone RZ 9R2.4R2s2
< ———
2v/3 2. 3\/—r = 36r% Z 16R2r2s? 16R2r2s2

cyc

=g=%(9(§) ‘8(?)3>E¥rz<9(¥) ‘88>

m, w, h h h h h2 h2 h2
Again,—2 42y ¢>a b, Jc _Ta 4 b ¢
m, we h, m, mg m, myh, hym; mgh,
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2 2
hlzl n hl2) n h(Z: Berg;trom (chc ha) (chc ab)
“mym, mym, m,m - mym, 2 2
biMlq bMc allc chc b™c AR? (chc )Z_chcma
2 2
Chu ‘"‘>d Yang (s? + 4Rr + r?) (s2 +4Rr +r?) ? 6r

= >
2(ce2 _ 2y =
42452—16Rr+5r2—%(sz—éer—rz) R*(5s* —20Rr +13r%) ~ R
R4.
2

& s* — (22Rr - 2r?)s? + r?(136R? — 70Rr + r?) é 0 and

Gerretsen ©

(s — 16Rr + 5r2) 0 - in order to prove (*), it suffices to prove :
*%)

LHS of (+) > (s? — 16Rr + 5r2)2 = (SR—4ns? = r(60R? — 45Rr + 12r2)
Gerretsen

T
Now, (5R — 4r)s? > (5R 4r)(16Rr — 5r?) > r(60R2 — 45Rr + 12r?)

Euler
< 4(5R? — 11Rr + 2r?) > 0 < 4(5R-r)(R-2r) > 0->true~vR > 2r

m W h 6r 61‘ m W, h
= (xx) = (x) is true - |— + b_|_ C> or _Ma Wy

my, h - R my, WC ha

3
< —

R\3
=3 <9 (F) — 64) v AABC,” =" iff A ABCis equilateral (QED)

1611. In any A ABC, the following relationship holds :
4r m, Wy, h, 1 /81/R\°
ar _ . < (-) ~ 160
I{2 mym, W:W, h hb 16

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

1 1 12
Z a?z2V3e S—=> 5
amg, T a‘mg (chc az)
2
Zaz —3a?(2b? +2c2 - a?) >0 & Zaz —3a? ZZaZ—Baz >0
cyc cyc cyc
2

2

o Zaz —6azza2+9a420<= Z:az—Ba2 >0
cyc cyc cyc
2 chc a?
& (b2 +c¢2-2a%)" >0 - true > m, < and analogs - (1)
2V3a

i 2
m, Wp hc m, my, m, V¢ 1) chc a

4R?
Now, < < . Z
oW em, | wow, | hghyp — hghe | hoh, | hohy 23 '\ £ia.caab
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Leibnitz
and
chc a’ 4R? chc a? R S Mitrinovic 9R3

2+/3 '4Rrs’ Z 4(s — b)(s -c¢) 2v3 rs 4r2s = 8/3r3.3/3r

R3 ; 1 81( ) 160) = 1 /81R5 —2560r°
~8r*  2r\16\r T 2r 1615

? R
(:)81t5—4t3—2560>0< =;)

Euler

& (t—2)(81t* + 162t3 + 320t% + 640t + 1280) > 0O-true~t > 2

: m“+W"+h°< 81() 160
“mym, ww, hgh, 16

m w, h h h h h?2
Again,“+"+°2“+b+‘= 2
mpme, WcW, hahb mpme, mcm, m,my, hambmc
cyc
2 2
Bergstrom (chc ha) Chebyshev 3(chc ha)
N chc l‘larnbn‘lc - (chc ha) (chc mbmc)
(~ WLOG assuminga >b > c= h, < h, <h,and mym, > m.m, > m,m,)
3(chc ha) Chu an>d Yang 3(52 + 4Rr + 1'2)
= 5 >
(chc ma) - chc mczl 4s2 — 16Rr + 5r2 — % (S2 —4Rr — 1'2)
2 2R. >

_ 6(s’+4Rr+r?) 2 4r
~ R(5s% — 20Rr + 13r2) ~ R?

& (3R —10r)s? + r(12R? + 43Rr — 26r2) > 0
®

Euler

3R — 10r > 0 and then : LHS of () > r(12R? + 43Rr — 2612) >
r(12R? + 86r% — 26r?) > 0 = («) is true (strict inequality)

3R — 10r < 0 and then : LHS of (x) = —(10r — 3R)s? +r (43;“ 2+6 )
l'
Gerretsen

> —(10r - 3R)(4R2 + 4Rr + 3r?) + r(12R? + 43Rr — 26r?) >0
Euler
5342 +3t-14>0 0 (t—2)(t—2)(3t2 + 2t + 7) S0otruest > 2
= () is true . combining both cases, () is true Vv A ABC
m, Wy, h, 4r

+ + > — and S0,
mym, w.w, h,hy

4r m w h 81 R\’
— <Lty <—<—(—) —160>

RZ ™ mym, ww, hsh, ™ 2r\16
v AABC,”" =" iff A ABC is equilateral (QED)

1612. In any A ABC, the following relationship holds :
h,(b + ¢)?> + hy(c + a)? + h.(a + b)? < 54R3

Proposed by Huseyn Elizade, Sultan Cabbarli-Turkiye
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Solution by Soumava Chakraborty-Kolkata-India

bc(b? + ¢2 + 2b
h,(b + ¢)* + hy(c + a)? + h.(a + b)* = z at ch )

cyc

AGl (b2+cz)2 212 4 212 212

> 2R<z 2w ) - (S areY e Y e
cyc

cyc cyc cyc cyc
Leibnitz
and

2
1 Goldstone 1
= 3R z a? | + z a’b? < — (81R4 + 4R?%s?)

cyc cyc

Mitrinovic 1

27R?
T 81R* + 4R2. e h,(b + ¢)? + hy(c + a)?> + h.(a + b)? < 54R3

v A ABC,” =" iff A ABC is equilateral (QED)

1613. In AABC the following relationship holds:

cos? A 4 2sin24 3
Z( 2 4-) s
3 4

cyc

Proposed by Khaled Abd Imouti-Syria
Solution by Mirsadix Muzefferov-Azerbaijan

cos ';1 + Zsmz"1 1+ cosA

4:T+(1—cos—) 1+cosA+2—2cos';1:
3 A 3A A 6A A
_ = 22 1 — = 24 _ =z
3+ cosA Zcos2 _ 3 + 2cos 2 1 2r:os2 _ 2+ 2cos 2 2cos2 _
6 A A 16 1 3 A 1 6
24 4 1 1 5 A 12
1+ cos®5 — cos5 + 7 4:4+(cosz 2) >1
3 3 4
1614. In any non — obtuse A ABC, the following relationship holds :
2 2 2
a b C

+ + + = (sin® A + sin? B + sin’ C) > 3
b2 +c2 c2+a? a?+ b2 3( )

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A ABCis right triangle and then : s = 2R + r and
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2 2 2
a b c 2, - -z
b2+c2+c2+a2+a2+b2+§(sm A +sin?B +sin?C) > 3
2
= Zaz (Zeye@®) + Eoye @b + 2 Zaz >6
(chc az)(chc aZbZ) — a?b?2c? 3.4R2 -

cyc cyc

(s —4Rr —r2) (4(52 — 4Rr — rz)z + (s + 4Rr + 1'2)2 - 16R2rzsz)
(sZ — 4Rr — r2)((s% + 4Rr + r2)2 — 16R2r2s2) — 8R2r2s2
sZ — 4Rr — r?
- >
3R? -
& s8 — (3R? + 16Rr)s® + r(36R> + 37R%r + 16Rr? — 2r3)s*
—r3(56R3 + 69R?r + 16Rr?)s?

@®
+r3(192R° + 400R*r + 292R3r? + 99R?*r3 + 16Rr* +r°) > 0

and putiing s = 2R + r in LHS of (1), we have (1) © R* —4R?r? —4Rr3 —r* >0

R @

o (t2-2t-1)t+12=0 (t=;)@t2—2t—1 >0

2 2 , AZG 2bca
WLOG we may assume A = 90° and then : a“ =b“ 4+ ¢c* > a
= 8R3sin®90°=8Rrs > RZ>r(2R+r) =t2-2t—1>0 = (2) = (1) is true
2 2 2

a b c 2, ., . 2 .
- b2+c2+c2+a2+a2+b2+§(sm A +sin?B +sin?C) > 3

is true V right A ABC

A ABC is acute triangle and ~ b% + c? > a? and analogs

=~ a%,b?, c? form sides of a triangle XYZ (say)
a? b? c?

= + +
b2+c2 c2+a2 a?2+b?

e
=1 —=. .
b2 +c¢c2 3 4 a’b?c? @
cyc . cyc
Y ZchcaZbZ_chca4 Y
e e
= —. . X =
ccydl_Z 3 4. Sk 2 cyc
y 2 Zyc Xy — chc X 4
x 12Y,.xy— x? )
@Z +—. Zyc Y chc .ZxZS
y+z 6 XyZ

cyc cyc

2
+ g(sin2 A +sin?B +sin?C) > 3

a 1 2),.ab— a? (*)
Now, we shall prove that vV A ABC : Z +—. Zyc chc z a>3
b+c 6 abc

cyc cyc
Yeyclc+a)(@+b) 1 2(s?+4Rr+r?)—2(s?2—4Rr —r?)

() e Z : —. .2s
2s(s2+2Rr+r%?) 6 4Rrs

cyc

2s ((chc a*+2 chc ab) + chc ab) + (16Rl‘ + 4-1'2)(28) -6

>6¢&
- 2s(s% + 2Rr + r?) 24Rrs
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4sz+s2+4Rr+r2+4R+r
sZ 4+ 2Rr + r2 3R

Gerretsen

?
Wehave : (R+1)s? > (R+r)(16Rr — 5r2) > r(16R? + 9Rr — r?)
Vi

)
>6 < (R+r1)s? > r(16R% + 9Rr —r?)

& 2Rr > 4r? - true via Euler = (s¢) = (o) = (%) is true

a? b2 c?

+ +
b2+c2 c2+a?2 a?+b?

2. ., . 2 .2
+§(s1n A + sin“ B + sin C)ZSVacuteAABC
b2 c?
+ +
5 b2+c¢2 c2+a?2 a?+b?
+§(sin2A+sin2B+sin2 C) > 3 V non — obtuse A ABC,

n 144

="" iff A ABC is right or equilateral (QED)

- combining both cases,

1615. In any non — obtuse A ABC with w — Brocard’s angle,
the following relationship holds :
csc? w + 4(sin? A + sin? B + sin? C) > 13
When does equality hold ?

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A ABCis right triangle and then : s = 2R + r and
csc? w + 4(sin? A + sin? B + sin? C) > 13
o (s +4Rr + rZ)2 — 16Rrs? . s2 — 4Rr — r?
4r2s2 R2
& R2(((ZR+1)? + 4Rr + r2)” — 16Rr(2R + r)?)
+8r2(2R+r)%((2R + r)2 — 4Rr — r?) > 52R?r?(2R +r)?

R
©R*—4RrI2—4Rr*-r*>0o (2 -2t-1)(t+1)2=0 (t:—)

r
(D
et2-2t-1>0

=13

A-G 2bca
WLOG we may assume A = 90° and then : a? = b? + ¢? >

> 8R3sin3 90°
=8Rrs=>R?>r(2R+r)=t?-2t—-1>0= (2) = (1) is true
~ csc? w + 4(sin? A + sin? B + sin? C) > 13 V right A ABC

A ABC is acute triangle and - b? + ¢ > a? and analogs
= a?,b?,c? form sides of a triangle XYZ (say)
= csc? w + 4(sin? A + sin? B +sin?C) > 13 &
4 chc a’b? chc a®
+ =13
2%y ca?b? -y at a’b?c?
2 chc a*b? — chc at
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4 Zyc Xy + (chc x) (2 Zyc Xy — chc xZ) (;) 13
2 Zyc Xy — chc x2 Xyz -
Now, we shall prove that vV A ABC :

4%ycab  (Beye@)(2Tyeab—Fepea?) O
2%ycab— Y a’ abc -

4(s? + 4Rr + r?)

)= 2(s2 + 4Rr + r?) — 2(s?2 — 4Rr — r2)
2s (Z(S2 +4Rr +r?) — 2(s? — 4Rr — rz))

=14

>13
* 4Rrs —
R(s? + 4Rr +r?) + 2r(4R + r)? 9
[—4 > = 2 > 2 _ _ 2
RrGART D) > 13 & |Rs? > r(16R? — 4Rr — 2r?)

Now, via Rouche, Rs? > R (ZR2 +10Rr — r% — 2(R — 2r)./RZ — 2Rr)

> r(16R? — 4Rr — 2r?) & 2R® — 6R’r + 3Rr? + 2r® > 2R(R — 2r)./R? — 2Rr

Euler

?
& |(R—2r)(2R? — 2Rr — r?) > 2R(R - 2r).vV/R?2 —2Rr|and “R—2r > 0
(=9

- in order to prove (¢), it suffices to prove : (2R? — 2Rr — rz)2 > 4R?(R? — 2Rr)
& 4Rr3 +1r* > 0 > true = (¢0) = (o) = () is true

« csc?  + 4(sin? A + sin? B + sin% C) > 13 V acute A ABC

- combining both cases, csc? w + 4(sin% A + sin? B + sin? C) > 13

V non — obtuse A ABC,” =" iff A ABC is right or equilateral (QED)

1616. In any non — obtuse A ABC, the following relationship holds :

18F2
hZ + hi + h? + T2 T > 8F + 4R? cos A cos B cos C
mZ + m2 + m?Z

When does equality hold ?

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A ABC is right triangle and WLOG we may assume A = 90°; then :
G 2bca

A—
a?=b%+c% > = 8R3sin® 90° = 8Rrs = RZ > r(2R +r)

a
= t2 — 2t — 1 > 0 with equality iff A ABC is right isosceles — (i)
A ABCisright triangle = s = 2R + r and

2 2 2 18F? 2
hg + hj + hg + — 3 > 8F + 4R“ cosAcosBcosC
mg + my + mg
(s? +4Rr + rz)2 — 16Rrs? 18r2s?
= + > 8rs

2
4R %(s2 — 4Rr —r?)
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2
(2R+r1)2+4Rr+r?)" —16Rr(2R+r)? 12r?(2R +r)?
o iR? + AR > 8r(2R+r)

R
o R*—4R*r+ 2Rr2 +4Rr +rt > 0 o (2 -2t - 1) > 0 (t=;)—>true
with equality iff A ABC is right isosceles (via (i))
[Case 2] A ABC is acute = b? + c2 > a? and analogs - a?,b?, c? form sides

18F2 )
3 > 2—4R cosAcosBcosC
mg + my, + mg

of a triangle XYZ (say) - h2 + hi + h? +

18 212 4
_ chcazb2 1_6(2ch¢“ b _chca )_(( 2—4-R _ 2)—4R2)
= 2aZh2c? §Z g s r—r
2 chc a’b? — chc a* 4=ae
9
_ (Zyc xY) (2 Zyc Xy — chc xZ) + §
4xyz DicycX
Yeye a? 4xyz
2 2 Zyc Xy — chc x?

9 4
_ (Zych)(z Zycxy - chcxz) + §§ (2 ZYC xy — chcxz) _ chcx

4xyz Dcye X 2
4xyz
+ > 8F = 2. zzaZbZ—za‘*:z. Zny—sz
2 Zyc Xy — chc x? \/ p
yc cyc yc cyc

9 4
o (Zyc xY)(Z Zyc Xy — chc xZ) + §§ (2 ZYC xy — chc xZ) _ chcx
4xyz ey X 2

4xyz <
y 2. Zny—sz
yc

+
_ 2 L=
2 Zyc Xy chc X cyc
Now, we shall prove that vV A ABC :

9 4
(Zyc ab) (2 Zyc ab — chc aZ) + §§ (2 ZYC ab — ZC}’C a2) _ chc a
4abc Dcyc@ 2

4abc Q)
>1(2. (2 Z ab — Z a?
yc

+
2 Zyc ab — chc a? cye

(s? + 4Rr + r?) (2(5Z +4Rr +r?) — 2(s? — 4Rr — rz))
PN

) 16Rrs
9 4 5
g3 (16Rr+4r) ~  1eRrs _ > 2.4/16Rr + 412
2s 16Rr +4r2 —
(s?2 + 16Rr + r?)(4R + r)2 — 4R(4R + r)s? + 16R?s? > 2 JTeRF T ar2
(=4 .
4Rs(4R + 1) = roar
(4R + 1) ((4R + r)(16Rr + 1%) + rs?) + 16RZs? .
= > 2. =
ARS(AR + 1) > 2.4/ 16Rr + 4r
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2
((4R +1) (4R + r)(16Rr +12) + rs?) + 16R2s2) > 256(4Rr + r2)R2s%(4R + r)?
& (256R* + 128R3r + 48R?r? + 8Rr3 + r*)s*
—rs?(8192R° + 5632R*r + 640R3r? — 256R?r® — 56Rr* — 2r°)

r? (65536R6 +73728R5r + 33024R*r? + 7424R%r3 + 864R2r4) ©
+48R5r + r® =
- LHS of (s¢) is a quadratic polynomial in s? .. in order to prove (s¢), it suffices
to prove : r2(8192R5 + 5632R*r + 640R*r% — 256R%r3 — 56Rr* — 2r°)’
256R* + 128R3r + ) .2 ( 65536R® + 73728R°r + 33024R*r?
—4 2.2 3 4)T 3..3 2.4 5 6) < 0
48R“r“ + 8Rr° +r +7424R°’r’ + 864R“r* + 48R’r +r
(i.e., discriminant < 0)
16384R7 + 40960R°r + 36864R°r? +

16640R*r3 + 4160R3r* + 576R?r> + 40Rr® + r’
= (e¢) > (o) = (%) is true (strict inequality)

18F? 5
5 5 2>8F+4R cosAcosBcosC -
mg + my + mg

0

& —1024R%r3 ( ) <0 - true

~hZ+hi+hZ+

18F2
combining both cases, h2 + hf + h? + — > > = 8F + 4R? cos A cos B cos C
m2 + m{ + m?
V non — obtuse A ABC,”” =" iff A ABC is right isosceles (QED)

1617. In any A ABC, the following relationship holds :
18r2 hch, 9(_ (R%\’
P MaMMy | WoWe | Aefla _ 3.( > — 2r2

r\ " \4r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

R = m, w, h, r

m,m, wy,w. hh, mym, mym. m.m, 1
+ < + = m,mpm,.
m, Wq hb hc ha hb hama
cyc
2

R
mgmpme S% Rs?2 1 Rs2 1 z ) Leibnitz Rs2 9R? 9R3
a

< —_—. —_ = . < . =
- 2 hZ 2 "4r2s? T 2 '4r?s?  8r?
cyc cyc
2\ 2
? 9 R ? ? R
< F<3 (E) - 2r2> ©3R*-32r*>2R¥re 3t -2t3-32>0 (t = ;)

Euler

?
©(t-2)Bt3+4t> +8t+16)>0—>true -t > 2
hh, 9/ (R’
o Maflly  WoWe | Tella 7 (3. <—> - 2r2>
m, w, hy r 4r
m,m,;, N W, W, 4 h.h, > h, hy 4 hyh, N h.h, ca.ab

m, w, h, m, m, m;, £l 4R?m,

Again,
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4_Rrs Z az Berg;trom rs 4’82 Chebyshev rs 4‘SZ

T 4RZ

cyc

— > —_—
> : = ‘1
am, R chc am, R 3 (chc a) (chc ma)

Leuenberger  {2rs.s2
> - -
- 2Rs(4R + 1)

Euler 6rs?
> =
9R?2
2

2r.2s? Gerretsen 2r. (27Rr + 5r(R — 2r)) Euler 2r. (27Rr)
3R2 - 3R2 - 3R2

m,m, wyw, hch, 18r?2
ab_l_bc ca

m, W, h, = R
1812 hch, 9/ (R%)
LABrT_mamy,  WoWe | hhg —<3. <—> - 2r2>
R m, W, hy r 4r
v A ABC,” =" iff A ABC is equilateral (QED)
Rs?

m2Zmim? =
) 1
64

Proof of m,mym, < -

1
a(sz + 2c? — a?)(2c? + 2a? — b?)(2a? + 2b? — c?)

—42 a®+6 Z a*b? + z a’b* | + 3a?b?c?

cyc cyc cyc
3

Now,z a® = Z a’? | —3(a%?+b?)(b? + c?)(c? + a?)

(3

cyc

cyc cyc
3

a’| -3 2a2b2c2+z a’b? Zaz—c2

cyc cyc
3

= Zaz + 3a?b?c? -3 Z:azb2 Zaz

cyc cyc cyc
3

(2)
-'-Za6 = Zaz + 3a?b%c? -3 Z:azb2 Zaz

cyc

cyc cyc cyc

z a*b? + z a’b* = Z a’b? Z a? — c? @

cyc

cyc cyc cyc
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z a’ b? Z a’? | —3a*b%c? - (1),(2), (3) = m2mim?

cyc cyc
3
—4 Z a? | —12a®’b%c? +12 Z a? b? Z a?
_ 1 cyc cyc cyc
" 64
+6 Z a? b? Z a? | — 18a?b?c? + 3a’b?c?
cyc cyc
3
1
=1 —4 2“2 +18 Eaz b? Zaz — 27a?b%c?
cyc cyc cyc
3 2
= 6_14 —4 z a’?| +18 Z ab | — 16Rrs? Z a? | — 27a?b%c?
cyc cyc cyc

1 {—32(52 — 4Rr —r?)3 + 36(s?> — 4Rr — r?)(s? + 4Rr + rz)z}

~ 64 —576Rrs?(s? — 4Rr — r?) — 432R?r?%s?
1
= 1—6{56 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr3 + 33r*) — r3(4R + )3}
RZS4-
< e
4

~
.
~—~

s® — s*(4R? + 12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) —r3(4R +r)3? <

Gerretsen

Now,LHSof (¢) < —s*(8Rr—36r?) —s?(60R?r? + 120Rr? + 33r%)
?
-r’4R+r)2 <0
?
& s*(8R — 16r) + s2(60R?*r + 120Rr? + 33r3) + r2(4R +r)3 > 20rs*

Gerretsen -
Now,LHS of (¢¢) > s%(16Rr — 5r?)(8R — 16r)
(a)
+s2(60R?*r + 120Rr? + 33r3) + r?(4R + r)3 and

tsen

Gere
RHS of (¢) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a), (b) = in order to prove (e°), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs%(4R? + 4Rr + 3r?)

& s2(108R?% — 256Rr + 53r2) + r(4R + )3 > 0

(=)
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)
& s?(108R? — 256Rr + 80r?) + r(4R +r)3 > 27r2s?

Gerretsen
Now,LHS of (¢se) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3

(0
Geretsen

and RHS of (eee) <
(d)
(c), (d) = in order to prove (ee¢), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3 > 27r2(4R? + 4Rr + 3r?)

R
o 224t3 — 587t% + 308t — 60 > 0 (where t= ;)

27r2(4R? + 4Rr + 3r?)

Euler
& (t—2)((t—2)(224t+309) +648) >0 > true =t > 2 = (so0) > (o)
ZS4

2
= (¢) is true = mZmZm? < = m,mpm, < Ts (QED)
1618. In any A ABC, the following relationship holds :

48r3 _ h, LW ome 28<R)3 3
28R3—-192r3 " hy+h, w.,+w, mg+my~ “\4r

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
h, N Wy N m, - m, 4 my, 4 m,
WC+Wa ma+mb hb+hc hc+ha ha+hb

h, + h,
Reverse Bergstrom 1 m, m, CBS 1 1
ST (Me Py B S Y
2 (hb hc) 4 Ma hZ
cyc cyc cyc

Leibnitz
and
\/ 3.81R* \/ 9R*

1 4 3 ) 1 5 Mitrinovic 1
—=. |4.2. . . < - =
R Z“ 4r2s? 2“ = 4 22272 |eart
cyc cyc
? R\3 9(7R3 — 48r3)2 ? R
<3(28(—=) —-3]|= 3_ 402 > 444 ( _ _)
<3 <28 <4r) 3) j e o (78— 48)? 2 4t (t=—

?
© 49t — 4t* — 672t3 + 2304 >0
s (t-2) ((t —2)(49t* + 196t3 + 584t% + 880t + 1184) + 1216) >0

Euler ha Wi, m, R 3
—true~t > 2. + + < 3.{28. (—) -3
h,+h. w.+w, m,+m, 4r
h Wb mc > ha hb n hc
m, + my,

Again, 2 4+ + =
hy+h, w.+w, mg+m, m,+m, m,+m,
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~ WLOG assuminga >b >c¢= h, < h, <h.and

Chebyshev 1
SB[
my + m, < <
cyc cyc m,+m. m.+m, m,;+my

1 1 1 Bergstrom 1 9 9 Leuenberger + Euler 9
== 2rsz— Z— > 21— —— = 3r.
3 a my + m 3

cyc cyc Z_T
= 3r ; 48r° & 28t3 — 16t — 192 ; 0 < (t—2)(28t2 + 56t + 96) ; 0
R ~ 28R3 —-192r3 — -
- true v t Eger 2. h, + Wb + M = 4sr°
- h,+h, w.,+w, mg,+m, 28R3-192r3
and so 48r° < h, 4 M _4 <28 <5>3 — 3)
"28R3—-192r3 " hy,+h, w.+w, mg+my~ “\4r
v A ABC,” =" iff A ABCis equilateral (QED)

1619. In AABC, O —circumcenter, 4,715,173 —inradii of AOBC,AOCA, AOAB.

Prove that:
1 1.1 6+ 43
Ty Try T3 R

Proposed by Mehmet Sahin-Turkiye
Solution by Daniel Sitaru-Romania

Known results:

1 9R?> s*+(R+1)> 2(4R+71)
> > > >
Z sin2A — 2F — 2F - S >2V3 M
cyc
z 1 _sz+r2—4R2>6 5
cosA s2—(2R+1)2 "~ (2)
cyc
Back to the problem:
OB + OC + BC 1
Zl_z /) B 7(R+R+a) 2R+ a
o T Cyc [OBC] cyc ‘R~ R sin2A Cch sin2A
Z 2RsinA >
stm2A RZSanA R sm2A 2R%sinAcosA
cyc cyc cyc cyc
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@ 1 243 1 6+43

— 2 1

>—: 24/ — >

R 2 3+RZCOSA_ R R R
cyc

Equality holds fora = b = c.

1620. In any A ABC, the following relationship holds :
\/ C A 5V3s 3

2 _ 2__ >
> cot 2+cot 2+3_ or 2

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

z tA S S z tA S 1) dz tA tB
—_= —_—=- —_—_= - — —
co 2 - co > =1 an co 2co >

v
cyc cyc cyc cyc

s s s? A B 4R+r
_\'S =—zra=>200t—00t—= — - (2) and also,

r, r, rs%’ 2 2
cyc cyc cyc
3

1—[ tA S S 1—[ tA S 3)
— = —_— =" —_— =
) r, rs? o2 r

cyc cyc cyc

Now cot2§+cotZE+3+ cotZE+cotZE+3+ cotZE+cot2é+3
’ 2 2 2 2 2 2

= z (cot2 B + cot? ¢ + 3) cotA tanA
N 2 2 2 2

cyc

Cgs Z( t2B+ t2C+3) tA Zt A
= (o{0) 2 (o{0] 2 Cco 2 . anz

cyc

_ 32 tA Z tA 2 tA tB 31—[ tA 4R +r
= c02+ co2 co 2co2 - co > S

cyc cyc cyc

via (1),(2) and (3) \]35 s 4R+r 3s \]4R+r
=

4R A B B C
1+—2 c0t25+cot2—+3+ cot25+c0t2§+3+

r

N r r s

A B B C C A 4R+r
~| [cot? =+ cot2=+3+ [cot?—=+cot?=+3+ [cot?—+cot?—=+3 <
2 2 2 2 2 2 r

Agai t2A+ t2B+3+ t2B+ t2C+3+ t2C+ t2A+3
gain, (co 2 co 2 co 2 co 2 co 2 co 2

5V3s 3 A
+—<:>22c0t2—+9+
6r 2

=
2

cyc
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2

A B A C 5V3s 3

ZZ ( t2 t2 3)( t2 t2 3) —
\/co 2+c0 2+ co 2+c0 2+ or +2

cyc

_ A B A C
Now, via Reverse CBS, 2 z (cot2 ) + cot? 2 + 3) (cot2 0 + cot? 2 + 3)

cyc

A B C
> ZZ (cot2 5 T cot=cots + 3) = LHS of ()

2
cyc
>4Z t2A+27+ZZ tA tB
cot” — —cot—
> 2 co 2co >
cyc cyc
= 42 t2A+BZ tA tB 62 tA tB+27
= co > co 2co2 co 2co2
cyc cyc cyc
2
A A B via (1) and (2) 4s? 6(4R+r1)
=4 Zcot— —62c0t—cot—+27 — 4+ 27
2 2 2 r2 r
cyc cyc

2
4s — 24Rr + 2112 ? (5\/_5 3) _ 25s%+27r% + 30/3rs

r2 6r 2 12r2

Gerretsen

?
& (23s? — 288Rr + 225r > 30V3rs|and - 23s® — 288Rr + 2251 >
(%)
23(16Rr — 5r%) — 288Rr + 225r? = 80Rr + 110r% > 0
- (++) © (23s% — 288Rr + 22512)” > 27001252
& 529s* — (13248Rr — 7650r?)s? + r?(82944R? — 129600Rr + 50625r?)

(#xx) Gerretsen

> |0 and 529(5 — 16Rr + 5r2) 0 - in order to prove (xx*x),

it suffices to prove : LHS of (***) > 529(s? — 16Rr + 51‘2)Z

(k)
& (92R +59r)s? | > |r(1312R? + 1124Rr — 935r?)

_Gerretsen
Again, (92R + 59r)s®> > (92R+ 59r)(16Rr - 5r?)
> r(1312R? + 1124Rr — 935r?) & 6400r2(R — 2r)? > 0 - true
= (kxx%) = (xxx) = (xx) > (%) is true

: c0t2A+cotzB+3+ cotZB+cot2C+3+ cot2C+cot2A+3>5\/§s+3 and so
- 2 2 2 2 2 2 -~ 6r 2 ’

4R A B B C C A
1+—> [cot?—=+cot2—+3 + [cot?2—+cot?2=+ 3+ [cot?—=+ cot?2—+3
r 2 2 2 2 2 2

5v3s
>
6r

3
+ 2 v A ABC,” =" iff A ABC is equilateral (QED)
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1621. In any A ABC, the following relationship holds :

a N b C 9
9R2 — a2 9RZ — b2 9R2—C2 2\/3(a2+b2+c2)

(Inspired by a problem of Zaza Mzhavanadze)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

a b C
9RZ —aZ "ORZ _b2 ' ORE_cZ
Yeye (a(BlR4 — 9R%(b? + ¢2) + bzcz))
~ 729R6 — 81R* 3, a? + 9R? 3y bZc? — 16Rr2s?
2s.81R* — 9R?(2s(s? + 4Rr + r?) — 12Rrs) + 4Rrs(s? + 4Rr + r?)
~ 729R6 — 162R*(sZ — 4Rr — r?) + 9R2((gs2 + 4Rr + r2)Z — 16Rrs?) — 16R?r2s2

<
2,/3(a2 + b2 + c2)
2s.81R* — 9R?(2s(s? + 4Rr + r?) — 12Rrs) + 4Rrs(s? + 4Rr + r?)
729R% — 162R*(s%Z — 4Rr — r?) + 9R%((s% + 4Rr + r?)2 — 16Rrs2) — 16R2r2s?

2

- 27
~ 8(s?2 —4Rr —r?2)
< 14348907R!° + 25509168R°r + 23383404R®r? + 13541904R7r3 +
5401890R®r* + 1504656R°r® + 288684R*r® 4+ 34992R3r7 4+ 2187R?r8
—(405R? — 1152Rr + 128r?)s®
—(32076R* + 24624R3r + 3924R*r? — 640Rr> + 128r*)s®
(852930R6 + 664848R°r + 219348R*r? + 29520R3r3 —) 4
94R?r* — 128Rr® + 2796r°
_ (6377292R8 + 7663248R’r + 4534380R°r? + 1635552R°r 3 . 0

+283572R*r* + 8656R3r® — 2796R?*r® — 384Rr” — 128r8
Now, —(405R? — 1152Rr + 128r%)s®

—(32076R* + 24624R3r + 3924R*r? — 640Rr> + 128r*)s®
= —(405R — 342r)(R — 2r)s® + 556r2s®
Gerretsen

—(32076R* + 24624R3r + 3924R*r? — 640Rr> + 128r*)s®
—(405R — 342r)(R — 2r)(4R? + 4Rr + 3r?)s® + 556r%(16Rr — 5r?)s®
—(32076R* + 24624R3r + 3924R?*r? — 640Rr> + 128r*)s®
= —(33696R* + 21636R3r + 3267R?*r? — 10256Rr> + 4960r*)s®
-~ in order to prove (x), it suffices to prove :
14348907R'° + 25509168R°r + 23383404R®r? + 13541904R"r?
+5401890R®r* + 1504656R°r® + 288684R*r® + 34992R3r” + 2187R?r®
—(33696R* + 21636R3r + 3267R*r? — 10256Rr? + 4960r*)s®

(852930R6 + 664848R5r + 219348R*r?2 + 29520R3r 3) s
—94R2r* — 128Rr5 + 27961r°
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_ (6377292R8 +7663248R"r + 4534380R°r? + 1635552R°r3 +) <2 ©

283572R%r? +48656R3 5 - 2796R? 62—2384Rr7 —128r8 =

. (33696R + 2163§»R r+ 32?711 r )(Sz _ 4R? — 4Rr — 3r2)3
—10256Rr° + 4960r

Gerretsen

> 0 -~ inorder to prove (**), it suffices to prove : LHS of (xx) >
_ (33696R4 +21636R3r + 3267R2r2) (s2 — 4R% — 4Rr — 3r2)3 o
—10256Rr3 + 4960r*
12192363R% + 17654832R°r + 7698348R%r%? — 5559664R"r3 — 10151374R°r*
—6243072R5%r> — 1837528R*r® — 63424R3r7 — 228294R?*r8
—258768Rr? — 133920r1°
+ (448578R6 + 864R°r — 382752R*r2 — 81336R3r3 + 34055R2r4) 4
+32656Rr> — 44512r°

_ ( 4759884R® + 3389904R"r — 1743012R°r? — 3208224R5r3 )Sz o

> [0 and
—1829556R*r* — 56180R3r> + 52227R?*r® — 80592Rr’ — 134048r?
+ 448578R® + 864R5r — 382752R*r2 — 81336R3r3 +

34055R?r* + 32656Rr> — 44512r°
= (R-21) ( 448578R° + 898020R*r + 1413288R3r? +
2745240R?r3 + 5524535Rr* + 11081726r°

Euler

> 22118940r° >0 -
(448578R6 + 864R°r — 382752R*r2 — 81336R3r3
+34055R?*r* + 32656Rr> — 44512r°

Gerretsen
> 0 - in order to prove (xxx), it suffices to prove : LHS of (x*x) >

6 5, __ 4.2 3,.3

(448578R + 8642R4r 382752[5{ 8133;6R r +> (s2 — 4R — 4Rr — 3r2)2
34055R%r* + 32656Rr® — 44512r

< 5015115R1? + 3286512R°r — 4148388R5%r2 — 2810656R7r3 + 3158640R°r*

+4576384R°r® + 1864304R*r® — 30576R3r’” + 461947R?r8

(****)
+515616Rr? + 266688r10| >

( 1171260R® — 205632R7r — 1379376R°r? + 499296R5r3 + )Sz

845204R*r* — 101852R3r5 — 57255R?r® + 79568Rr’ + 133024r8
Now, 1171260R8 — 205632R7r — 1379376R®r? + 499296R5r3 + 845204R*r*

—101852R3r> — 57255R2r® + 79568Rr’ + 133024r8
— (R-2r) ( 1171260R7 + 2136888R°r + 2894400R°r? + 6288096R*r3 + )
13421396R3r* + 26740940R?r> + 53424625Rr® + 106928818r’

Blundon—Gerretsen

Euler
+213990660r® > 21399066018 > 0 . RHS of (++%x) <

(1171260R8 —205632R7r — 1379376R°r? + 499296R5r3 + 845204R4r4) R(4R + r)?
—101852R3r5 — 5725511271-6 + 79568Rr’ + 13302418 " 4R - 2r

< LHS of (x%%x)
& 1320300t — 2964150t1° — 622764t% + 306056t8 + 2117616t7
+6356960t° — 809860t5 — 4564108t* — 798733t3 — 5190t?2

? R
—97504t — 533376 > 0 (t = F)

0 and

) +22118940r°

) (s — 4R%? — 4Rr — 3r2)2
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1320300t° + 2317050t + 3364236t7 + 4494800t° +
on-2) =2 <6639872t5 +14937248t* + 312379644t% + 65205476t2>
+130504595t + 261191286

) Euler +522649260
>0-otrue -t = 2= (x#xx) = (xxx) > (xx) = (%) is true
) a b C
"9R2—a2+9R2—b2 9R2—C2 2\/3(a2+b2+c2)
v AABC,”" =" iff A ABC is equilateral (QED)

1622.

2023 m2

In any A ABC, the following relationship holds :
+ — > 8 + max

3, 22023 a
mb+m2 r3 — b+c’ Wb+WC

202
cyc cyc cyc
Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2023 Panaltopol 2023 (412 2023 |42 b2c2
Z mb+mC Z R2 h2+h2 Z F'az(b2+c2)

cyc cyc

Ban>dila 2023 C2 2023 4-1‘3 2023 bcA G 2023 413 569 bc
= RZ R aZ = 3. R3 " a?
cyc CYC cye
2023 2023 (43 1)
-1
m? m2 + m? mc R®
cyc

2023

cyc x2023 chcx
—_— <
3 3

1 2023 |y . x
= Z x2023 < 3. ’% - (i)
cyc

in & ssin (M) cos A 2A
sing | > 7 scos’s

Now, via Power — Mean Inequality,

. B
smi
I, +Ir.=Ss B+ cl= A B C S
cos5 Cosy C0S 5 COS+ COS 5 (ﬁ)
@ , A
~ Ty + T, = 4Rcos 2
Now, (b + ©)? = 32Rrcos? 5 "= 8r(r, + 1) = Br?s (- + —)
ow, c)“ = rcos 5 = r(r, +ry) = rss_b s ¢

4a(b+c—a)

A
= 4Rcos? -
Cos 2

a
=8(s—a)(s—b)(s— c)m =

o b+c)%+4a2—4ab+c)=0
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? A
© (b+c—2a)? >0 - true . b+ c > V32Rr. cosE and analogs — (ii)
2bc

Wa_b+c
h, 2rs

COS+ A .avia (i)  2.4Rrs. cos é
2 < 2

R
< r w2 < —.h? and analogs
2rs.4.vV2Rr. cosy

Weh P—
e have or

S N —_
12 wg  w?
cyc

32023i52 h2+h_¢21 _32023 sz_l_cz
=T 1272 hZ T [24r

cyc

< hZ
Bandila  ,q,5| R R2 2023 2023 | R R2
< 3. —Z T 2 ——— - (2)
24r r? wi + wc 8r
cyc cyc
s023 [ @ via (i) 2023 |4R cos‘gsmé 4046 R 2023

Also,z ’b < Z E— v Z sm—

te 4.V2Rr.

cyc cyc COS cyc

]ensen 4046 | R 2023 1
2r’
2X
2022 + sin“ 3
2mfsmz vxe(Omnm=>f"(x)= 2 <O>

2023
via (l) chcw _|_ WZ Reverse Bergstrom 3 2023\/ 1 Z <w5 W‘E)

16370116 (sin )
2023
2023 1
Z / /Z 57 (3) ~ (1) and (2) = in order to prove :
cyc

2023 2023
——8 > ,lt suffices to prove :

m? m2 + m? mc

cyc CYC
3 2023 4.1-3 8>3 2023 | R _ 9
: + — -
8r r2
2023 | 4 2023 | ¢
S (t3 -8+ 3. jt: ’—(t2 2)>0 t=
2023

LetF(t) =t3 -8+ 3. t—3—3. —(t2 2)Vt> 2 and then :

2024
612023 3. 7%z -2 9.2%/4

2023 2022 2023 2022 2026
2023.°7°V8. (12 — 2)2023  2023.°7°3/8.t2023 202312023

NIR

\

F'(t) = 3t% — - (®)
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2022 Euler 2022 3
Now, t2(t? — 2)2023,2023. /8 > t?2.22023.2023. 22023
2024
2025\ t=2 2024 612023
= tz.(2023.22023) > 12023.(6) = t2 > 5055 = (*)

2023 2022
2023. V8. (t% — 2)2023
2022 6068

Again, t2.2023. */8. 12023 = 2023, (2023.°3/8) > “V/2 - 2.(3)
6068 t>2 2 6068
< {2023 > 2023 = 12023 > 2%/t — 2 and 202320238 > 32023>
= 2023.243/8 > 3
3. 2023 (tz — 2

=t?> 2002~ (**)

0
2023.*%Y/8.t2023
2026 t=2 9.2%/3
Also, t2.2023t2023 > 2023 > 9.”"V4 + t2 > ——— - > (ee0)
2023t2023
(o) + (e0) + (eoe) > LHS of (®#)istrue=F(t) >0Vt=>2= F(t)is T on [2, )
= F(t) = F(2) = 0 = (x) is true

2023 mlzl R3 (m) 2023 w‘%
N2 et [
cyc b ¢ cyc b ¢

2

2023 mj
Again, (1) and (3) = in order to prove : Z ———+—3—8
m;,

+m? 13
cyc

>zzm,/ ? it sufficest :3 e 41‘3+Rg 8>3
= b+c,l suirices to prove : 5. E 3 = 9.
cyc
2023 | 4 2023 1 G
|t -8+3. a3 \/E.Ezo

2023 | 4 2023 1
LetP(t) =t3 -8+ 3. t—3—3. \/T.EVtEZandthen:

3 9.2/
Y _ g2
P'(t) = 3t 4049 4045 7026 > (@)
2023.24046, . t4046 2023.t2023
4049 4045 4045 4049\ t>2 4049
Now, t2.2023. 24046, t4046 = t“ 74046, (2023. 24046) > 2023.24046 > 3

3

2
=t > 7059 4045 — (****)
2023. 23046, t4046
2026 2026 t>2 202317
Also, t2.2023.12023 = t?*2023.(2023) > 2023 >9.%3/4 > % > 2026
2023.t2023

— (e00es) . (e00e) + (eeeee) = LHS of (@) istrue=>P'(t) >0Vt=>2
= P(t)is Ton [2,0) = P(t) = F(2) = 0 = (*x) is true
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2 3
2023 M3 R (“) 2023 @
2 ——8 =
Z mlz,+mc r3 Z \b+c (m)(mm)

cyc

2023 2023 a 2023 wﬁ
O D 5
mb + mc cyc e Wy + we
2023 2023 @ 2023 w?
ES Z + > 8 + max z Z —S—
mb+m r3 T b+c & Wi+ W

cyc
v AABC," =" iff A ABCis equilateral (QED)

1623.
In any acute triangle ABC, the following relationship holds :

1 1 3
cotA +E\/cotB +E\/cotC > 5

Proposed by Vasile Mircea Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

a

1 1 1 3 6R

—+vVcotA + —vVcotB +—vVcotC >— & Z\/cotA(l + cotzZA) > —

a b c p s
cyc

(For own convenience,p = s) © z cotA + Z cot3 A

cyc cyc

|| 36R?
+2 Z (\/cotA (1 + cot? A)./cot B (1 + cot? B)) >

s2

cyc

A-G
Now,ZZ (\/cotA (1 + cot? A)./cotB (1 + cot? B)) > ZZ(\/cotA.Z cotA.VcotB.2 cotB)

cyc cyc

()
= 42 cotAcotB > ZZ (\/cotA(l + cot? A)./cot B (1 + cot? B)) 4

cyc cyc

Chebyshev 1
Again,z cotA+Zcot3A > ZcotA+§ ZcotA ZcotZA >

cyc cyc cyc cyc cyc

1 9| 4
ZcotA+§<ZcotA>(ZcotAcotB):ZcotA+Zcot3A > EZCOtA

cyc cyc cyc cyc cyc cyc

(¢),(e¢) > LHS f()>4z tA+ 4 4SZ—4Rr—r2+ ;36R2
S (e ) N * _4s"—4Rr—1?
’ o =3 co 3 s >

cyc
s —4Rr — r? ? 9R? — 52
e 6rs Z T s
(S2 — 4Rr — 1‘2)2 ? (9R2 — 52)2 . 2 Mitrinovic 452 )
< 36r2s2 s* < R = 3 >s )

40 I RMM-GEOMETRY MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

?
& s — (8Rr + 38r2)s4 + r2s?(664R? + 8Rr + r?) — 2916R*r?|| > |0 and

“
()

sZ —4R? —4Rr —r?
+ (s2 — 4R — 4Rr —12)’ > 0 n A= >0
(s r—r?) cos IRz
cyc

- in order to prove (=), it suffices to prove : LHS of () > (s? — 4R%? — 4Rr — r2)3

& (12R? + 4Rr — 35r2)s* — (48R* + 96R3r — 592R?r? + 16Rr3 + 2r*)s?
(%)

+64R® + 192R°r — 267R*r? + 160R3*r3 + 60R?*r* + 12Rr® +ré|| > || 0
and ~ (12R? + 4Rr — 35r%)(s? — 4R? — 4Rr — rz)2 > 0 .. in order to prove (**x),
it suffices to prove : LHS of () > (12R? + 4Rr — 35r%)(s? — 4R — 4Rr — rz)z

()
& (48R* + 32R3r + 368R?*r? — 288Rr3 — 72r*)s? || >

128R® + 256R°r + 2532R*r? — 1088R3r® — 856R?*r* — 288Rr> — 36r°
Once again, LHS of (xx*x*x) >
(48R* + 32R3r + 368R?r? — 288Rr3 — 72r*)(4R? + 4Rr + r?)

?
> 128R® + 256R°r + 2532R*r? — 1088R3r3 — 856R?r* — 288Rr> — 36r°

? R
© 16t° + 16t° — 221t* + 360t3 — 54t2 — 72t -9 > 0 (t = F)
& (t—2) ((t—2)(16t* + 803 + 352 + 180t + 526) + 1312 + 511
Euler
Strue vt = 2= (#xxx) = (#xx) = (xx) = (%) is true

1 1 1 3
E\/cotA + E\/cot B+ ;\/cot Cc> - Vv acute A ABC (QED)

1624. In any A ABC, the following relationship holds :
48r® h,+h — — 3 R\?
<ot b T MeTMa <9.(—) —64>

R = h, W, m, 4
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

h,+h wp,+w, m.+m m, + m mp,+m, m;,+m
a b+ b c+ c aS a b b c+ c a
hc Wq my hc

T Th, hy
m, m, m, m, m, m,CBS 2 2 z 1
=24 b b ci_ 22 2 2 =
m+m+m+m+m+m—J Ma hZ

cyc cyc

Leibnitz
a

d
. 3 , 1 ) Mitrinovic | 3.81R* 3R? 7 3 9 R\? 61
S . . < =" <> (9.(2) -
4 Za 4r2s? Za = 4r2.27r2 212 4 (r)

cyc cyc
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3(9R3 — 64r3 ? R ?

= ( 3 )<:>9t3—6422t2<t=—)4:)9t3—2t2—6420
4r r

Euler

& (t—2)(9t2 +16t+32) > true~t > 2

h,+h wp,+w, m.+m 3 R\3
L2 b b e, ¢ “<—.<9.(;) —64>

hc W, my 4
h h h h h h h h , Chebyshev
Again, + b_|_wb+wc_|_mc+ma2 at b b+ € cthy S
h my, m. mg, my,
~ WLOG assuminga >b >c=
i 1 1 1
Z(hb+hc) z h,+h.>h.+h,>h,+hyand —>—>—
cyc cyc m, nm, mg

2 1 1 Bergstrom 2 9 9 Leuenberger + Euler 9
== 2rsZ— Z— > =.2rs.—. = 6r.o
a mg

3 - 3 25 Yeycmy 9R
cyc cyc 2
_12r  12R%r Euler 12r. 4r? h, +h, W + w, LM +mg 48r3 and so
R R = R} 7 h w, m, ~_ R3 ’
48r3 h,+h, wp+w, m.+m, 3 R\3
R3 = ahc >+ bwa “+ Cmb "< 4 <9' <_) B 64)
v AABC,”" =" iff A ABC is equilateral (QED)

1625. In any A ABC, the following relationship holds :
9613 h.+h R\’
d cMatMy WoTWe Je a§168.<—) ~18
28R3—-192r* " my+m, w.,+w, h,+h, 4r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m,+m, w,+w. h.+h, mg+m, my+m. m.+m,
mb+mc Wc+Wa ha+hb_ hb+hc hc+ha ha+hb
Reverse Bergstrom 1 (ma + my, m, + mb) 1 (mb + m, my, + mc)

<

= +
4 hb h, 4\ h,
1m.+m, m+ ma chc ma +m chc m, +m, chc m, + my
+- + = + +
4\ n, hy, h,
Leuenberger
1 1 and
m CBS
= — Sy + —C) <
4 h h,
cyc cyc
Lelbmtz

4R + l' 1 M1tr1n0v1C 4R + l‘ 3 9RZ2 9R2
m?2 e
ar 4 * Lih2 ar 43wz 27

cyc cyc

3R2 + 4r(4R + r) ? 21R3 — 144r3
1612 8r3

168( ) - 18 =
4r
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? R
& 42t3 - 3t2 — 16t — 292 > 0 (t = ;) & (t—2)(42t? + 81t + 146) — true
Euler  mg,+m, w,+w, h.+h R\?
vt > 2a—S PP T e aS168.(—) — 18
m,+m, wc+w, h;+hy 4r
ma+mb Wb‘|'Wc l'lc‘|'ha>ha‘|'hb-|_l'lb'|'hC hc+ha

Again, >
m,+m,. w.+w, h,+hy my+m. m.+m, m,+my,
1 1 4 1 N 1
amy + am, bmy+bm, bm,+bm, cm,+cm, Bergstrom
= 2rs 1 1 >

+
cm, +cm, amg,+ amy

2rs.36
2(amy + bm, + cm,) + (am, + bmy, + cm,) + (bm, + cm;, + am,)

Leibnitz
and

CBS 72rs Mitrinovic  18r. 3v3r
>

> > 217
3
2. [Seye i Zeye@® + [Tege s Zeye @ + [Seyem Sy ? 2 ore.oR?

_12r? 2 96r®
" RZ T 28R3-192r3

?
& 7t3 -2t —48 > 0 & (t— 2)(7t% + 12t + 24) - true

Euler m,+m, w,+w. h.+h, 96r3
vt > 2. > 3 3 and so,
m,+m. w.+w, h,+h,  28R>-192r
96r3 m,+m, w,+w, h.+h, R\3

< < 168. (—) — 18
28R3-192r3 " mp+m, w.+w, h,+hy 4r

v AABC, =" iff A ABC is equilateral (QED)
1626.

In AABC,I —incenter, IM,IN, IP —medians in AIBC,AICA, AIAB
M e (BC),N € (CA),P € (AB),IM = v,,IN = vy, IP = v,. Prove that:
2Rr — r? < v% + v: + v?> < 2R? — 4Rr + 31

Proposed by Mehmet Sahin-Turkiye
Solution by Daniel Sitaru-Romania

1 1
2 2 2 2 _
Eva—EZ(IB +IC*) Ea

cyc cyc cyc

2 1 2 2 rz 1 2 2
= E 1A2 —=-2(s2 — 12 — 4Rr) = E — (s =12 —4Rr) =
4 ., A 2
cyc cycsln 7
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L, 1 1 ARY) = s+r2—8Rr sz r? -
_TZ-ZA 2(s —12—4Rr) =12 2 —5 T T2Rr
cycsln 7
sz r? 2 32
_SZ+T2—8RT—?+?+2RT:?+T—6RT
Z 2_s2+3r2 6R GERRETSEN1(4R2+4R +3 2)+3r2 6Rr =
v, = > > r < 2 r r > r=
cyc
= 2R%? — 4Rr + 312
, 2 32 GERRETSENl , 372
Zva=7+7—6Rr = 5(16RT—5T)+T—6RT=

= 2Rr —r?
Equality holds fora = b = c.

1627. In acute AABC,AD, BE, CF are altitudes and r is inradii. If r{,r,, 73 are
inradies of AAFE, ABDF, ACDE then:

3r
ri + L) + r3 < 7
Proposed by Ertan Yildirim-Turkiye
Solution by Daniel Sitaru-Romania

1-AE-AF-SinA

D= Y AR 2
ry = =
cyc cyc AF + FE TEA - cyc 3 1 5 (acosA + bcosA + ccosA)
_ bcosA - ccosA - sinA _ Z bcsinAcosA B
B (a+b+c)-cosA 2s B
cyc cyc
2FcosA rscosA J EALS\EN
YA SIS ot S
2s S
cyc cyc cyc
A+B+C w 3r
< 3rcos (—) = 3rcos§ = 7

Equality holds fora = b = c.
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1628. In any A ABC, the following relationship holds :

3 (E)f’ - m,my, N wpyw, hch, <3 ( R>6

_|_ < R
R w,wy, hyh, mgm, 2r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

mamb+wbwc+ hcha A;GS 2| m,my, WRw hcha 3 3 mbwcha
Wy Wp hbhc mg.m, N - W, Wp . hbhc .mcma . wahbmc

Rs? 2r2s?
3| hyhch, Me™Te=727 3 l—p 3|4r2,2r Euler 3 (8r3 2r
| Rcha MMEER TR A 2rager tlort_ g (2
m,mpm, Rs R=.2r R R

2
2r\°
— 3. (i) Elger 3 (2r>6 .MMy, +wac+ hcha >3 (21‘)6
(2)5 = "\R/) "waw, hyh, mm, "
R

mg,my WpW, hcha m,my mpm, me.m,
+ < + +
WqWy hbhc mg.m, hahb hbhc hcha

+

Again,

<

. 2 R ¢ 6
Panaitopol (R) hyh, B 3. (E) Elier 3 (R) ~mmy + W W, n h.h,

2r hyh,  /R\? 2r/ wzwp, hph,  m.m,
6 v (2_2) 6
R 2r m,m, w,w, hch, R
33.(—) d ,3.(—) <@ ss.(—)
2r anaso R W, W + hyh, + m.m, 2r
v AABC,” =" iff A ABC is equilateral (QED)
Rs?
Proof of m;mym, < >
1
m2mZm? = 6_4(2b2 + 2¢? — a?)(2c? + 2a? — b?)(2a? + 2b?% — ¢?)
@ 1
= a1 —42 a®+6 2 a*b? + Z a’b* | + 3a?b?c?
cyc cyc cyc

3

Now,z ab = 2 a? | —3(a?+b2)(b? + c2)(c? + a?)

cyc cyc
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N T

cyc cyc cyc

3
= zaz + 3a%b?c? -3 Z:azb2 Zaz
cyc cyc cyc

3

w25 eoma-s{ )5

cyc cyc cyc cyc

3
z a*b? + z a’b* = Z a’b? <Z a’ — c2> @

cyc cyc cyc cyc

<Z a? b2> (Z a2> — 3a?b?c? - (1),(2),(3) = m2mZm?

cyc cyc

ST el

cyc cyc cyc

T 64
k +6 (Z a? b2> (Z a2> — 18a?b?c? + 3a%b?c?

cyc

o5 {B) 5] e

cyc cyc cyc

3 2
1
=1 —4 (Z a2> +18 (2 ab) — 16Rrs? (Z a2> — 27a*b?c?

cyc cyc cyc

1 {—32(s2 — 4Rr — r?)% + 36(s? — 4Rr — r?)(s? + 4Rr + rZ)Z}

~ 64 —576Rrs?(s? — 4Rr — r?) — 432R?r?s?
1
= 1—6{56 — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) — r3(4R + r)3}
R?s*
< o

- 4
)
s® — s*(4R? + 12Rr — 33r?) — s?(60R?r? + 120Rr3 +33r*) - r3(4R+r)2 <0

Gerretsen

Now,LHSof (¢) < —s*(8Rr—36r?) —s?(60R?r? + 120Rr3 + 33r%)
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-r}(4R+r)3 <0
?
& s*(8R — 16r) + s?2(60R?*r + 120Rr? + 33r3) + r?(4R +r)3 > 20rs*

Gerretsen -
Now,LHS of (¢¢) > s%(16Rr — 5r?)(8R — 16r)
(a)
+s%(60R?*r + 120Rr? + 33r3) + r?(4R + r)3 and

Geretsen

RHS of (¢¢) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a), (b) = in order to prove (e°), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs%(4R? + 4Rr + 3r?)

& s2(108R? — 256Rr + 53r2) + r(4AR+1r)3 >0

(.'.)
& s?(108R? — 256Rr + 80r?) + r(4R +r)3 > 27r2s?

Gerretsen

Now,LHS of (¢se) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3

O
Geretsen

and RHS of (ss¢) < 27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee¢), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3 > 27r?(4R? + 4Rr + 3r?)

R
o 224t3 — 587t% + 308t — 60 > 0 (where t= ;)
Euler
& (t—2)((t—2)(224t+309) + 648) = 0 > true =t = 2= (e0s) = (o0)
ZS4 SZ
= m,mpym, < - (QED)

= (+) is true > m2mZm? <

1629. In any A ABC, the following relationship holds :

1921.4- _ (ma N Wb)z N (Wb N hc)z N (hc n ma>2 — 9 243 (R)6 254 2 »
3R*—32r* “\mp,  wo/ \we b/ b, ome/ T\ 32 Ar

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m, wy\2 /w, h.\? h, m,\>
(2 ) (2’
my Wg W hb ha me

2

2 2 2 2 2 2 2 2 2 2 2
m w W h h m m m m m m m
2(—“+—b+ 2t — o — “)sz( ettt — “)

m; wZ wZ hZ hZ m? h hZ hZ hZ hZ h?
2 2 2 2 2
h2 h2 4r2s2 @ h2

cyc cyc cyc cyc cyc
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Leibnitz 3
d
Mit‘:il:IOViC Z 81R4 ‘ (ma wb)Z N (wb 4 h )2 N (hc ma>2 (é) 9R4-
= o2rz27rz T \my,  w, hy, h, - m/ = Brf

(243 R\® 2 Buler (243 (R\2 2
Again, 9. <3—2 (F) — 484) —24 > 9. (3—2 16. (;) — 484) - 24
? 9R* (243t% —968)% ? t* t* + 16

- 6 & 2 = g + 2 = 3
& 118097t* — 94089612 + 1874032 ; 0 ( = %)

Euler

& (t—2)(t+2)((t—2)(118097t + 236194) + 3880) S0otruest > 2

9 243 (R)6 484 2 24->9R4 6
"\ 32 '\r 8r*
2

via(1) /m Wi\ 2 w h h
2 (e )
my Wg hb ha m,

=

m, wp\2 /w, h, h, my\> 243 (R\®
. (_+—) +(—+—) +< +—) <o, —(—) —484) -24
h, m, 32 \r

m, wp\2 /w, h z h, m,2a-¢6 /m, w, wy, h. h, m
Also,(—“+—"> +( =24 ) +(—°+—“) > 4(—“.—b+ b <4< ¢
m m, w, w. hy h; m

hb ha mg

A;G 123 wZh? wih?
(mbmc) (W Wa) (h hb) (Hcyc a)(l_[cyc a)(l_[cyc a)

mgmpme _R—Z 2r?s? 2
> 12 nha J— ->12 (Teyeha) ™32 R__ 48;
cyc (Hcyc ma) (HCYC ma) RTS R
2 192r* . ) ? , , )
_m®3t —4t*-32>20 (t—2)(3t° +6t“ +8t+16) >0
Strue-t > 2 (E + ﬂ)z + (wb + h )2 + (E + &)2 > 192r*
- mp, W, hy, h, m. = 3R*-32r*

d 192r* (ma N )2 N (Wb N h, )2 N (hc N ma)2
anasO3Re “3214 = m, w, h,, h, m,

243 (R
<0 (— (;) — 484> — 24V AABC,"” =" iff A ABC is equilateral (QED)

32

)
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1630. In any A ABC, the following relationship holds :
2

64r° _ <Jm_a>2+<m> +<\/h_c>2 1 (81 (R) _80>

RO my, W, h, 32

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

() (3

<2+ 24
my, W, h, h?  hZ h2

1 CBS M1trmov1c
= (b>m, + ¢*my, + a’m,) < at. m?
T 4r2s2’ a b ¢/ = 4rzsZ a =

cyc cyc
Goldstone

and
1 3 Leibnitz 1 3
- ZZ 2h2 _ 161252, —Z 2 2 __° _ J(8RZ — 16r2)s?. |- .9RZ
4r2.27r2J a N 4122712 V( r9)st |7

cyc cyc
R2 — 2r2
Mitrinovic 1 5 ) 27RZ2 (3 5 RZ. — 3
< ———0:. |[(8R%2 —16r2).——. |-.9RZ2 = ——=
S azzne @ or)—— [3° 4rt
21 (81 (R) 80) — 81R5 — 2560r°
32 - 32r6

? R? — 2r2
o (81R5 —2560r5)” > 64R*r* (T)

? R
& 6561t10 — 32t — 414720t° + 64t* + 6553600 > 0 (t = ;)

_ 6561t8 + 26244t7 + 78732t° + 209952t° + 524848t*)\ »
t-2)( =2 >0

+844864t3 + 1280128t% + 1741056t + 1843712
+410624

Euler
Strue~t > 2

(G072 ) = 5

W, h, 32 \r

2

2 h 2 h h h,. Bergstrom (Z l)2
J/m Wi cyc
Again, (Y2) +(¥X2) 4(¥f) > 24 by Mt
my, W, h, mb m; mg Y 1
ych,
2
Berg;trom 9 z Leuenber§er+Euler 9 4r 4r> Elger 4r> 64r>
= r = r{ — = — = > -
Yeye Mg %R R? Rt , Ry} R®
z R (2)
I\ (W) (Yhe) _ 64rS
r
(—a> +< b) +< c) = ——= and so,
my We ha R
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2 2 2
64r5 (,/m, JWp Jh, 1 /81 /R\®
— < (=) + + <= —(—) — 80
R® my, W, h, r \32\r
v AABC," =" iff A ABC is equilateral (QED)

1631.

In any cyclic quadrilateral, the following relationship holds :
4 4 4 A4
2

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

Via Ptolemy’s theorem 1 and Ptolemy’s theorem 2, we have : pq = ac + bd and

p_ ad+bc d v AC = v = (ac + bd)(ad + bc)
q " ab+tcd and consequently, AC = p = 2b + cd
a® +b? — (ac + bd)(ad + bc) g a?+b?- (ac + bd)(ad + bc)
_ ab + cd 22 _ ab + cd
Now, cos B >ab = 2 cos 2 2ab +1
_ (a? +b?)(ab + cd) — (ac + bd)(ad + bc) + 2ab(ab + cd)
B 2ab(ab + cd)
(a+b+c—d)(a+b+d—-0c) ,B 4ab(ab + cd)
= >1+tan” - =
2ab(ab + cd) 2 (a+b+c—d)(a+b+d-c)
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ot 2B_4ab(ab+cd)—(a+b+c—d)(a+b+d—c)
s = (a+b+c—d)(a+b+d-rc)

_(c+d+a-b)(c+d+b—a) 2E_(s—b)(s—a)

“@+btc—d@at+btd—0 M2 G o0G-d
A (s—a)(s—d) 2C_(s—c)(s—b)

and analogously, tan? 5= G-DG-0’ tan 2 (s—-d)(s—a)
2 B — w -
and tan 2 Gs—a)s—b) (1)

Let a perpendicular (r,) be dropped from the center of the circle with radius r,
onto AB intersecting AB at X.

. A Iy _ A . B I,
Now, tan (90 - E) = Ax =>AX=r, tanE and tan (90 — E) = BX
=>BX=r tanE=>AX+BX=a=r (tané+tanE) Via=(1)
a 2 a 2 2
(s—a)(s—d) |[(s—b)(s—a)
| [G-pG-0  (G-o6-
_ Ts—a)(s—d+s—b) r(s—a)cta)
J6—a)G-bG-0G-d F
_ aF d ; 1 _ bF
:”‘“_—(s—a)(c+a) and analogous y'rb_—(s—b)(b+d)'
__F d __ 9 2)
) R PP TP il
. r; T, re g
Vla(Z),?+W+c—7+?
1 4 1 4 1 4 1 4
_F4<((s—a)(0+a)) +((s—b)(b+d)) +<(S—C)(C+a)) +((s—d)(b+d))>
B a3 b3 c3 d3

4

(a+b+c+d)3

1 1
Radon F4 ( ((s —a)(c+ a) + (s—o)(c+ a))
) )

1 1
(@—m@+®+@—mm+®
B F4 b+d ct+a 4
_@((c+a)(s—a)(s—c)+(b+d)(s—b)(s—d))

4

AZG F4 ) b+d c+a _F* 24_2
= 8s3 (c+a)s—a)(s—c) (b+d)(s—b)(s—d) ‘i?(ﬂ T s3

4 4 4
. I'g Iy Ie Iq 2 "o_rm = =
"7+F+c_7+?25_3' ="" iff ABCD is a square (QED)

>

51 RMM-GEOMETRY MARATHON 1601-1700



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1632. If in A ABC,a < b < cthen:

a+b - b+c
m, +m, my+mg

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

? ?
m, + m, < m, + my & 2a? + 2b% — ¢2 < 2b? + 2¢? — a?
1 1

<
m, +my my+m,
a+b a+b asc b+c

< <

m,+m, my+m. my+m,

inAABCsuchthat:a <b <c¢" =" iff a =c (QED)

?
©3(c2-a’)>0->truevc>a-

a+b < b+c
“my,+m, _ m,+m,

1633. In any A ABC with

K — Lemoine point, the following relationship holds :

[BKC] | \ 2[BKC(] \ [cKA] | | 2[CKA] | [AKB]

ar, ar, br, br, Cr,

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

Let AK KKA Honsberger aZ KKA 1 a2 1
et =8, " — = = +1=———-<+
AT Pa Ak b2 +c2 AK b2 + c2
s, a*+b?+c? AK b? + c? b? + c? 2bc
5> = = .S, = . .m
AK b2 + ¢2 zbaz+b2+c2 ¢ a24b24c2’b24c2
C
= AK = ——.m, and analogs — (1)
chca
Now, A BKC has sides BK, CK and 'a’ - 16[BKC]?
= 2a’BK? + 2a%CK? + 2BK?CK? — a* — BK* — CK*
5 4c2q? ) 5 4a?b? ) 4c2q? , 4a*b? 5
=2a.———.m; + 2a“.——— . m?: + 2. .mj. .m
22 P 2)2 ¢ N2 P 2\ ¢
(chca ) (chca ) (chca ) (chca )
16c*a* 16a*b*

4

4 - = A - = A=
G Coed®)

4':
C
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2 2
2a?. (Z az) .c2a?(2c? + 2a? — b?) + 2a. (Z a2> .a?b?(2a? + 2b? — ¢2)

cyc cyc

1 4
r
(Zeye a?) +2c2a?. a’b?(2c? + 2a% — b?)(2a? + 2b% — ¢2) — a* (Z a2>

cyc

*a*(2¢? + 2a® - bz)2 — a*b*(2a® + 2b? — cz)2
- (2)
Now, 2c%a?. a?b?(2c? + 2a% — b?)(2a? + 2b? — ¢2) — c*a*(2¢? + 2a% - bz)2

2
—a*b*(2a? + 2b? — cz)Z =— (cZaZ(ZC2 + 2a? — b?) — a?b?(2a? + 2b? — cz))

= —a* (Z(CZ +b%)(c% — b?) + 2a?(c? - bz))2 = —4a*(c? - bz)z (Z a2> - (1)

cyc

2
Again, 2a?. <Z a2> .c2a?(2c% + 2a2 - b?) +

cyc

2 4
2a?. (Z a2> .a’b?(2a® + 2b? — ¢?) — a* (Z a2>

cyc cyc

2 2
=a* (Z a2> 2¢2(2c? + 2a® — b?) + 2b%(2a? + 2b% — ¢2) — (Z a2>

cyc cyc

- (ii) =~ (2), (i), (i) = 16[BKC]?
2¢%(2¢? + 2a® — b?) + 2b%(2a? + 2b* — ¢?)
4
a

212 2 a’.F
(chcaz) <2 b2-> a ) (chcaz) 168 = [BKC] =505

cyc cyc
[BKC] a’F(s — a) [BKC] a(s —a)
and analogs — (*)
arg, (chc a )aF I chc a?

BKC] , 2[BKC] CKA] ’ AKB [AKB
1+ 2x

and analogs

Iy
cyc
CBS
= Z (\/E.\/x+2x2) s Zx. Zx+ Zsz
cyc (%) cyc cyc cyc
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Z 2 e Yyca®(s—a)® 1 z a?(s? — 2sa + a?)
cyc (chc aZ) (chc 2) cyc
_ 1 _(252(52 — 4Rr — r?) — 4s%(s? — 6Rr — 3r?) + 2(s? + 4Rr + r2)2>

(chc az)z —32RI'S2 - 161‘282
2r?((4R + r)? — s? ia (x
— (( )2 ):zx_l_szzvm:()
(ZCYC aZ) cyc cyc
Loyca(s—a) 4r’((4R+1)?—s?)  4Rr+r?  r?((4R+r1)? —s?)
2 2 T s2— ) 2 _ — 22
Yicyc @ (chc az) s2—4Rr—-r (s?2 — 4Rr —r?)
4Rrs? .
—aRr — 5z " Ve ()
BKC CKA 2[CKA] [AKB] [AKB]
1+ + 1+
ar, Iy brb Cr, cr,

BKC 4Rrs? via(» |a(s — a) 4Rrs?
ar, (s2 —4Rr —r2)2 Yeye@? [ (s% — 4Rr —r?)2
cyc
_ | 4Rr+r2 4Rrs? 1 V3
~ Js?—4Rr—-r? |(s®? —4Rr—r?)2 "~ 3

3 ?
& (s — 4Rr —r?) > 12Rrs2(4Rr + r?)

()
2 2

Firstly, Z ab| > 3abcz a = 12Rrs.2s = Z ab | > 24Rrs?

cyc cyc cyc
2

Q)
2
= Z a? | >24Rrs? = (s> —4Rr — r?)” > 6Rrs?
cyc
Gerretsen

and
Euler

Also,s? — 12Rr — 3r = s —16Rr +5r2+4r(R-2r) > 0

= s2 — 4Rr — r? > 8Rr + 2r?2 = (o). (s¢) = (**x) is true

[BKC] 2(BKC] | [CKA] Z[CKA [AKB] [AKB
" Tar,

< ? v AABC,” =" iff A ABCis equilateral (QED)
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1634. In any A ABC, the following relationship holds :
2 2 2
64r> [/m, JwWy Jh, 1 /81 /R\°
< + + <—(55(5) -80
RO W h, m, r \32\r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

() + () () <

wh h, “hzthz Thz

1 cCBS 1 Mitrinovic
= (b’m, + c®>my, + a’?m,) < —— a* mZ <
4r2s?’ @ b “ 7 4r2s2° ' a

m,

cyc cyc

Goldstone

and
1 3 Leibnitz 1 3
- zz 2h2 — 16r2s2. /—z 2 < _——__ [(8R%—16r2)s?. |-.9R?
4122712 \/ a R 4122712 V( rY)s® 17
cyc cyc

5 [R%—2r2
Mitrinovic 1 27R2 3 R~ 2
< ——— . [(8RZ—16r2). Z.9RZ =

4r2.27r%" 4 |4 4r4
21 (g (§>5 ~ 80) _ 81R°® — 2560r°
“r'\32\r 32ré
& (81R® — 2560r5)” > 64R*r* <¥)
? R
& 6561t10 — 32t% — 414720t° + 64t* + 6553600 > 0 (t = ;)

(6561t + 2624417 + 78732t° + 209952t° + 524848t*)\ -
ow-2)t=2

+844864t3 + 1280128t% + 1741056t + 1843712 =0
+410624

Euler
S>true~t > 2

(8 () (R G -w)

1
o < ,—ma>2 +< ,—Wb>2 . <\/h—c>2 h, hy h, Bergstrom (chcm_a)
gain,| —— — _

> L T
- 2 2 2 -
Wp hc m, my mge mg Z i
cyc ha
2
Berg;trom 9 2 Leuenberier + Euler 9 4r 41‘5 Elger 4_1-5 64-1‘5
= r = rf — = —_—= = =
Zc m 9R R2  R2r4 R\ R®
yc Yla —_ R2 (=&
2 (2)
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2 2

(@)2 + <@> + (‘/h_°> > 6ar® and so,

Wy hc m, - R6
2 2 2
64r> [(/m, JWp Vh, 1 81
< +{5—) (=) s (—) — 80
R® W h, m, 32
v AABC,” =" iff AABCis equllateral (QED)

1635. In any A ABC, the following relationship holds :
4 2rn'® mym, wyw, hh, 1 (19683 /R\!°
_(_) < <—. (—) — 19682
3RZ\ R wZw?  hZhZz  mZmZ ~ 3r?’\ 1024

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
m,m, wy,w, hh, mymy, mym. m.m,

< + +
wawb hbh2 mZm2 = hZhZ ' hZhZ = hZhZ

Panaitopol R 2 4R? bc R 2 4R?
) () S e () S
2r hyh 2r ca.ab.bc ~ \2r/ "16R2r2s?

cyc cyc

Leibnitz

and 2 2 4
Mitrinovic R?.9R m,m;, wy,w, hch, R
. < - (1)

16r*.27r2  w2?w? hZh? mZm?Z "~ 48r6

A 1 (19683 (R)m 19682 | or 1 (19683 (R)4 19682
gain, 35\ 1024 \r = 3r2°\ 10224 ' °*
19683R* — 19682.16r* » R* 4 N _ Euler
= 1856 2 186 © 19682(R* — 16r*) > 0 - true * R > 2r
1 (19683 (R\!° R* vie) m,m, w,w, hch,
P (—) - 19682 | > >
3 1024 48r6 wawb hZh?  mZm2
m,m, w,w, h.ch, 1 /19683 /R
> <. (—) - 19682
w2wg  hih?  mZm?2 "~ 3r 1024 \r
m,m W, W h.h, h, h h;,h h.h, Panaitopol
Also, ;; bzc 22 ;bz"‘ 3c2+ ;az =
hbh mZmZ " mZm? mim? m?m?
Bergstrom 4r? 9 4r2 9 4r? 9
cyc MpMe - RZ chc mym, — R? .chcm‘zl RZ 3 chca
Euler 412 9 4 2r Z Euler 4 2r 2 2r
= —) > —.[=) .[=
&) =) &

> — =
4.

m,m, w,w., hch, - 4 (21‘) d
- > —] andso,
w2w  hZh? mZmZ ~ 3RZ\R
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4 (Zr)"’ _mamy wyWe hchg 1 (19683 (R)“’ 19682
3RZ\R/ 7 wZw? h2h? mZm?2 "~ 3r?’\ 1024 \r
v AABC,”" =" iff A ABC is equilateral (QED)

1636. In any A ABC, the following relationship holds :
)" mamy , wiwe | Beb 27 (e ()
R w,wp, hyh, mam, 4 2r

6

27r2, ( — 104r2>

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

mZmi wZw? hZh2 - mZmZ mZm? N m?Zm? P““‘itop"'
W,Wp hbhc mcma ~ h hb hbh h h -
Panaltopol RZ 3

2r mpMe < 377 a 4r2’' 4’
cyc cyc
~mim; wyw? hZhZ 27R*

“w,w, hyh, mgm, ~ 16r2

Again ﬂ_ <27R2. (5)6 - 104r2> = H. <Z7R2. (5)2 - 104r2)

" 4 2r 4 2r
_ 27(27R* — 416r*) 2 27R* o 26(R* — 16r%) 2 05 true < R " o1
16r2 ~ 16r? =

27 R\ 27R4 via (1) mZm? wZw2  hZh2
2L 27R2.<—> — 10412 > by-b"c,  ca
4 2r 16r2 w,wp, hyh,  mgm,

2.2 2.2 212 6
m:m Wi W hzh; 27 R
L by bTe ¢ 27R2( ) — 104r?
w,w, hph, mcma 4 2r
2.2 2,2 212 212 242 212
m:sms:  W{w, hzh h2h hih hZh; "““a'“’l’o‘ 4-r
Also 2Py _b-c  ca_"ab  be, > hyh,
W, Wy, hbhc memg, mg,my, mpm, memg,
cyc
4r? ca.ab 4r%.4Rrs.2s 8r3 Mitrinovic /2r\3 Euler
=—. = =—.s2 > (—) 27r% >
R? 4R2 RZ 4R? R3 R

2r\3 2r\> mZm? wZw? h2h2 2r\°
( ) .27r2.<—) 2 b, bc, cay 27r2.(—) and so,
R w,w, hyh, mum, R
6
2r> - mZm? N wiw? N hZh2 _27 27R2. (E)
w,w, hph, mcma 4 2r
v AABC," =" iff A ABC is equilateral (QED)

6
- 104r2>
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1637. Let ABC be a triangle and ] denote the midpoint of GH.

Prove that the center of the Euler’s circle lies on the incircle if and only if

IJ = v2 IH
=3
Proposed by Mihaly Bencze, Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

4
HI? = 4R? + 4Rr + 3r? —s? - (1),GH? = 5 9R? — Z a’ | - (2),
cyc
1
GI%Z = 6(s2 —16Rr + 5r%) - (3)

+ center of the Euler circle lies on the incircle, - NI =r
2F. OI? 2rs.R(R — 2r)
= =r=>R=4r-(4)
4Rrs

. . . 9 9 ) , 2 8, via(1).2),3)
Now, in A HIG, I is a median = 41J° = 2HI* + 2GI* — GH* = aHI =

(N — center of Euler circle) =

cyc

10 ) 4 2
5 (4R? + 4Rr + 3r2 — s7) z 6<9R2 - Z a2> — 5 (s* — 16Rr + 512)

& 10(4R? + 4Rr + 3r% — s2) = 4 (9R2 — 2(s% — 4Rr — rz)) — 2(s% — 16Rr + 5r2)
via (4) ”

©R:—6Rr+8r2=0c (R-2r)(R—4r)=0 & 2r(R—4r) =0

- true via (4) - 4IJ% = gHIZ S E gIH (QED)
1638. In any A ABC, the following relationship holds :

. A
: Z Sin» 2 cosA +R“>2n+2 a’
min ) — > -
B C cosB + cos C rn b2 + ¢2

cyc Sini + Sini cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

z cosA Ycyc €0s A — (cos B + cos C)

cosB+cosC cos B + cos C
cyc cyc
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1 0< cos¥< 1 and analogs 1 4 r

= A 3 _> R 1 3
- Ecos Z " A_B-C = 2 z A~
cyc cyc 2 sin5 cos—, cyc Sinz

r r
A_63(1+§) s 1 _3(1+§) 3[4R Euler3(1+ ) s
= . -3=—. [——3 = .V8-3
2 . A 2 r
cyc Slni

cos A 3r
B g LN e
cosB + cosC R

cyc

N a?  Reverse Bergstrom 1 a a? 1 b c\? 5
g —_ < - —+ === —+-=] -
ow Z b2 + c? 4 b2 ' c? 4 (c b)

cyc cyc cyc
Bandila 1 3
< I
= 4 () Zb2+c2_ 4r2 _)()
cyc cyc
. via (1) and (2), in order t Z cosA 4> z
- via an ,in order to prove : o5B T cos C bz 12’
cyc cyc
it suffices t 3r+RZ 4 3R2+3>0 t3 10t+12>0( R)
t—t——4—— = —
it suffices to prove R az 322
Euler
@(t—Z)((t2—4)+2(t—2)+2) >0—>true--t > 2
_ Z cosA 4> z
" cosB+cosC bZ+cz
cyc cyc
. A
sinz R?
Again, via Nesbitt and (2), in order to prove : ———+ -4
sin B + sin r2
cyc 7 7
a? ) 3 R? 3R? 3 5
> sz—_l_cz,ltsufflcestoprove : E+r—2—4—ﬁ+2 >0 © R? > 4r?

cyc

_ smg
— true via Euler .. Z B + ——4>= Z b7 1 - (ii)

cyc sin5 2 + sm 2 cyc
- (i), (if) = min Z sm Z cosA_ [ R, Z _at
' ove sin By sin ¢ e €05 B+cosC) ' r® - cye b+ c?
=>R—2—4>za—2—min Z sm Z cos A — (iii)
r2 B £ b2 + c? &R sin5 B sing c’ £ cosB + cos C

R
LetF(n)=t“—2“Vt=;22(t—>fixed)and\7’n22andthen:

F'(n)=t".(Int) —2".(In2) >0
(vt">2"and Int>In2 = t".(Int) — 2".(In2) > 0)

R
~F(n)isTvn=2= F(n) > F(2) = when botht = T and n vary,
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R\" R2 via (iii) a sm cosA
=) -2">—=-4 2 Z 5z i Z Z
(r) r2 b2 + ¢2 mim C’'Z.cosB+cosC

cyc cyc Sln + Sln cyc

e L
= -
min C cosB + cosC b2 +

" ” iff A ABC is equilateral (QED)

1639. In any A ABC, the following relationship holds :
m,+m,  w,+w, h. +h, 1 (81 R\’
N < (-) — 80
(Wa + Wb)z (hb + hc)z (mc + ma)z 32

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m, + my wy, + W, h.+h,
(Wa + Wb)z (hb + hc)z (mc + ma)z N
m, + my my, + m, m, + m, Panaitopol R h, + h,

< — ) 2 "¢
(o +0)? "y +0? " (e +h)? = 20 L, +ho?

R SR 1 A-GR?
= — <
2r an+ab = 2r Za\/ bc 2r ac
cyc

CESRZ 21 Z:l_R2 ZS
= 2r ab’ ab  2r 4Rrs
cyc cyc

_ g +my Wy, + W, h. + h, <R R
h (Wa + Wb)z (hb + hc)z (mc + ma)z B 4-1'2

A 1 (81 (R)S 80 Eler 1 (81 16<R) 80)
gain, 5 \32°\7 = 2r'\32

1 <81 R\® 81R—160r 80(R—2r) R Euler R
= — ( ) -80)> = >

- (1)

2r'\32'\r 4r? ST a4z Tz T
via() mg, + my + wp + W h.+h,
(wg +wp)2  (hy +he)?2  (m¢ + mg)?
. m, +my + Wy, + W, h.+h,
T (We+wp)?  (hy +h)Z " (m +m,)?
1 (81 (R\® _ _ _
s 2r'\32 (‘) — 80| YAABC" =" iff AABCis equilateral (QED)
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1640. In any A ABC, the following relationship holds :

81‘2<1_|_1_|_1<R2 d
R3 " m, h_4r3an

4 (Zr)4 1+1+1<1 (R>4 2
3RZ'\R m2 wZ hZ 7 r2'\\2r 3

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

1+1+1 1+1+1_1_4r2m2erk2 d
m, h_h hy h, r 4r3 = 43"

Bergstrom

and
1 1 1 1 1 1 Leuenberger + Euler

2.4r2 Euler 8r?
—_—t—t—>—+—+— > =

= > —
R.4r? — R3

=
Q

k-
GD"
95
E
B

N| £| ©

Leibnitz
and

i Z chca MltrleVlC 9R?
m32 wb hz_ hZ ~ 4r2s2 = 4r2.27r?

cyc

1 N 1 N 1 - RZ (1) and 1 (R)4 2 Elger3R2—8r2
5>—+—+=<-—=- .| 5= ——
mZ wZ hZ~ 12rt ez \\2r - 12r*

3

Bergstrom
and
Euler 3RZ — 2R2 via (1) 1 1 1 d 1 Lelbnltz
e REZROD 111 .y
12r4 mi w2 h? h2 m2

cyc

9 4 Euler 4 (2r>4 8rz 1 1 R2

1
> =) s < —+—+—<—
3R = 3R2\R) "R® “m, "wy, Th, > a3 o

4 <2r)4<1+1+1<1 <R>4 2
3R2°\R/ "mZ w hZ7r2z’\\2r 3

v A ABC,” =" iff A ABC is equilateral (QED)
1641. In any A ABC, the following relationship holds :

3 2
7 9R

3a+b 3b+c 3c+a
+ + >
2a+c¢c 2b+a 2c+b

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

3a+b_|_3b+c_|_3c+a>4
2a+c 2b+a 2c+b

< (3a+b)(2b+a)(2c+b) + (3b+c)(2c+ b)(2a + ¢
+(3c+a)2a+c)(2b+a) >4(2a+c)(2b+a)(2c+Db)

expanding and re—arranging
o 22a3+6abc22a2b+32ab2

cyc cyc cyc

o ZZ(y +2)3+6(x+ )y +2)(z+x)

cyc

> Z ((y+ 2)%(z +x)) + 32 ((y+ z)(z +x)2)

cyc cyc
expanding and re—arranging

(a=y+zb=z+x,c=x+Yy) &
A-G A-G
Z x’y+3 Z xy? > 12xyz — true = Z x’y > 3xyzand Z xy? > 3xyz
cyc

cyc cyc

cyc
'3a+b+3b+c+3c+a>4VAABC”—” £ A ABCi ateral (OED
"2a+c 2b+a 2c+b” =01 is equilateral (QED)

1642. In any A ABC, the following relationship holds :
145 <si A+ ' B+ inc < /2+r
=sing +sing +sing < 2R

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Zcosecé— bels —a) _ 1 Z 1
a (s—b)(s—C)(s—a)_r.x/E'cyc

Jvbe(s—a) <
2
cyc
1 Gerretsen S V4R +T1 2
——.Vs% + 4Rr +r2, Z(s—a) < —.\/4R2+8Rr+4r2=¥
r.vs o r.vs r

A 2R+2r
- (1)

cosec— <
), cosec

cyc
N (_A+_B+_C>Z_Z_ZA+ZZ_B_C
ow, Slll2 SlIl2 SlIl2 = sin 2 SanSln2
cyc cyc
r

Avia()2R—r 2r 2R+2r 4R+r
= =2+ﬁ

2ZR—r 2r

= 7R +ﬁ.cccoseci < 2R +ﬁ' - 7R
’ . A . B . C r
=>sm—+smi+smis 2+ﬁ
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B+ C B-C

A B . C 2 cos 7 -COS—
Agam,smi+smi+smi=z N B—C

B+C B-C

ZZcos 5 -C0S— _ZcosB+cosc_Z A_1+r-z . A>1+r
2 = 2 = ) cosA = RSS2 R

0 < cosBT_C <1 and analogs
=

cyc cyc cyc cyc
dso,1+ 5 <sina+sine+sinc< |2+
and so, R = sin— > sin— > sm2 < >R
v A ABC,”" =" iff A ABC is equilateral (QED)
1643.

In any A ABC with I — incenter, the following relationship holds :

Al + BI + CI .
2(Al+BI+Cl+r) —4R =

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

' r
i 4 chc . A
5 Al + BI + CI _ sin B
2(A1+BI+CI+r)_4R_\IIZchc rA (4R—21)
sin
2
2 Yeye Sinz B sinS
r cyc
T 4 (Meyesing) =2—2 52
sinz [Leye sinz
SR % r 2R—r D sinEsinE
2R~ AT 2R (Hcyc sin é) (2202002 g sine A
\ 2 2 [1 siné 2
cyc 2
4 chc sin ]23 sin (2: ? sing sing
= +
C A7 [ . C . B
2 Yeye sm sin > — Yeyc Sin? > sin sinz
4 cyc smgsini » sinz sin%
o B C -22= C +
2 Y.cyeSinz sing — Yoy sin? 5 siny  sinz
2 Yeye sinZ% 2 sin? ]23 + sin? (2:
e B_ C Az B_ C
2 Y eye sin sin — Ycye Sin? 5 sin sin
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? A B C
& Zyzz:;\c2 > (y? +z2) Zny—sz (x =sinz,y =sin-,z = sini)

cyc cyc cyc

expanding and re—arranging

PN x*(y +2)% + (y? + z%)? é 2xyz(y + z) + 2x(y3 + z3)
o x*(y+2)? + (y? +z%)? é 2xyz(y + z) + 2x(y + z)(y? + z% — yz)
=2x(y +z)(yz + y? + 2% — yz) © x*(y + 2)? + (y? + z2)? é 2x(y + z)(y? + z2)
& (x(y +z)— (y*+ zz))2 é 0 - true

Vv A ABC (QED)

B
Al + BI + CI sinz ng
= c+ B

2(AI+ BI+ CI+ 1) — 4R sinG  |sin®

1644. In any A ABC, the following relationship holds :
2024 R2025 a’

2025
21-2 b2024 4 2024 + r2025 — =2 + Z b2 + c¢2

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

R
LetF(n)=t“—2“Vt=;22(t—>fixed)and‘v’n22andthen:

“t">2"and Int >1n2
1 — #h —7n P 5
F'(n) =t".(Int) -2".(In2) 2 0 (:> t". (Int) — 2. (In 2) 20)

R
~F(n)isTvn=>2= F(n) > F(2) = whenbotht = - and n vary, <;> >

RZ 2024- RZOZS Nesbitt R 3 RZ
— 2025 S Stz—4- O

z 42 ZrZ p2024 1. (2024 | 12025 = 2r'2
cyc
4-(1 Reverse Bergstrom 1 a2 aZ
Also, z — < — — =
b2 +c2  4Z.b%+c? 4 (bz c2>

cyc cyc cyc

1 b ¢ ) Bandila 1 R\? ) a? 3RZ 3 )
= — — — — < - —_ —_ < —_—
42 <c+b) - 4 (r) :Zb2+c2_4r2 Z_)()
cyc cyc cyc

a2024 R2025
~ via (1) and (2),in order to prove : or Z 024 § 207 + 7075

cyc
R 3 R2 3R? 3

sz 2,ltsufflces to prove : 75 2 _42F 2

_ 22025 >

cyc
4R?% — 1612 + 3Rr 3R? — 612 ) )
a2 > i ©R2+3Rr—10r2>0< (R-2r)(R+5r) >0
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R 2024 R2025 a>
. . 2025
— true via Euler .. Ez 2024 1 (2024 + 2025 2 > z b2 7 2
cyc cyc
v AABC," =" iff A ABC is equilateral (QED)

1645. In any A ABC, the following relationship holds :
m2+mZ  wZ+w? h? + h2 _ 3 (1823 (R>6 1815
(wg+wp)?2 (hy+h)? (m.+my)?~ 16\ 64 '\r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Panaitopol
and

mi +m? A6

< <
(Wa + Wb)z (hb + hc)z (mc + ma) cyc (hb + hc)z

R” \hi+hi R Z(c_l_b) Bandile 3R 3 (1823 (R)6 1815
ar2 /L ahgh, 16r2Z.\b ¢/ = 163 " \r
cyc cyc

m2 + m? wi + w? h? + h2

16"\ 64

Euler 3 (1823 (R\’ 1815 ot
> —. | —.(—=) - i :
Z 16 3 (r) 8 it suffices to prove

3 <1823R3—8.1815r3> 3R?

3 3 :
TR a5 > Ters © 1815(R3 — 8r3) > 0 - true via Euler
m2+m?  w?+w2 hZ + h2 3 /1823 (R\®
ao—t- b b4 4 < —(—) — 1815
(Wg +wy) (hy + hy) (m, + m,) 16 64 r
v AABC,”" =" iff A ABC is equilateral (QED)

1646. In any A ABC, the following relationship holds :
m?2 + m} wi + w? hZ + h2 1 R\®
@b b ¢ 4 ¢ < 27.(—) — 26
(wg +wp)3  (hy+h)?®  (m.+my)3 ™ 4r 2r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m2 + mi wi +w? N hZ + h? - m? + m?
(wa + wb)3 (hb + hc)3 (mc + ma)3 B cye (hb + hc)3
(hy + h)(m§ + m2)
Bhbhc(hlzj + h%)
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2 A-G
“Vxy>0(x+y)?t= ((x2 +y%)+ 2xy) > 8xy(x? +y?)
8xy(x? +y?)

= (x+vy)3 >
(x+y)” =2 ——— y
R 5, 12
Panaitopol (hb + hc) T (hb + hc) R2 1 1 RZ 2 R2
o 8hyh.(hZ + h?) 32r2 h, h,/ 32r2'r 16r3

cyc

| 27<R>8 26 Bl 1 27(R>2 26  27R? — 26.417
M \“"or T 4r’ " \2r B

1613
27R? — 26.4r? R?

=~ it suffices t : > 26(R2—-4r%)>0
it suffices to prove 216r32 _216r3;:) ( 2 2r ) >
m5 + m wi + W, hs +h
— true via Euler - 4 b3 + b C3 < 2 3
8 (Wa + Wb) (hb + hc) (mc + ma)
1
< = <27. (E) - 26) v AABC,” =" iff A ABC is equilateral (QED)

1647.
In any A ABC and V n,m > 0, the following relationships holds :

r® ot rd  3nmil pm m?! wf hP 3nTmtl mn
- = and —+—-+-—2=
m7  wy'  hP R™

) L R Rm

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

n n n n n n 1 mgmpm <R_s2
— a c=
Iy + Iy + I¢ > Iy + Iy + I¢ A>G 3 3 (Hcyc ra) > 2
m = m = ' m =
mg  wy' h@ T mg  mg'  mg (Meye my)

33 (rs2)n Mitrinovic (r.27rZ)n  3noml gm pn

> =
(R_Sz>m - (5 27R2)“‘ R™
2

3.°

2" 4
v A ABC,” =" iff A ABC is equilateral

3
mi wi h®_ h2 hi h?a6_3|([Igchy)
mTmtmZmtmtm 23 [ w3
rg' n, I¢ I'a™ I, I¢ (Hcyc ra)

Gerretsen + Euler
r2.27Rr
R

and 3
Mitrinovic + Euler
> 3.

n

) 3n—m+1' 2m pn
R 27RZ\" R™

2" 4
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v A ABC,” =" iff A ABC is equilateral
Rs?
Proof of m;mym, < -
m2m?2m? (2b2 + 2c? — a?)(2c? + 2a? — b?)(2a? + 2b? — ¢?)
a —42 6+6 Z a*b? + Z a’b* | + 3a?b%c? | - (1)
cyc cyc cyc

3
Now,z a® = (Z a2> — 3(a?+b?)(b? + c?)(c? + a?)

cyc cyc

(] foovn 5 ow {50

cyc cyc cyc

3
= 2“2 + 3a’b%c? -3 z:azb2 Zaz
cyc cyc cyc
3

S50 ssave[So)(50)

cyc cyc cyc cyc

Also,z a*b? + Z a’b* = Z a’b? (Z a? — c2> =

cyc cyc cyc cyc

(2 a’ b2> (Z a2> —3a’b?*c? - (3) ~ (1),(2),(3) = mimim?

cyc cyc

3

—4 2 a? | —12a?’b%c? +12 Z a? b? z a?
. 1 cyc cyc cyc
64

+6 (Z a? b2> <Z a2> — 18a%b?c? + 3a?b?c?

cyc cyc

3
1
=zl % zaz +18 zaz b2 Zaz — 27a*b*c?
cyc cyc cyc
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3 2

1
=1 —4 Zaz +18 Zab — 16Rrs? Zaz — 27a*b?c?

cyc cyc cyc

1 (—32(52 — 4Rr —r?)3 + 36(s?> — 4Rr — r?)(s? + 4Rr + r2)2>

~ 64 —576Rrs?(s? — 4Rr — r?) — 432R?r?%s?
1
= 1—6(56 — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) — r3(4R +r)3)
R?s*
< o
4

()
s® — s*(4R? + 12Rr — 33r?) — s2(60R?r? + 120Rr3 +33r*) - r3(4R+r)2 <0

Gerretsen

Now,LHSof (¢) < —s*(8Rr— 36r?) —s?(60R?r? + 120Rr3 + 33r%)
?
-r3(4R+r)3 <0

?
< s*(8R — 16r) + s2(60R?*r + 120Rr? + 33r3) + r2(4R + )3 > 20rs*
Gerretsen -
Now,LHS of (¢¢) > s?(16Rr — 5r?)(8R — 16r)
()
+s2(60R?*r + 120Rr? + 33r3) + r?(4R + r)3 and

tsen

Gere

RHS of (e¢) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a), (b) = in order to prove (e°), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs?(4R? + 4Rr + 3r?)
& s%2(108R? — 256Rr + 53r?) + r(4R+71)3 > 0
..I)
& s2(108R? — 256Rr + 80r?) + r(4R + 1) > 27r2s?

Gerretsen

Now,LHS of (¢se) > (108R?% — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3
O

etsen

Ger
and RHS of (se¢) < 27r?(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (e¢¢), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3 > 27r?(4R? + 4Rr + 3r?)
R
& 22443 — 587t% + 308t — 60 > 0 (where t= ;)

~

Euler
& (t—2)((t—2)(224t+309) + 648) >0 > true =t = 2= (see) = (o0)
2.4 R 2

2 2 R*s S
= m,mpym, < - (QED)

= (¢) is true > m2mZm? <
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1648. in AABC, m(BAC) = 90°, AD]BC,D € (BC),R, Ry, R, — circumradii
and r, ry, r, —inradii of AABC, AABD, AACD . Prove that
R—-—R; R-R, _r—r1+r—r2

+ =
R+R;y R+R; r+r r+rn
Proposed by Marin Chirciu-Romania

Solution by Togrul Ehmedov-Azerbaijan

b C
Wq,
5‘70./ C:"/a,
B r o3 <
a-
bZ 2
zi) a a
a
We know thatR = E’Rl = E’RZ =3 and
b+c—a b c
r: yr :_rlr :_r
2 1727274
R—R. R—R abacrbrrcr
- - r-r, r—r 5795 5o Y -
R R1+R RZZ . 22’2 §+§ c= O
a—b a—c_a—b+a—c

= + =
a+b a+c¢c a+b a+c

1649. In A ABC, m(BAC) = 90°,AD 1L BC.R{,R; =

circumradii and ry, rp, -
inradii of A ABD,A ACD. Prove that :

r,+n, +r r,+n, +r
a b CZ(\/E‘F].) a b [«
l"+r1+r2 R+R1+R2

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
2RsinA = a,2R,; sin ADB = ¢, 2R, sinADC = b
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R=2R b

S~ R=— =— — >

2’1 2 2

N 4R B _ 1 ( . A)
ow, rq = 151112511125111 = COoS Sll‘l2
1 'b+c 1 1 ¢ 2(s—a)via(1) ¢

=c.—.( ):—. ( )v'= —.(2R+r-2R)
V2 2 a

R2:

a V2 2

c
> = E.r and analogously,r, = E.r - (2)

R R 1 0< cos¥ <1 1
Again,— = = >

. A . B.C 2 B-C . A - 1
4R smismfsmf ﬁ (cosT — sin 7) V2 (1 — —)
1 R
= =>—>V2+1- (i)
V2—-1 1
B C ZR( B-C . A)via(l) a <b+c 1 1)
cos

\/_E.
2R+r—2R=>r=s-(3)

a VZ V2

A
Also,r=4RsinEsinEsinE:ﬁ. > —smE

_a 2(s — a) via (1)

a

=2

~2
(ra+rb+rc) a c
\r¥n +n,/ vie@@ad@® Zt3+3 s _a
Tt e - C b b ¢\ a+b+c
(R+R1+R2) as s(1+2+3)
via (1) 2R via (3) R v1a>(1)

Zs r

V2 +1,” =" iff A ABC is isosceles right — angled (QED)

1650. In any A ABC, the following relationship holds :
r, 3 4A+1DR+(1—-8M)r 1 7
z < : for-<A<-—-
r,+Arn, A+1 4R +r 2 2

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

z o _ 3 4A+1DR+(1-8M)r
rg+Arp, ~ A+1° 4R+r
cyc
Zra+lrb—lrb< 3 4R+r+A(4R-8r)
Ip+Ar, ~ A+1° 4R +r
cyc
3 i 3A(4R — 8r)
ST TRY .
A+1 £ Tl +Ary - A+ 1)@4R+71)
31 2 3A(4R — 8r)
) . - <o
A+1 2 Yol + Ay (A+1)(4R+r)

@Z rlf 3 N 3(4R — 8r) 0("A>0)
2 A+1 (A+1DAR+1)= """

I,y + Arn
cycab b
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rg 3  Bergstrom (4R + r)z 3
Now, Z
r
cyc @

Iy, + Ar? CA+1 = sZ+A((4R+1)2 —2s2) A+1
A4R+1)% + (4R +1)? — 352 — 3A((4R + 1)? — 252)
- (A + 1)(s2 + A((4R + 1)? — 252))
(4R +1r)% — 352 — 2A((4R + r)% — 3s2)
A+ 1D(s% + A((4R +1)2 — 252))
(1 —21)((4R +r)? — 3s2)
A+ 1)(s2 +A((4R + )2 — 252))
(22— 1)((4R +1)% — 3s?) - 3(4R - 8r)
A+ 1)(s2+A((4R+1)2-2s2)) " A+ 1)4R+1)
& 3(4R - 8r)(A(4R + r)2 — (21— 1)s2) > (22— 1)(4R + r)((4R + r)% — 3s2)
& 3M(4R — 8r)(4R + )2 > (22— 1)((4R + )% — 3s2(4R + 1) + 3(4R — 8r)s?)
& 3A(4R — 8r)(4R + r)? > (22— 1)((4R + )3 — 27rs2)

- in order to prove (x), it suffices to prove :

(+%)
& (4R+71)3 —27rs2 + A(3(4R — 8r)(4R + r)2 — 2(4R +1)3 + 54rs?) || = || 0

3(4R — 8r)(4R + r)2 — 2(4R + r)? + 54rs? > 0 and then : LHS of (x*) >
Trucht Euler
(4R+1)3—27rs? > 3s?(4R+r—9r) =3s2(4R—-8r) > 0 = (*#)is true

3(4R — 8r)(4R + r)? — 2(4R + 1)? 4 54rs? < 0 and then : LHS of (+*) =
7
0<Ass

(4R +1)3 — 27rs? — A(—(3(4R —8r)(4R+1r)? —2(4R +1)3 + 54rs2)) 2_2

7 ?
(4R +1)3 — 27rs? — E(—(3(4R —8r)(4R+r)?  —2(4R+1)3 + 54rs2)) >0

?
& 2(4R+r1)2 — 54rs? + 21(4R—8r)(4R +1)2 —14(4R +1)% + 7.54rs2 > 0
?
< (4R +1r)?(84R — 168r — 48R — 12r) + 6.54rs2 > 0

& (R-—5r)(4R+1r)% +9rs?| > |0

fw}
()

Gerretsen ?
Now,LHS of (+++) > (R—5r)(4R+1)? +9r(16Rr - 5r?) > 0 &
? R ? Euler
16t3 — 72t% + 105t — 50 > 0 (t =;) o (t-2)4t-52=0->true~t > 2
= (***) = (**) is true . combining both cases, (x+) = (*) is true V A ABC with
7 Z Ta  _ 3 4A+1DR+A-8Mr
CLur, A, T A
cyc

1 7
VAABCwithE <A< 5

1
<A< .
2 2 +1 4R +r

7
" =" iff A ABCis equilateral and A = - (QED)

1651. In any A ABC and V n,m > 0, the following relationship holds :
rh rl;I rh 3n—m+1 r
a C "

- + >
(ma + Wb)m (Wb + hc)m (hc + ma)m R™

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

rs ry e
(ma + Wb)m (Wb + hc)m (h + ma)m -

n
rlll1 + rlljl + I'cn A;G 3 3 (Hcyc ra)
(ma + mb)m (mb + mc)m (mc + ma)m h . (Hcyc(ma + mb))m
Mitrinovic
and
(3\/rsz)n AG (3\/r.27r2)rl _3 3"
. (3\/ (ma + mb))m B . ZCYC(ma + mb) " . Z (Z m ) "
3 3 cyc ta
Leuenberger + Euler (31‘)“ 3n—m+1_ "
= 3. = vV A ABC,

) "

" =" iff A ABC is equilateral (QED)

1652.In any A ABC, the following relationship holds :

1
ZZ \/abc 2/ hyh Czh“

cyc
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

5 Z m, 1 Z b Tere>shin Z b? + ¢ 1 s?+4Rr+r?
. S . > _ _
Lihy  3/hghyh £ £ 4R < 3/2r;s2 2R
Gerl;tsen (chc a) (chc ab) — 3abc 1 s? + 4Rr + r?
- abc ' 2R
3|r2(27Rr + 5r(R — 2r))
R
Euler Zs(s +4Rr +r?) — 12Rrs _ 1 s? 4+ 4Rr + r?
4Rrs 3|2 (27RI‘) ' 2R
\ R
_ s —2Rr +r? sz+4Rr+r s —5Rr+r27 2s 2s
B 2Rr 6Rr 3Rr \/ab ~ 3/2Rrs
(s —5Rr + rz) s3 ?
& (s?—5R 2)” — 54R?%r%s%| > |0
27 Zares © O r+r)’ g
Gerretsen
and ~ (s? — 16Rr + 5r2) 0 - in order to prove (x), it suffices to prove :

LHS of (x) > (s — 16Rr + 5r2) & (33R — 12r)s* — rs?(747R? — 450Rr + 72r?)
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(=)
+r2(3971R3 — 3765R?r + 1185Rr? — 124r%) | > |0 and

Gerretsen

+ (33R—12r)(s? — 16Rr + 5r2) 0 - in order to prove (xx), it suffices

to prove : LHS of (++) > (33R — 12r)(s? — 16Rr + 5r2)°

(%)
& (309R% — 264Rr + 48r?)s? | > |r(4477R3 — 4587R’r + 1560Rr? — 176r3)

Gerretsen

?
Now,LHS of (++x) >  (309R? — 264Rr + 48r?)(16Rr — 5r%) >
r(4477R? — 4587R?r + 1560Rr? — 17613) & 467t — 1182t% + 528t — 64 > 0

Euler

R
(t = —) & (t—2)(343t2 + 124t(t—2) + 32) > 0->true~t > 2

= (##x) = (¥x) = () is true -~ ZZ& -3 z
h, ,/hah,, \/ab

cyc

ZZ h, v AABC,' =" iff A ABCis equilateral (QED
h, \/abc hg hb & 1 (QED)

cyc

1653. In any A ABC, the following relationship holds :

> 9R

z (ra + l'b)(ra + rc)
hy + h,

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2A

siny  sin ssin (T) cosy scos’y ,A
I, +r.=Ss E+ o A B C - (i) —4Rcos§

cos»  COss C0S 5 COS 5 COS 5 R

Q) 2 A
~“ Ty + 1. = 4R cos 7 and analogs

C B
o (g + 1) (1, + 1) O 4R cos? 5-4R cos? 5
via (i), =

hy, + h, ca+ ab
cyc cyc 2R
B—C
4R cos? g.4R cos? g 0<cos——=1 cos ]23 cos?
= ~A__A A _B-c = R A
cyc 2 smfcosf.llR €0S 5 COS—5— cyc €OS® 7 sin

6R 3[2s2 Gerretsen 6R 3|27Rr + 5r(R — 2r) Euler R 3|27Rr 9R
= B > . > . =
8Rr - 8Rr - 8Rr
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r, +1p,)(Iy + T
Z (T - ")Jr(l‘l‘ <) 5 9Rv A ABC” =" iff A ABCis equilateral (QED)
b c

cyc

1654. In any A ABC with I — incenter and R, Ry, R, = circumradii of
A BIC, A CIA and A AIB, the following relationship holds :
2r R, ( R )2
R Iy, + I 2r

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+Cy A ,A

smi smi S sin (T) COSE S Cos 2 2A

I, +r.=s + cl= A B C - (i) —4Rcos§
COSE COSE COSfCOSECOSE 4R

® 2 A
~“Tp + T, = 4R cos 2 and analogs

. A A
<BIC B+C m-A_Tm+A a 4R sin5 cos
== M=M= —_ a: = :>
2 2 2 Zsin“-}_A ZcosA
2 2
. A Ra via (i) ZRSH
Ra=2RsmE and analogs Zr T Z 2z:<tan sec— )
Ge P e e 4Rcos2 e

cyc cyc cyc

J(4R+r)2 252 J (4R+r)2 252

CBS 1 2A 2A 1 |1 1 2
< 7 Ztan > Zsec =3 —Z 3+— Zra
cyc

3+

=3

_ 2(4R +1)?2 2(4R + r)Z
B E T 282 282
Gerrétsen 1 2(4R +1r)? 2(4R +1)?2 1
= 2\ |27Rr+5r(R—2r) 27Rr F5rR—20) |

Euler 1 [ |2(4R + r)2 2(4R +1)?
< o 2 e v
2 27Rr 27Rr

_ V(2(4R +1)2 — 54Rr)(2(4R + )2 + 27Rr) ? ( )

B 2.27Rr 2r

o (2(4R + r)2 — 54Rr)(2(4R + 1)? + 27Rr)
4.729R2r2 161'4

2
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?
& 729R® > 4r%(2(4R + r)? — 54Rr)(2(4R + r)? + 27Rr)
? R
& 729t% — 4096t* — 640t3 + 6024t — 40t — 16 > 0 (t = ;)

?
o (t-2) ((t —2)(729t* + 291613 + 4652t + 6304t + 12632) + 25272) 0

Euler Ra R 2 sm ]ensen
- truet > 2. < (—) and again,z Z >
n, +r.” \2r I, + I -2 é
cyc cyc yc cos? 2
LT sin% 6 sin® f+ SSIH%COSZ%
3 sing [ f(x)= 2x‘v’xe(O,ﬂ)=>f”(x)= X >0
2.cosz— cos® 5 4 cos 7
= f''(x) is convex
1
3 (2) Euler 21 R, 2r
=— 2l =1 > —. >—andso—<z ( )
2°(3 R n+r. R n, +r.  \2r
4 cye
v A ABC,”" =" iff A ABC is equilateral (QED)

1655. In any A ABC, the following relationship holds :

2 2
| Iy, 1
> —(a? — 3c? — ab + 2ac + 3bc)
r,+nrn, I,+r. 8r

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

F? F?
2 h __ G-a@?  (s-b? _Fs—b) Fis—0
r,+r, r,+r, _F F F . F cs-a) a(s—b)
s—a s—b s—-b s-c

2 - _
=>8r< r2 N Iy >=8(F2(s b)+F2(s c))

r,+r, Ip+re sc(s—a) sa(s—Db)

<s(s —a)(s—b)(s—c)(s—b) s(s—a)(s—b)(s—c)(s— c))
sc(s—a) sa(s —b)
_g <(s —b)?(s—0) N (s —c)2%(s — a)) _ 8y?z N 8z2%x
C a xX+y y+z

(x=s—ay=s—-bz=s—-c=2a=y+zb=z+x,c=x+Yy)

_ 8y%z(y +z) + 82%x(x +y)
(x+y)(y+2)

8y%z(y +z) + 8z%x(x +y)

(x+y)(y+2z)
y+2)?-3x+y)?-(y+2)z+x)+2+z)(x+y)+3z+x)(x+y)

2 _3c%2—ab + 2ac+ 3bc

©)
© x?y? + 2z%x% + xy3 + y3z + y?z? > x’yz + 4xy*z + xyz?
Now, x2y? + y?z? + z2x? > x*yz + xy?z + xyz? - (1) and

A-G
z2x? + xy3 +y3z > 3xy?z - (2) and (1) + (2) = (%) is true
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r2 r2

> (a —3c2—ab + 2ac+ 3bc)
I, +r, Ip+r. &

v A ABC,”" =" iff A ABC is equilateral (QED)

1656. In any A ABC, the following relationship holds :

4R+r
ZRZ Z\/(r +rb)(r +rc) 6r

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2 A
siny  siny s sin (T) cosy  scos‘y ,A
I, +r.=s E+ o A B C (i) —4Rcos§
cos» COS5 COS 7 COS 5 COS 5 iR
® 2 A
~ T + 1. = 4R cos 7 and analogs
2rs cos%
2rs A A . A
via (i) —a -C0s7 4R cos 7 siny
ow, Y Oy e r g ieeging
e V(@ + rb)(ra + 1) Ge 4R cosicosicosf oye 4R.7p
bc(s — a) CBS
— 2 4R 2
ZRZ A ZRE,I 2g 2R\/‘ /Z(S @).Vs® + 4Rr + 1
cyc S cyc
Gerretsen 1 R+r?4R+r
< \/4R2+8Rr+4r2— o < &4 5Rr—6r2>0
Euler 4R +r
@(4R+3r)(R—2r)20—>true R > 2r. Z

cyc \/(ra + rb) (ra + rc) or

A 1 AG3r 3|/4R 3(r3.4R. 2R2
gain, Z z
S (g +rb)(ra ¥r) 2R L «/ r 2R ’ r.2R?
_3.2R , rZ h, - , ;
—— and so,
Se \/(r + 1) (g, + 1) 2R2
h, 4R +r
’ <
cyc \/(ra + rb)(ra + rc) 6r

v A ABC,” =" iff A ABC is equilateral (QED)
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1657. In any A ABC, the following relationship holds :

I
rp?2+r3 ~ 2r
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z Ip T, _Zrbrc+r,f —r? _zrbrc+r£ .
rp2 +r3 T + I3 ro(mpre + 1r2)

cyc cyc cyc
1 r, A-G1 I, 1 1 1 1 1 1
DED Yt DY et )Y N
cyc Ta cyc Tple + Tg r cyc 21 |/ TpTe r cyc Wa r cyc a
_ 1 1 _ 1 . IpIc 1 no__r s : :
=T r T zm = 27 v AABC,”" =" iff A ABCis equilateral (QED)

cyc

1658. In any A ABC, the following relationship holds :

cos?0%4 A . cos?0%*B N cos?024C .3
c0s2022 B + c0s2022 C = c0s2922 C + c0s2022 A ' c0s2022 A + cos2022B — 8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

s2024- A s2024- B s2024- C

co co co

+ +
c0s2022 B 4 c0s2022 C  c0s2922 C + c0s2022 A 052022 A + cos2022 B
Z cos? A (chc c0s2022 A — (cos?922 B + cos20%2 C))

c0s2022 B 4 c0s2022 C

cyc

2 Chebyshev
cos“ A y
2022 E E 2
= cos A — cos“ A >
Z c0s2022 B 4 cos2022 C

cyc cyc cyc
1 1
2022 2 2
= cos A Z cos“ A z - Z cos“ A
3 Z €0s2022 B + c0s2022 C
cyc cyc cyc cyc
* WLOG assuming a > b > ¢ = cos? A < cos? B < cos? C and
1 1 1

< <
c0s2022 B 4 c0s2022 C ~ c0s2022 C + c0s2022 A ~ c0s2922 A + cos2022 B

Berg;tmm 1 Z cos202Z A Z cos? A 9 - z cos? A
- 3 2 Y cyc €OS2022 A

cyc cyc cyc
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we note that : cos?°?2 B + cos?%?2 C > (cos B + cos C)2022

22021
1 A B-C 2022 0<cos¥sl
\ :W<Zsinicos 2 ) > 0 /
1 1 Y ve @%\ Leibnitz 1 9R2
_ 2 _ cyc
== A==(3- > (3
zzcos 2( 4RZ ) = 2( 4R?
cyc
cos2024 A N cos202¢ g N cos20%4 ¢ - 3
= —
c0s2022 B 4 c0s2022 C ' c0s2022 C 4 c0s2022 A c0s202Z A + cos2022B — 8
v A ABC,”" =" iff A ABC is equilateral (QED)

1659. In any A ABC, the following relationship holds :

myh,\*> /m,h,> /mgh,\> 16F3,1 1 1
Gina) *Gnp) *Gine) 25 @t o+ a)
sin A sinB sin C V3 \a?  b?  c?

Proposed by Yusif Abbaszade-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

ERENER e,
sin A sin B sinC/ sin C
cyc
(2b? + 2¢% — a?)b2c? 2b* + 2b%c2 — a?b? 1 4 -
= Z = Z = 2 Z a* + Z a“b

> —
cyc 16R2. % cyc 4 4 cyc cyc

2 52 a’b? —32r3s?2 | - (1)
cyc
Again @(i 1 1) — 161‘383(chc asz) _ I‘S(chc azbz) Mitri<novic
V3 V3.16R2r2s2 V3.R? =
r.3V3.R(Zeyc a?b?)  3r Yy a’b? 21

2.4/3.R? 2R "4

52 a’b? — 32r?s?

cyc

? ?
SR sz ab? — 32r2s? | > 6rz a?b? & (5R — 6r) Z aZb? > 32Rrs?
cyc cyc cyc ()

?
Now, (5R — 6r) z a’b? > (5R — 6r)abcz a = 8Rrs?(5R — 6r) > 32Rr?s?
cyc cyc

? ?
< 5R—6r = 4r © 5(R — 2r) = 0 - true = () is true
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16F3 /1 1 1 1 ¢y
“E (?ﬂ,—z*c—z)ﬁz( D, @b - 32r252>m—

cyc

(mbhb)z + (mch0>2 + (maha)z "=""iff AABCi ilateral (QED
sin A sin B sinc/) ' 1 is equilateral (QED)
Solution 2 by proposer
Z(mbhb >Z_Z<4FRmb>2>z 4FRXa2+C2 Z_FZZ a2 + c2\2
e e cye cyc
2 2\ 2
F2 Z a“+c S AM-GM g2 Z (ZaC) Z
ab - b2
cyc cyc e
2 2 2
c c“ . a
2 2tttz 3 2 2 3 2
c b? _b? c? a (abc)
4FZZ_:4FZZ b~ b° c® | am-cm 4Fzz 4FZZ
b? 3 53
e e cye cyc
4F1 16F3 1
x/(abc)ZZ—>4F2 —=— % —
cyc ‘/_ a \/§ e a

h h, \? h 2z 16F3 /1 1 1
(als )+ (et ) + (rate) = 2 (L4 5+ )
sin< A sin < B sin < C V3 \a?  b? 2

Note Section :

. <A_a h_ZF
SI<2=5R b=p

b%+c% 4F
m, > iR \ (abc)? > 7

1660. If x,y,z > 0 then in AABC holds:
yt+z , F
> (12V3)r—
x = ( )TR

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

AM—-GM 2‘/ AG—-GM Sazhg
LHS > z s2 2 6V(sasps)? = 6Y(hghyh)? =

cyc

4F4' 4-Rrs Euler
—6/ RZ / R3 ZF\/_ —

Mitrinovic
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1661. In AABC holds:

3B—C 16r A B C
ZCOS =

0S —COS—CO0S —
2 3R °20%2%%

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1—[ B—C_(a+b)(b+c)(c+a)1—[ . A _s®+2Rr+1?
oS = abc S5 8R?

B — C AM-GM B-C
Z:cos3 5 > 31_[cos 5

16r A B C 16r s Mitri<novic 48Rr
COS—COS —COS— = — < P
V3R 2 2 2 \3R4R 8R?

We need to show:
3(s* + 2Rr +1?) - 48Rr

SR Tk s2 > 14Rr — r?

s? > 16Rr — 5r% > 14Rr — r?(Gerretsen)or R > 2r (Euler)
1662. In any A ABC. the following relationship holds :

1 1 1
(ab+bc+ca)(a+g+z>22\/§(ma+mb+mc)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Chu and Yang ?
2v3(m, + my, + m) < 2/3(4s% — 16Rr + 5r2) <

(ab + bc + ca) <l+1+1) = (s” +4Rr+r2)2
a b c 4Rrs ,
& (52 +4Rr +r2)" — 192R?r2s?(4s? — 16Rr + 5r2) > 0
4 Gerretsen ®
and * (s2 — 16Rr + 5r2) > 0 -~ inorder to prove (%), it suffices to prove :
LHS of (x) > (s? — 16Rr + 5r2)4 & (5R — 6r)s® — r(138R% — 63Rr + 9r?)s*
+r2(1232R3 — 1008R?r + 303Rr? — 31r3)s?

(=)
—r3(4080R* — 5136R3r + 2394R?r? — 501Rr3 + 39r*) > 0

Gerretsen

and - (5R — 6r)(s? — 16Rr + 5r2)3 > 0. inorder to prove (+*),
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it suffices to prove : LHS of (++) > (5R — 6r)(s? — 16Rr + 5r2)3

& (51R% — 30Rr + 3r?)s* — r(1304R3 — 1080R’r + 276Rr? — 22r3)s?
(%)
+r?(8200R* — 9080R3r + 3723R?*r? — 662Rr® + 43r*) > Oand -
2 Gerretsen
(51R? — 30Rr + 3r?)(s% — 16Rr + 5r%) > 0 . inorder to prove (*x),
it suffices to prove : LHS of (x++) > (51R%? — 30Rr + 3r?)(s? — 16Rr + 5r2)2
(k)
& (164R3 — 195R?r + 60Rr? — 4r3)s? >

r(2428R* — 3380R3r + 1560R?r? — 284Rr3 + 16r*)
Gerretsen

Now,LHS of (xxxx) >  (164R3 — 195R’r + 60Rr? — 4r3)(16Rr — 5r?)
?
> r(2428R* — 3380R%r + 1560R’r? — 284Rr? + 161*)

? R
& 196t* — 560t3 + 375t2 —80t+4 >0 (t = ;)
Euler

?
& (t—2)(112t3 + 84t2(t—2) +39t—2) >0 > true ~ t > 2
1 1 1
= (xkx) = (xxx) = (%) = () is true =~ (ab + bc + ca) (E T E)
> 2v3(m, + my + m,) VA ABC,” ="' iff A ABC is equilateral (QED)

1663. In AABC holds:

a+b+c>2<t A+t B+t C)
e — — = an — an — an —
h, h, h, 2 2 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

Z a Ya* 2(s*-4Rr-r?) Gerretsen 12Rr — 6712
o e

~ 2F 2rs = 2rs
A 2(4R+71)
ZZtan — = 7
2 S

We need to show:

12Rr — 61> 2(4R +71) )
TS = S or 4Rr — 8r“ = 0 or R = 2r(Euler)

1664. In all acute AABC the following relationship holds:

ca+cb N ab + ac N bc + ba -6
a’?+b?—-c? b*+c?—-a? c*+a?-b%*"

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

ca+chb N ab + ac N bc + ba _Z ca+ch _
a?+b%2—c? b +c2—a? c2+a2-b2 Lia’+b:-ct
cyc
c(a+ b) AM;M c-2vab AMécM
2abcosC 2abcosC

cyc cyc

- 3\/ abc -Vab -Vbc - ca 33\/ 1

= >
ab - bc:ca:cosAcosBcosC cosAcosBcosC —

Equality holds fora = b = c.

1665. In any A ABC, the following relationship holds :

322 a3 +R3—8r3>22 at
3 Z.b3 +¢3 r3 — 3 4Lubt+ ¢t

cyc cyc
Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-KoIkata India

2 at A<GZ chca (b2+c2))
§'Zb4+c4 - 3 bc(b2 cz) 3 Z bc(b? + c2)

cyc cyc

2 - TN
a - D) oa
bc(b? + ¢2) 4Rrs
cyc cyc cyc

a? 2s(s? — 6Rr — 3r2)
2 2 _
(s 4Rr —r ) (Z b2c2> 4Rrs

cyc

2 s2 — 4Rr — r? ZZ 212 _ 16252 sZ — 6Rr — 3r?
— 3| T 16R2r2s2 a rs 2Rr

2
3

cyc

< ||
- 3 16R2r2s2

Goldstone 2 s2 — 4Rr — r?
2Rr

2 _ a2
)(BRZ 2 16r252) s 6Rr — 3r )
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_ 1 ((s* - 4Rr —r?)(R* — 2r?) — Rr(s* — 6Rr — 3r%)

3 R2r2
_ (R —Rr—2r?)s? — (4Rr +r?)(R? — 2r?) + Rr(6Rr + 3r?)
B 3R2r2
Gerrétsen (R? — Rr — 2r?)(4R? + 4Rr + 3r%) — (4Rr + rz)(R2 —2r?) + Rr(6Rr + 3r?)
- 3R2r2
ul R3 -7
( R2—Rr-2r!=(R-2r)(R+r) >er 0) 3 r’

. R
®3t5—4t4+4t3—17t2+4>0< —;)

tt—2)+t2 -4 Euler
<:>(t—2)<3t4+2t3+7t2 ( )2 >0—>true t > 2

R3—7r
'3z:b4+c4S - @

cyc

Nesbltt 3 2 32 81‘ R3 71‘
Iiz:b3+c3 32 3 b3+c3
cyc cyc

via (1) 2
3 b4 Py v AABC," =" iff A ABCis equilateral (QED)

cyc

1666. In AABC the following relationship holds:

Proposed by Pavlos Trifon-Greece
Solution by Tapas Das-India

6\/1_[(0 +a—b>b)- ’%IH_C < Vabc
cyc

1_[(25 —2b) - f V4Rrs

cyc

8(s—a)(s—b)(s— c) — < 16R*1r?

L s(s—a)(s - b( 853<2R2“

p s(s—a)(s s—0) 57 = r°s
FZ

?-4SS27R2r2
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27R? 3v3
4r’s? < 27R*r?, s? < 2 SS<—5 R (MITRINOVIC)

Equality holds fora = b = c.

1667.
In any A ABC, the following relationship holds :

6 6 6 6 6 6 3
r, +n I, + T ry +r 9 R
6.3r)f<-2 b4 b ¢ ¢ sz.(—) (2187(—)
I, r, I r 2

8

— 2186r8>

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Euler
and

Gerretsen + Euler 81R?2 27R(3R — 4r
Zr¢f=(4R+r)2—Zs2 < 2 —27Rr:>zr,%s¥—>(1)

cyc cyc
via (1),Gerretsen

2 and
Gerretsen + Euler 729R2 (3R — 4r)?
Z rt= <2 r,f) — 2rs?(s? — 8Rr — 2r?%) < ( )

16

cyc cyc

27R(243R3 — 648R’r + 304Rr? + 112r3)

—r.27Rr(8Rr — 7r%) = Z ry <

16
cyc
- (2)

6 6 2 2\ (4 4 2.2

Iy +r, Yeve e —r5)(ry + 18 — 1o,

b c cycta a b C b'c

NOW’Z _ Gy )( )

ra ra
cyc

4 4 2.2

N weld —Ta —IpT,
_ 2 cycta a b*c 4 4 2.2
- Zra Z T _Zra(rb+rc_rbrc)

cyc cyc a cyc

via (2)
and

AG z , | [ 27R(243R3 — 648R’r + 304Rr? + 112r3) Z r2r,r, z 2 2
< ry -2 ) — |- 179 v 5
16r Iy

cyc yc yc

( 2) <27R(243R3 — 648R”r + 304Rr? + 112r3) 2)
= Z r, —6rs

a 16r

cyc
Gerretsen + Euler

and
,  Mitrinovic ( 2) <27R(243R3 — 648R’r + 304Rr? + 112r3)
—TSs < Z |y

16r

cyc

27Rr
— 6r.

)— r.729r*
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(Z 2) 27R(243R3 — 648R?r + 304Rr? + 48r?) via<(1> 27R(3R — 4r) 27R(243R3 — 648R?r + 304Rr? + 48r?)
= ry |-

16r - 4 ' 16r
cyc
—729r°
Eul

( 243R3 — 648R?r + 304Rr? + 48r3 = (R — 2r)(243R? — 162Rr — 20r?) + 24r3 > 2413 > 0)
_ 729(R?(3R — 4r)(243R> — 648R’r + 304Rr? + 48r3) — 64r6) <9)3 2187 (R)B
a 64r ' 2
729 (2187R® - 2186(2561°))

128r3

- 2186r8> =

? R
& 2187t8 — 1458t° + 5832t° — 7008t* + 2048t3 + 512t%2 — 559488 > 0 (t = ;)
& (t—2)(2187t7 + 4374t6 +7290t5 + 20412t* + 33816t3 + 69680t% + 139872t

Euler

+ 279744) S0otruevt > 2

6 4 .6 3 8
Iy, + I rl +rf 64 rb 9 R
2ath BTl TeTha 2.(—) (2187 (—) —2186r3>
I, r, I r 2
l'l? + rc6 Chebyshev 1 1
Again, = = (r6 +r8) — | |~ WLOG assuminga >b > ¢
T, 3 b T,
cyc a cyc cyc a

1 1 1 2 A-G
=>rlf’+rc6<r6+r6<r6+rbandr—<—<r) 321‘5 > 2rs*
C

a Iy
cyc
Mitrinovic ré + 1'6 r6 + ré rb + ré
> 2r(729r%) - Ta Tl T 7l  TeTha ¢ (3r)% and so, 6. (3r)°
Ic Iy Iy
re+rd ré+ré ré+ré 9,3 R\®
<2 b, b ¢, ¢ sz.(—) (2187 (—) —2186r8> (QED)
I, r, Iy r 2

1668. In any A ABC, the following relationship holds :

4, .4 4,4 4
I, +n, n,+r., r¢+ ra 18 (R)
18r < + + < 19683

r r3 r3 g = 2

10

— 19682r1°>

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

3
er E(Sr;?s_ 3153 Z(S_a) —31_[(s—b+s—c)

cyc cyc cyc cyc
27R?
s3 — 12Rrs Mitrinovic —z— — 12Rr 1 _9R?—16Rr X
= — < _ 00> —_<—_—
r3s3 - r3.27r2 r3~  36r° -~

cyc
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Z r} = ((4R +r)? — 2s?)? — 2s?%(s? — 8Rr — 2r?)

cyc
Trucht
and

s > 12Rr + 3r2
= (4R+1r)* + 2s* — 4s2(4R + r)? + 4rs?(4R + 1) <
2(4R +1)* 4r(4R +1)3

9 3 X
9R
_ (#4R — 85r) (4R + 1)? Euler (44R — 85r) (7)

9 9
ry +rd 1
£ = rt — |- r<
3 a 3 a
ra ra

cyc cyc cyc cyc

(4R+n)* + —12r(4R +1r)3 +

3 via (1)
9R) and

(4-4-R - 851‘) (T 1 via Euler
— |-(4R+r) <

9 ' r3
cyc

(44R — 85r)(81R3) 9R? — 16Rr

8 3615
ity N ry + 1} N rd +r} <o R3(44R — 85r)(9R? — 16Rr) — 32r®

r3 r3 - 32rs
18 10 Euler 18 /19683R%.16r* — 1024.19682r1°
Agaln,r—9 19683 (E) —

_ 10) >

19682r > Z 9 1024
—18 19683 (_R)10

=
ro 2

19683R® — 64.19682r°
_ n+rd 18 R
in order to prove : Z <—119683 (E)
cyc

Or

- (2)

— 19682r1°> >9, -(3)~(2),3)=>

10

32rs
r3 r°

— 19682r1°> Jit suffices

19683R° — 64.19682r° _ R*(44R — 85r)(9R? — 16Rr) — 32r°
32r5 - 32r5 R
?
© 19287t° + 1469t° — 1360t* — 1259616 > 0 (t = ;)

to prove :

?
& (t—2)(19287t° + 40043t* + 78726t3 + 157452t% + 314904t + 629808) > 0

Euler 4+t rr+rr rr4+r* 18 Ry 10
Struevt > 2.2 24P €€ ¢ "7(19683(5) —19682r1°
r3 r3 ry ro
4
rr4+rd rr4+r? r*+r? Rradon (2 r Euler
Also,* 24+ 4t 27> (22 a)3=2(4R+r) > 18r
r T T
¢ a b (2 chc ra)
A+t rp4rd rr+rd 18 R\!°
and s0,18r < 2 + 2 —-C 4 ¢ Sr—9<19683 (—) - 19682r1°>
C a Iy
v A ABC,” =" iff A ABC is equilateral (QED)
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1669. In AABC the following relationship holds:

(t B+t C>+b<t C+t A)+ (t A+t B)>12
a an2 an2 an2 an2 c an2 an2 = 12r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

(t B+t C)+b<t C+t A)+ (t A+t B)—
a anz anz anz anz C anz anz =

. B . C
B C siny  siny
—Za(tanEnLtanE)—Za 5T cl=

cyc cyc cos 7 cos 7

B C+ C B sin(B+C)
—Z smzcos2 smzcos2 =Za — _
B C B Cc

sm ) cos (%) AM—GM abc
R D e :
B Cc A B C
cyc cos cos > e \COS5COS5 COS7 COS+ COS =

2 2 2

EULER
.[4R v

rs I
=3°|——=3V16R*r 2 3316 -4r%-r=12r

4R

Equality holds fora = b = c.

1670. In AABC the following relationship holds:

A B C
(b + c)tani + (c+ a)tanE + (a+ b)tani > 12r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

A B C
(b + c)tani + (c+ a)tani + (a+ b)tanz =

A A
= Z(b + c)tani = 2R Z(sinB + sinC)tanE =

cyc cyc
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. B+C B-C A . m—A B-C A
=4RZsm > cos tan§=4RZsm 2 cos tan— =

2 2 2
cyc cyc

"g CAM;GM

= 4R z cos cos 1= = 4R Z sm cos =
cyc Cos» cyc
- 12R 31—[ ] Aﬂ B-C 12R r sz+r2+2Rr>
> sin cos—— = iR TP >
cyc cyc

S >
4R 8R? 32R3

EULER  31p(3672 — 412)
> 12
32
Equality holds fora = b = c.

GERRETSEN r 16Rr — 512 + 12 + 2Rr 3|r(18Rr — 41r?2)
12R =1

=12r

1671. In all acute triangles ABC the following relationship holds:
a(cotB + cotC) + b(cotC + cotA) + c(cotA + cotB) > 12r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania
a(cotB + cotC) + b(cotC + cotA) + c(cotA + cotB) = Z a(cotB + cotC) =

cyc

Z (cosB cosC) Z cosBsinC + cosCsinB
= = a:

sinB  sinC) sinBsinC
cyc cyc
z sin(B + C) z sin(t — A) Z sinA AM;M
= a-—— = a— = a——- =
sinBsinC sinBsinC sinBsinC
cyc cyc cyc
3 sinAsinBsinC
>3- |abc-— - - - - — =
sinBsinC - sinCsinA - sin4AsinB
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EULER
=3Y8R3=6R 5 6-2r=12r

_ 33 abc _
~ 7 _|sinAsinBsinC

2R 2R 2R

Equality holds fora = b = c.
1672. In any A ABC, the following relationship holds :

a* b* c* 83
2.2 2z T 7 2
(b+cmim? (c+aymZm; (a+b)m2mi 9R

Proposed by Daniel Sitaru-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

2') ?
mg; ? 9 1 ? 9
—>- E 2b% 4+ 2¢% —a?) = —
be 22 = Terms 2. ¢ -a*) 2y

cyc cyc

1 ?
_§ 2 2 2 _3.2) %
© IRrs’ a(2b? + 2¢% + 2a% —3a%) = 9

cyc

@z<za2><za>_szas;36m

cyc cyc cyc

2) - 6s(s2 — 6Rr — 3r2) > 36Rrs < s > 16Rr — 5r2
9

- true via Gerretsen .. Z — > 1 and implementing : Z — > 1 on
cyc

& 8s(s?—4Rr —r

cyc

2m, 2m; 2m,

a triangle with sides 3 '3 '3 whose medians as a consequence of

1 >
. abc . . Rl 9
Apollonius’ theorem = —,—, - respectively, we arrive at : = —
2'2°2 1 4
cycg mpm,
2
= =>4
z m =24~
cyc
az \° az \° via (1)
a* mpm, Bergstrom ZCYC mpm,/ andviaMitrinovic 16
NOW'Z b + ¢)m? Zzz b+c z 4s = 3\/_
cyc ( ¢)mpmy cyc 4R. ———
83 . o
—— VAABC" =" iff A ABCis equilateral (QED)

~ 9R
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Solution 2 by Tapas Das-India

at b* ct Bergstrom

+ +
(b+cmZmZ  (c+a)m?m2  (a+ b)mZm?

(aZ +b% + CZ)Z Chebyshev 19—6(2 m,z,)z

> 7 27 >
2(b + cym;,m; 3 (45)(Z mim2)
16 2,002 Mitrinovic

9 3Q@mymz) 12 2 12 83

=7 -2 g =
3 (45)(Emim2) 3 w35 R

Equality holds fora = b = c.
1673. In any A ABC, the following relationship holds :
m2 m; m? 93
+ + >
(b + c)b%¢c? ' (c+a)c?a? (a+b)a’b? ~ 32R
Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

242 242

4 (—m“) (z _ma) o
Z mg, _ Z bc Berg;trom cyc pe Mltl‘;lovm
(b + c)b2c2 b+c = 4s =
cyc cyc
chc bu> ? 94/3 2, )
ST mg ? 9 z 2 2_ 2722
2 = e >- o : 2b% + 2¢2 —a?) > =
=7 3V3 " 32R be 23 7 Teres 2, A(20° +2¢ —af) 25
4R35 e &

1 ?
- 2 2 2 _9.2) %
(:)4Rrs.2a(2b +2c%+2a%—-3a%?)>9
cyc
?
o2 Zaz Ea —BZ:a3 > 36Rrs
cyc cyc cyc
? ?
& 8s(s? — 4Rr — r?) — 6s(s% — 6Rr — 3r%) > 36Rrs < s? > 16Rr — 5r2
m? 9V3
>
c)b2¢z ~ 32R

— true via Gerretsen .. Z
(b +
cyc

v A ABC,”" =" iff A ABC is equilateral (QED)
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1674. In any A ABC, the following relationship holds :
m2m? N m2m? N m?m? - 93
(a + b)a?b%? (b + c)b?c? (c+ a)c?a®? ~ 32R

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

2 22 \? AG2.BG?
mZm; 81 (§ ma) (g mb) _81 "~ g7pZ _ BERGSTROM
(a+b)a%b? 16 (a+b)a?b?2 16’ a+b -
cyc cyc cyc
AG.BG
81 (chc ) HAYASHI 81 1 MITR’I,I\,‘VOVIC
= —. = — . =
16 a+b+b+c+c+a 16 4s
81 1 _ 93
~—16° 32R
w3E

" =" iff A ABC is equilateral (QED)

1675. In any A ABC, the following relationship holds :

r,r,a’b? r,r.b?c? r.r,c?a?

+ + > 8r
(rg + rpymZm  (r, + romim?2  (r, + r,)mZmj

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

m,m; z AG.BG HaYaS‘“ 9
=3 >

ab 4
cyc cyc
. . mg,my, 9 . . . Zma 2lnb ch
and implementing : b > 7 on a triangle with sides 3 '3 '3

cyc
whose medians as a consequence of Apollonius'theorem

abc

=223 respectively, we arrive at :

ab - 9 ab > 45D
_— —_ = -
4 4 Z m,m,
cyc
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ab \?

N Z I rpa’b Z (mamb) Berg;t“’“‘
ow, —_— =
(r, +1'b)m2mb 1. 1
cyc ra rb
ab \?
(chcm mb) via (1) 16
=T 1 = Z°
chcr_a T
r.rpa’b . . .
Z (o + r)mZm > 8rV AABC,’ =" iff A ABCis equilateral (QED)
r, + r,)m3

1676. In AABC the foIIowmg relationship holds:
1 1 1 - 2V3
(a+ b)(m, + my — m,)? * (b + c)(my, + m, — m,)? + (c+a)(m,+m, —my)? — 9R3

Proposed by Daniel Sitaru-Romania
Solution by Tapas Das-India

1 1 1
(a+ b)(m, + my, — m,)? + (b + c)(my, + m, — m,)? + (c+a)(m, +m, —my)?

(=) (= g e —y).
_ Z m, + my, —m, BERG;TROM m,+m,—-m, mp+m.—m, m.+m,—m,
B a+b - 2(a+b+0)
>
BERG;S"“TROM 81 LEUENE_‘ERGER 81
= = —_— >
4s(m, + my + m,)? 4s(4R + 1)?
MITRINOVIC g4 , EULER 81 243
> ——— (4R+1)* = = o=
4.3V3R 4.3V3R 81R?2 9R

2 4
Equality holds fora = b = c.

1677. In any A ABC, the following relationship holds :

-3
Zt 28 26+27 Z tZA
an 2 = 27 Cco 2

cyc cyc
Proposed by Daniel Sitaru-Romania
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Solution by Soumava Chakraborty-Kolkata-India

_ (4R + r)2 2s? Trucht 3s% — 252
S eant =15 327

SZ

cyc cyc

:Ztanziz 1- (1)

cyc

2 2

2
. ,A S S 2.2 1
Again, ) cot 7= a =1Zgt e = 252 Iple | — 2r,npre. ) I,

cyc cyc cyc cyc cyc
-3
s* —2rs?(4R+r) s?—8Rr — 2r? 26+27 z t2A
= = - cot” —
r2s? r2 27 2
cyc
26 27r® ? 729r% ?
<le 1(:)9r2<s — 8Rr — 2r?

=27 T sZ_8Rr—212)% = (s2 — 8Rr — 2r2)%
? ?
©s?-8Rr—11r2>0<s?—-16Rr+5r’ +8r(R—2r) > 0

Gerretsen Euler

—true s> —16Rr+5r> > 0and8r(R—2r) > 0

-3
26 A via (1) A
: E+27 ZCOtZE <1 < ZtanZE:

cyc cyc

-3
,A 26 A _ _ _
Z tan? 2 > 27 + 27 (Z cot? E) v A ABC,” =" iff A ABC is equilateral (QED)

cyc cyc

1678. If in AABC,a # b # ¢ # a then:

a3(c—b)+b3@a—c)+c3b—a) - 8V3 F
<a2(c—b)+b2(a—c)+c2(b—a)> * 9

Proposed by Daniel Sitaru — Romania

Solution by Tapas Das-India
al(b—c)+b3(c—a)+c3(a—b)=a3(b—c)+b3c—c3b + b3a+ c2a
=a%(b —c) + bc(b? — c*) —a(b?® - c3)
=a3(b—c)+bc(b+c)b-c)—a(b—c)(b?+ bc+c?)
= (b — c¢){a3 + b%*c + bc? — ab? — abc — ac?}
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= (b —c){a(a? — b?) + bc(b — a) + c*(b — a)}

= (b—-c)(a—b){a(a+b) —bc—c?*}=(b-c)(a—b){a*+ ab — bc — c?}
=(b-c)a-b){(a-c)la+c)+bla—c)}=—(a—b)(b—-c)(c—a)(a+b+c)
~ad3(c—b)+b3(a—c)+c3(b—a)=—{-(a—-b)(b—c)(c—a)(a+b +c)}
=(@a-b)(b—c)(c—a)(a+b+c) (1)
a’(b —c) + b*(c — a) + c*(a— b)
= a?b — a*c + b*c — b?’a + ac? — bc? + abc — abc
=ab(a—b+c)—ac(a—c)+ bc(—a+b—c)
=(ab—-bc)(a—b+c)—acla—c)=(a—-c){b(a—b)+c(b—a)}
=(a-c)a-b)(b-c)=—(a-b)(b—-c)(c—a)
~a’(c—b)+b*(a—c)+c*(b—a)
—{-(a-b)(b-c)(c-a)}=(a-b)(b-c)(c—a) (2)

. a3(c-b)+b3(a—c)+c3(b—a) 2 _ 2 _ 2 .
- (az(c—b)+b2(a—c)+c2(b—a)) = (a+ b + ¢)* = 4s“ (using (1) and (2))

We need to show:

8V3F
4s% < 25R? + 5

or 4(4R% + 4Rr + 3r2) < 25R? + %2 . 1. 33r

(Gerretsen and Mitrinovic) or 9R?> — 16Rr — 412 > 0

or (R—2r)(9R + 2r) > 0 True (Euler)

Conclusion:
3(c—b) +b3(@—c) +c3(b—a)\’ 8vV3F
a(c-b)+b(a-c)+c(b-a =4s2<25R2+—\/_
a’?(c—b) +b%(a—c) + c%(b — a) 9

a3 (c=b)+b3(@-0)+c3 (b-)) ® 2 , 8V3F
» (aZ(c—b)+b2(a_c)+cz(b_a)) < 25R“ + 5

1679. In AABC the following relationship holds:

B C
(b? + cz)tani + (c? + az)tani + (a? + bz)tanz > 24/312

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Daniel Sitaru-Romania

A B A
(b? + cz)tan + (c? + a®)tan— 5+ (a® + bz)tan— z:(b2 + cz)tanE

cyc

AM—GM 4 AM—GM 1
> Zz bc- tani > 2 33\/(abc)2 Htani =

cyc

EULER
T o
-6 3/(4Rrs)2 ==6" 316R?r3s = 61 - 3/16R2s 3
s s MITR,I-LVOVIC 3
> 61/ 64r2s = 24r - \r2s > 24r - f3\/§-r3 =
3 3
= 241% - /(x/§) = 24+/3r?

Equality holds fora = b = c.

1680. In AABC,n € N the following relationship holds:

A B C n+1
min Z(b" + c")tani,z a™ (tani + tani) >2ntl.372 .1
cyc cyc
Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania
AM-GM AM-GM

A ~ ~
Z(b"+c")tan5 > ZZ\/b”c"-tanE >

cyc cyc

3 A B C
>2-3- ij"c"-Vc"a"-Va"b" . tanitanitani =
3’ r 3 r
:6. (abc)n.;:6.\/4".Rn.rn.sn.E:
EULER
=6'3;/4"'R"'1‘"+1'S"_1 2 6.i/22n.2n.rn.rn+1.sn—1:

MITRINOVIC

—6-2n. 3 r2n+1 . gn-1 N 3.n+l, 3\/r2n+1 . (3\/51’)""1 —
=n+l. 3. 3% . /r2n+1+n—1 = 2n+l, 3nT+1 rn
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B AM—GM cAM-6M
Z (tan + tan ) > 2 Z tan tani =
cyc cyc
>2-3: (abc)" 1_[ /tan tan— /(4Rrs)" -=6" \/4" R™-r™-gm-
cyc
EULER
=6'3\/4"'R"'1‘"+1'S"_1 ’2 6.i/22n.2n.rn.rn+1.sn—1:

MITRINOVIC

—6-2n. 3 r2n+1 . gn-1 S 3.n+l. i/r2n+1 } (3\/§r)n—1 —
=2n+l. 3. 3% . 3/r2n+1+n—1 = 2n+l, 3nT+1 rn

Equality holds fora = b = c.
1681. In all acute triangles ABC,n € N the following relationship holds:

a"(cotB + cotC) + b"(cotC + cotA) + c"(cotA + cotB)
> 2n+1 . 3nT+1 CpT

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

a™(cotB + cotC) + b™(cotC + cotA) + c™(cotA + cotB) =

Z n(cosB cosC) Z n sinCcosB + sinBcosC
= a = a™t -

sinB sinC
cyc cyc

sinBsinC
AM—-GM

_Z n sin(B+C)_Z n sin(n—A)_z n sinA 2
= L% sinBsinc 4. sinBsinc ~ Z.% sinBsinc ©

cyc cyc cyc

3 sinA sinB sinC
> 3 . (abc)n . . .

sinBsinC sinCsinA sinCsinB

3 3 (4RF)" 1 3 3 (4Rrs)" 2R-2R - 2R
=3- . =3- rs)t:—m ——— =

sinAsinBsinC abc
EULER

=6R-/(4Rrs)"1 = 12r3/(8r2s)"1 >

MITRINOVIC

> 12r3\/(8r3 -3v3)" =12r(2v3r)" =
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n+1
—31' 22 21113 n1_2n+13 r‘n

Equality holds fora = b = c.

1682. In all acute triangles ABC the following relationship holds:

A B C
(cotB + cotC)tanE + (cotC + cotA)tanE + (cotA + cotB)tanE > 2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

A B C

(cotB + cotC)tanE + (cotC + cotA)tanE + (cotA + cotB)tanE =
A cosB cosC A

= Z(cotB + cotC)tanE = Z ( - + — ) tan— =

sinB sinC 2

cyc cyc
_ Z cosBsinC + cosCsinB ¢ A z sin(B + C) ¢ A
B sinBsinC ans = sinBsinC 27
cyc cyc
_ Z sin(m — A) A _ Z sinA AAM,;GM
B sinBsinC = LisinBsinc "

cyc cyc

t = ZRZ —3 2 >
l lsmA l l an ~ 2 sr s s2
cyc cyc
| 2R _ 3B,
27RZ ~ 7 [27

4
Equality holds fora = b = c.

MITRINOVIC
S 3

1683. In AABC the following relationship holds:

h(t B+t C)+h<t C+t A>+h(t A+t )>6J_
a anz anz b anz anz anz anz r

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Daniel Sitaru-Romania

h,|t B-+t ¢ +hy(t C-Ft 4 +h.(t A-+t d =
“(“"2 a"z) ”(“"2 a"z) C(‘mz a"z)_
. (B+C
B C sm(—2 )
=Zha<tani+tani)=2ha-ﬁ=
cyc cyc cos 7 cos i

COSé AM;GM 1 1
—ZFZ S 2F-3° H =

cye acos cos cye cos

4R i 6 3| ¢3
4RF s T sz T
MITRINOVIC 3 ’3 \/_r
= 6r: f = 61 ’( = 6V3r
= c.

Equality holds for a=b=

1684. In AABC the following relationship holds:

. B C B C
min Z w, <tan§ + tan E) , Z m, (tani + tan E) > 6V3r

cyc cyc
Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

Lemma: In AABC the following relationship holds:

B
Zh (tan2+tan )>6\/_r

cyc

sm
Zh (tan +tan> Zh B

cyc cyc COS CcoSs

Proof:

sin(*3) _

cosBeosC
2
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ZFZ COS_ AMéGM 2F - 33 1 / 4R =6 ’
_ S — =6rS"
cyc acos cos abc c cyc cos 4RF
3| g3 MITRINOVIC 33 \/_r
— = f 6r = 6V3r
rs
=c.

Equality holds fora = b =

Back to the problem:

Lemma

B C B -
waZha:Zwa(tanE+tanE) ZZha(tanE+tanE) =S > 6V3r
cyc cyc
B C B Cc Lemma
maZha:>Zma (tani+tan§) ZZha<tanE+tan§) = >6V3r
cyc cyc
. B C B (
min Z W, (tani + tan E) , z m, (tanE + tan E) > 6V3r
cyc cyc

Equality holds fora = b = c.

1685. In AABC the following relationship holds:

A B C
(hy + h,) - tanE+ (h,+ hy) - tanE+ (hy + hy) - tanE > 6V3r

Proposed by Zaza Mzhavanadze-Georgia

Solution by Ertan Yildirim-Turkiye

Lemma: h, + hy, + h, > 9r

Leta>b >cthenh, <h,<h,andh,+ h, <h,+ h,< h,+ h,
A B c

tan— = tan— = tan—
2 2 2

A Chebyshev 1 A B C
.'.Z(hb+hc) tani > §-2(ha+hb+hc)-(tanE+tanE+tanE)

Ler;ma129<t A+t B+t C>—6 (t A+t B+t C)
= 3 r anz anz anz = or anz anz al’l2

f(x) =tanx = f'(x) =sec’x = f"(x) = 2sec?x-tanx > 0 where x € (Og)

Therefore f(x) is convex
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f(%)”(g)”(g)zf(ﬂﬂc)

3 6
A B C T 14 \/3
— — — . — ) = . —_= —_— =
tan2+tan2+tan2_3 f(6) 3 tan6 3 V3

A A
Z(hb + h,) tanE > 6r- Ztani > 6r-V3 = 6V3r
1686. In AABC the following relationship holds:

( tB+ tC>+b( tC+ tA)+ ( tA+ tB)>36
a(cot> +coty cot5 +cot5 | +c|cot + coto | = 36

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

( tB+ tc)+b< tC+ tA>+ ( tA+ tB>—z ( tB+ tC>—
alco 2 co 2 co 2 co 2 c|co 2 co 2 = al|\co 2 co 2 =
cyc

B C B . C. 0sCcinB
=Za C052+C052 Za.COSZSan COSZSln2=
B . C . B ., C
sm C) sm 1': A) cos% AM—GM
= a————————— a- — a————— 2
2, c- D¢ —g e

-2
2o [Jeost ([ oot =3 one i () -
= aoc COS2 smz = ac4R 4R =

cyc cyc

=3- abc-W: =3 |[4Rrs - — =

"ARr? 12
3|16R2s2 EULER 3 /epr2g2 MITRINOVIC
-3 f . S 3. . =12-3rs2 S 12-327r3 =36r

Equality holds fora = b = c.
1687. In AABC the following relationship holds:

16R2%s 3‘\/ 16RZ%s 3 4Rs
3 Rrs

100 I RMM-GEOMETRY MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

<t B+t C)+ (t C+t A)+ (t A+t )>6\/—
rq(tano +tans )+ 1y (tans +tans | +re(tans + tano r

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

B C C A A B
Tq (tan— + tan E) + 1y (tan— + tan E) +r, <tan— + tan —) =

2 2 2 2
. B . C . (B+C
B C Sl"f smi sin (T)
=Z”<‘“"E““"E>=Zra B —F|= D ra -
cyc cyc COST cos 7 cyc cos 7 cos 7
sin (nz;A) cos% AM—GM
- Z Ta’—p ¢ Z Ta’—p ¢ =
Cye cos5cos5 oy cos 5 cos%

4R EULER MITRINOVIC
1_[ 1_[ rs2-— S 3.38r2s >
cyc cyc COS $
3 3 3
>6- /r2-3x/§r=6- /(\/E-r) = 6V3r

Equality holds fora = b = c.
1688. In AABC the following relationship holds:

A B C
(b + c)coti + (c+ a)coti + (a + b)coti > 36r

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania
AM-GM

A B Cc -
(b + c)coti + (c+ a)cotE + (a + b)coti = Z(a + b)cotE >

cyc

CESARO

=3 \/n(a+b) ncot— S 3 /8abc 7=

cyc cyc

5 SEULER MITRINOVIC s
=3- /32Rrs-; S 3-Vearsz=12Yrsz 2 12V27r3 =36r
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Equality holds fora = b = c.
1689. In AABC the following relationship holds:

h( tB+ tc)+h< tC+ tA)+h( tA+ tB)> 18V3
a|cOt= +cots p|cot5 +cot c\cots +cot— )= T

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

h( tB+ tc)+h< tC+ tA>+h( tA+ tB)—
acozcoz ,,cozco2 Ccozcoz—
B Cc
B C 2F(cosw cosy
—zha(cot5+coti)—27 —B T —=¢ |~
cyc cyc Slnz Slnz
B+ C 11'
1 sin 1 sin ) cos
—ZFZ ——ZFZ —C_ZFZ_ —2
cyc sins siny cyc sins siny cyc sm sm2

AM-GM 3

-2
g ot ([Jond) -
= abc COS2 smz =

31 s 4R\ 3 1 16R? 31 MITRINOVIC N
= 6F —(—) =6F |————5—=6rs- |z=6s = 6:3V3
4Rrs 4R (r) 16R*r 1? N = - r

= 18V3r

Equality holds fora = b = c.

1690. Let O, G —be the Toricelli’s point and the centroid in AABC. Prove that:

a? + b% + ¢ — 4/3F

18
Proposed by Adil Abdullayev-Azerbaijan

0G? =

Solution by Daniel Sitaru-Romania
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0 —Toricelli’s point
OA=x,0B=y,0C =z
XAOB = ¥BOC = xC0A = 120°

1
[A0B] + [BOC] + [COA] = ZE . xysin120°
cyc

1
F =2 sin(180° - 60°) z xy
cyc

2F 4F 4/3F
zxy: = —

sin60° 3 3
cyc
z c? = Z(x2 + y% — 2xyco0s120°)

cyc cyc
a’ + b% + ¢ = ZZxZ + 2cos60°2xy

cyc cyc

1 4V3F
22x2=a2+b2+c2—2-§-%

cyc

1 2+/3F
S o =L@ 4 pr ey - 2B

1 23F
3062+20A2 =E(a2+b2+c2)—%

cyc

cyc

1 2+V/3F 4
30G? = E(az + b? + Cz) —T—Zamg

cyc

1
306% =2 (a® + b* + ¢*) ————5 (@ +b* + )
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2V3F
0G? = — (a +b2+c2)——(a +b2+C2)_T
a +b2+c — 4V3F

2:
oG 18

Observation: This is a new proof for IONESCU-WEITZENBOCK’S inequality:

a’ + b% + ¢2 — 4+/3F
0<0G?= s =0<a’+b%+c*-4V3F=

a? + b% + ¢% > 4\3F

1691. In any A ABC, the following relationship holds :

m2 + mZ + m? . 12V3F
m,my + mym, + mem, a?+b?+c? "

Proposed by Adil Abdullayev-Azerbaijan
Solution 1 by Soumava Chakraborty-Kolkata-India

a? + b? + ¢? 9/3F
We shall prove : + ><4- (1)
ab +bc+ca m?2+ m2 + m?
Mitrinovic 2(5 — 4Rr — 2) 352 ?
LHS of (1) < <4

2 2
s2+4Rr+r ;(52—4Rr—r2)

s2 —4Rr —r? ? s? s + 12Rr + 3r2 ? s?
_ > & 2
s2 + 4Rr + r2 — 4Rr — r2 s2 + 4Rr + r2 — 4Rr — r2
& (4R + r)s2 > 3r(4R + r)2 © s? — 12Rr — 3r? > 0

Gerretsen

& s2 —16Rr + 5r% + 4r(R — 2r)20—>true s2—16Rr+5r2 > 0

Euler a? + b?% + c? 9v3F
andR—-2r > 0~ + 5 < 4 and implementing (1)
ab +bc+ca m?Z+ m? + m?

2m, 2m, 2m,

whose area

on a triangle with sides

3373
. . F . abc
via elementary calculations = 3 and medians = 2'2'% we get :
9v3F
m? + mb +m —
9 ( ¢ C) + 3 <4

%(mamb + mym, + m.m,) %(a2 + b2 + c?)
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m2 + mZ + m? N 12+/3F -
m,my + mym, + mgm, a?+b?%+c2 "

v AABC,”" =" iff A ABCis equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

AM—GM Leuenberger Mitrinovic

mymy, + mym, +mom, > 33/(mgmym,)? = 33/(s>r)? = 3V3F,
: 2 2, 2_1% 2 2 2 . .
and since a“ + b“ + ¢ = 3 (mg* + my“ + m,*), then it suffices to prove that

m,? + my? + m? 3(m,my, + mym, + m,m,) <4

m,my + mym,+ m.m, my% + my? + m,?

my,% + my? + m?

Letx == ,
m,m, + mym,+m.m,

Since m,, my,, m, can be the sides of a triangle, we have 1 < x < 2.

(x—l)(3—x)20
X

3
= (1) <:>x+;S4 A

J

which is true. So the proof is complete. Equality holds iff AABC is equilateral.
1692. In any A ABC, the following relationship holds :

6(a’b? + b%c? + c?a?) i 4+/3F
(a% + b?% + ¢2%)2 - a? + b? + c2

Proposed by Adil Abdullayev-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

6(a?b? + b2c? + c2a?)
(a? + b2 + ¢2)2 B
3((s? +4Rr +1?)" — 16Rrs?) — 2(s? — 4Rr —r2)"
- 2(s2 — 4Rr — r2)2
s* — (8Rr — 10r?)s? + r(4R + r)? 4+/3F 2+/3rs
- 2(s2 — 4Rr —r?%)2 “aZ+bZ+cZ sZ—4Rr-—r2
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(s* — (8Rr —10r?)s? + r?(4R + r)z)2 - 12r2s?
4(s* — 4Rr —r?)* = (s2 — 4Rr — r2)2

()
& (s* — (8Rr — 10r?)s? + r?(4R + r)z)2 48r%s%(s? — 4Rr — rz)2 and
4 Gerretsen
« (s? — 16Rr + 5r2) > 0 - in order to prove (x), it suffices to prove :

LHS of (+) > (s? — 16Rr + 5r2)"

& (R—r1)s® —r(30R% — 25Rr — r?)s* + r?(336R3 — 332R%r + 95Rr? — 11r3)s?
()

—r3(1360R* — 1712R3r + 798R%*r? — 167Rr> + 13r*) | > |0

Gerretsen

and - (R—r) (sZ — 16Rr + 5r2)3 > 0 - inorder to prove (*x),

it suffices to prove : LHS of (x+) > (R —r)(s? — 16Rr + 5r2)3
< (9R? — 19Rr + 8r?)s* — r(216R3 — 458R?r + 230Rr? — 32r3)s?

(k)
+r2(1368R* — 3112R3r + 2121R?r% — 579Rr? + 56r*) | > |0 and

Gerretsen

« (9R% — 19Rr + 8r2)(s% — 16Rr + 51'2)2 > 0 .- inorder to prove (),

it suffices to prove : LHS of (++x) > (9R? — 19Rr + 8r?)(s? — 16Rr + 5r2)2
& (3R® — 10R%r + 9Rr? — 2r?)s? > r(39R* — 133R%r + 133R%r? — 49Rr3 + 6r*)
& (R—2r)(3R? — 4Rr + r?)s? > r(R — 2r)(39R3 — 55R?r + 23Rr? — 3r3)

() Euler

& (3R —4Rr +r?)s?| > [r(39R3 — 55R?r + 23Rr? — 3r3) ( R-2r > 0)

Gerretsen ?
Now, (3R? —4Rr +r?)s> >  (3R%? —4Rr +r?)(16Rr — 5r2) >
? R

r(39R3 — 55R?r + 23Rr? - 3r3) © 9t3 - 24t2 + 13t -2 >0 (t = F)

? Euler
©t—-2)Bt-1)?2=>0->true =t > 2= (xxxx) = (¥xx) > (xx) > () is true

_ 6(a?b? + b2c? + c2a?) 14 4+/3F
(a? + b2 + ¢2)2 - a? + b2 + ¢
v A ABC,” =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since
16F? = 2(a?b? + b%*c? + c*a®) — (a* + b* + ¢*),
then the given inequality is equivalent to

3[2(a?b? + b%*c? + c?a?) — (a* + b* + ¢*)]
2(a% + b? + ¢2)?

24F? +1> 4+/3F 1 4+/3F 1) >0
M@+ 2 a2+b2+2 ' 2\@+b2+ 2 -
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which is true. Equality holds iff a? + b? + c? = 4V3F or AABC is equilateral.

1693. In AABC the following relationship holds:

18R? . 4+/3F
a2+ b2+ c2— a? + b% + ¢2

Proposed by Adil Abdullyev-Azerbaijan
Solution by Daniel Sitaru-Romania

18R? 4+/3F
2 2 2 2
a2—+b2+C221+m<:>a + b%+c +4\/§FS18R

Nakajima(1925): In AABC the following relationship holds:

4
a’?+b%>+c* <8R*+—F

3V3

a’?+b*+c?=(a+b+c)>—2(ab+ bc +ca) =
GERRETSEN

=452 —2(s2+r2+4Rr) =252 —2r2 —8Rr <
<2(4R*+4Rr +31r%) —2r? —8Rr =8R?  + 41r* =8R* + 4r r <
MITRINOVIC s 4
S 8R*+4r ——=8R*+—F
3v3 3v3

Nakajima

i 4
a?+b2+c2+4V3F < 8R*+—F +4\3F
3v3

Proof:

Back to the problem:

Remains to prove:

4 4

8R2+—F +4V3F <18R?’ & (—+ 4\/§)F < 10R?
3v3 3vV3

A0k 10R? & aF < 3V3R? (t )

— = S 0 prove

3v3 P

EULER MITRINOVI
u ¢ 3v3R

~

4F =4rs < 2Rs < 2R-— — = 3V3R?
Equality holds fora = b = c.

1694.In any A ABC, the following relationship holds :

3 3 3
r;+r. +r 4R
a b C |5>

I Il T
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Proposed by Adil Abdullayev-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

iR s’y oy I,IpT,
4R _ Tr— S_Z i eta chc alb . (chcx)(chch) — Xyz
r rs?2 - TaTble - Xyz
S_Z chc Il
213+ 1 41 x3 + 5xyz
(x:ra;y_rbiz_rc)——b+522cyc Y
I,IyT, XyZ
?

(:)Zx3+5xyz2 Zx ny —xyz=Zx2y+ny2+2xyz

cyc cyc cyc cyc cyc

?
& Z x3 + 3xyz > Z x%y + Z xy? - true via Schur

cyc cyc cyc
2+ +rd 4R
.——+5>— VAABC/' =" iff AABCis equilateral (QED)
IaIpTe r

Solution 2 by Tapas Das-India

N3 =(Yra) =3[ ra) O rars) - [ [ra] = @R 413 - 1258

N Zr3 b5 = (4R + )% — 12s%R 45 Gerr>estn (4R +1)3 12R +5
ow TalpTe B s2r ~ (4R2+4Rr +3r¥)r r ’
we need to show
(4R +1)3 12R L5 4R (4R +1)3 . 16R
(4R% + 4Rr + 3r)r  r T " GRZy aRr+ 3 0= 1

(4x +1)3

R
orm+ 5> 16x (where; =x=2 Euler) or

4x* —16x+ 16 = 0 or (2x —4)?> = 0 True
1695. In AABC the following relationship holds:

1
ZZ \/abc [hohyh Czh“

cyc
Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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By Tereshin and AM — GM inequalities, we have

m, b? + c? b2+c
2) 5 22 ) amh, XY
h, 4Rh, b Lih,

cyc cyc cyc cyc cyc

_Zl<a+a+b> zl(ha hg hb 23 a? 3 h2
- 4Li3\b b 3 h,, h,, C bc " hyh,
cyc cyc

cyc cyc

\/ abc 3\/h hb c c
yc
Equality holds iff AABC is equilateral.

1696. In AABC the following relationship holds:

an? can® can’ VAN
(1+e 2>(l+e 2)(1+e 2)2 1+e3

Proposed by Khaled Abd Imouti-Syria

Solution by Tapas Das-India

A B C \ Holder
(1 + ez ) (1 + "2 ) (1 + "2 ) >

3
1 5 tan % 4R+1\3 v3\3
> (1'1'1)3+(e a“2> =(1+e35> >(1+e3
; 2 2 1 lo 3 .
sinces* < (4R + 1) 3)” Doucet’'s inequality
Equality holds fora = b = c.

1697. In AABC the following relationship holds:

(a™ + b™ + c™)(a™ cos? A + b™ cos? B + c™ cos? C) > 4F2.Z b"2c"2, neN

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let H be the orthocenter of AABC. We have (a".m + b". HB + c".ﬁ)Z > 0,then
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a’". HA? + b?™. HB? + ¢*™. HC? + a™b™.2HA.HB + b"c".2HB.HC + c"a™.2HC.HA > 0

& a®™ HA? + b?". HB% + ¢?". HC? + a™b". (HA? + HB? — c?) + b"c™.(HB% + HC? — a?) +
+c"a® (HC? + HA® — b?) > 0
& (a™+ b™ + ¢™)(a"HA? + b"HB? + c"HC?) > a?b*c?(a™ 2b""% + b 2c"2 + (" 2q™72)
Since HA = 2R|cos A| (and analogs) and abc = 4RF, then
(a™ + b™ + c™)(a™ cos? A + b" cos? B + c" cos? C) = 4F?(a™ 2™ 2 + b""2¢"2 + (" 2q"2),
as desired. Equality holds iff AABC is equilateral.

1698. In AABC the following relationship holds:

cot— + cot— + cot—

1 1 1 2( A B C)
2 2 2

sind * sinB i sinC 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

and

1 1 2R(ab+bc+ca) s*>+71?+4Rr
I :
sinA a abc 2rs

ZZ tA_Zs
3,L.° 2737

We need to show:

2s s: 4+ 1%+ 4Rr 5 5 5
— = or 4s“ > 3s“ + 3r“ + 12Rr
3r 2rs

Gerretsen

ors?>3r:2+12Rror 16Rr —5r*> >  12Rr + 3r?

or R > 2r (Euler)
1699.In any A ABC, the following relationship holds :

1
cosAcosBcosC < gcos(A — B) cos(B—C)cos(C—A)

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
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cos(A — B) cos(B—C) cos(C—A)
_(2 ,A—B 1)(2 ,B—C 1)(2 ,C—A 1)
= |2cos” — cos” — cos” —

B—-C B—-C B—-C B—-C
=81_[COSZ 5 —4<l_lcos2 > ><zsec2 > )+Zz:cos2 5 -1- (a)

cyc cyc cyc cyc
. 2 A
,B—C (b + ¢)%sin® > 1 be(b + ¢)?
Now,Zcos 2 =Z A A=16R2 Z
1 zbc(s+s—a)2_ 1 Z bcsz+2b +be( )
" 16R2s’ s—a " 16R2s’ s—a she as—a
cyc cyc
S (e Z 22,3 z b — 3ab
= TerZs| S sec’ > s)a abc
cyc cyc
1 s? 4+ (4R + r)?
= 16R%s s3 %) + 3s(s? + 4Rr + r2) — 12Rrs>
4s? + (4R +1)? + 3r? ,B—C 4s®+ (4R +1)? + 3r?
= = Z cos = - (1)
16R2 2 A 16R2
B—C 16R?2sin? fcos2 5 16R2s(s — a)a
cyc cyc (b + C)ZSinz 7 cyc S ¢

2Ra(b+c—a) 2R a a? @)
= _—_— = — —_ —_— -
r (b + ¢)? r Zb+c Z:(b+c)2
cyc cyc cyc

a chc(a(c + a)(a+Db)) _ chc (a(chc ab + az))
Now,czyc b rc-

[leye(b + ©) ~ 2s(s?+2Rr +r?)
2s(s? + 4Rr + r?) + 2s(s? — 6Rr — 3r?)  2s? — 2Rr — 2r? @)
= o —_
2s(s% + 2Rr + r?) s2 + 2Rr + r2

a?  (2s-(b+ c))2 45’ —4s(b+ )+ (b+c)?
““d';(bﬂ)f; b+ 02 ‘; ®+ 02

(i—) 152 <chc((c +a)?(a+ b)2)> s <chc(c +a)(a+ b)> 43

(Meye(d + ©)° Meye(b + ©)
2
We have : Z((c +a)(a+ b)z) _ Z (Z ab + a2>
cyc e \'ge

cyc cyc cyc

y <zab>z+2a22ab+a4
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2

2
=3 Zab +2 Zab Zaz + Zaz —ZZazbZ

cyc cyc cyc cyc cyc
2 2

= Zab + 2 Zab Zaz + Zaz +22a2b2+4—abc(23)

cyc cyc cyc cyc cyc

2
-2 Z a’b? = Z ab + Z a’? | +32Rrs? = (3s2 —4Rr — rz)z + 32Rrs? - (ii)

cyc cyc cyc
Again,E(c+ a)(a+b) = Z Zab +a? )= 32ab +Za2
cyc cyc \ cyc cyc cyc
=Za2+22ab+2ab = 4s? 4+ s + 4Rr + r?
cyc cyc

Z(c + a)(a +b) = 55 + 4Rr + r? - (iii)

cyc

2
ﬂ(b +6) = s? 4 2Rr + 12 - (i), (i), (i) = Za,i—@z —

cyc cyc

2
4s? ((3s2 —4Rr—r?)" + 32Rrs2) 4s(5s% + 4Rr + 12)
4s2(s2 + 2Rr + r2)2 ~ 2s(s2 + 2Rr + r2)

(3s% — 4Rr — rz)2 + 32Rrs? — 2(5s2 + 4Rr + r?)(s? + 2Rr + r?) + 3(s? + 2Rr + rz)2
- (s + 2Rr + r2)2
_ 2s* —s?(8Rr + 12r?) + 12R?*r? + 8Rr? + 2r* -
(s? + 2Rr +r2)2
a? 2s* — s2(8Rr + 12r?) + 12R?*r? + 8Rr3 + 2r*
Z (b + c)? -
ycC

= 4);
(s2 + 2Rr +r2)2 - @)

2),(3), (4) > Z sec? D ; ¢_

2R <252 —2Rr —2r*  2s*—s%(8Rr + 12r?) + 12R%*r? + 8Rr3 + 2r*

r \ sZ+2Rr+r? (s + 2Rr + r2)2
_ 2R ((Zs2 — 2Rr — 2r?)(s% + 2Rr + r?) — (2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r4)>

r (s + 2Rr +r2)2
- (5)
Also. 8 1—[ c0s2BC_g 1—[ (b + c)zsinzg _g (432(52 + 2Rr + r2)2)< r? )
’ 2 a? 16R?r2s2 16R?
cyc cyc
_ (s®+2Rr + r2)2

3R® - (6) ~ (a),(1),(5),(6) = cos(A — B) cos(B— C)cos(C—A)

B (s? + 2Rr + rz)2
a 8R*
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(2s%2 — 2Rr — 2r?)(s? + 2Rr + r?) —
(s?+2Rr +12)"\ 2R | (2s* — s2(8Rr + 12r2) + 12R?r? + 8Rr? + 2r%)
B ( 16R* ) _k (s2 + 2Rr + r2)2 )

r

4s? + (4R +1)? + 3r? 1

8R?
= cos(A — B) cos(B—C)cos(C—A)

3 r(s? + 2Rr + rz)z — Ro + R?r(4s? + (4R +1)% + 3r2) — 8R*r
B 8R*r
<where o = (2s% — 2Rr — 2r%)(s2 + 2Rr + r?) —)
(2s* — s2(8Rr + 12r?) + 12R%r? + 8Rr3 + 2r*)
2(s? — 4R? — 4Rr —r?)
R2

=>8cosAcosBcosC =

O]
& s* — (22R? + 8Rr — 2r?)s? + 72R* + 88R3r + 38R’r% + 8Rr® + r*|>| 0 and
2 Gerretsen
» (s? — 4R% — 4Rr — 3r?) > 0 . inorder to prove (%),
it suffices to prove : LHS of (x) > (s? — 4R%Z — 4Rr — 3r2)2

()
& (7R% — 4r?)s? | < | 28R* + 28R® — R?r? — 8Rr3 — 4r*

Rouche ZRZ + 10Rr — 2
Again, (7R2 — 4-1'2)52 < (7R2 _ 41.2) ( r—r )
+2(R — 2r).\/RZ — 2Rr

?
< 28R* + 28R3 — R%r2 — 8Rr3 — 4r*

?
& (7R? — 4r2)(R — 2r).4/RZ — 2Rr < |[R- 2r)(7R? — 7R?r — 7Rr? + 2r%) and
()

Euler
“R—2r = 0 . inorder to prove (x*x),it suffices to prove :

7R3 — 7R%r — 7Rr? + 2r3 > (7R? — 4r?).4/R% — 2Rr
& (7R® — 7R?r — 7Rr? + 2r3)° > (R — 2Rr)(7R? — 4r2)”
© r2(7R* + 14R3 + 5R?r? + 4Rr3 + 4r*) > 0 > true = (xxx) = (¥x) = (%)
istrue .. cosAcosBcosC < %cos(A —B)cos(B—C)cos(C—A)
v A ABC,”" =" iff A ABCis equilateral (QED)

Solution 2 by Tapas Das-India

casel
For acute triangle,2 sin A cos(B — C) = sin2B + sin 2C > 2Vsin 2B sin 2C
= 4+/sin BsinC cos B cosC,

1
now 1_[ 2sin Acos(B - C) > 641_[ sin A 1—[ cos A or,gl_[ cos(B — C)

= ncos A,
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1 T
case2. for non acute ﬂcos A<0< 5“(:05(3 —C),equalityA=B=C= 3

1700. In any acute triangle ABC, the following relationship holds :

b C
Vcos A + VvcosB + VcosC <2
c+a a+b

a
b+c
Proposed by Vasile Mircea Popa-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

acosA + bcosB + ccosC = R(sin 2A + sin 2B + sin 2C)
=R(2sinAcosA + 2sinAcos(B— C)) = 2RsinA (cos(B— C) — cos(B + C))

4Rrs 2rs 1)
. =— >
8R3 R
Now,b+c=2s—a=s+s—a>s=Db+c>sandanalogs - (2)
a via (2) 1
b+cVCOSA+ \/cosB+ VCos < Z(\/acosA Va)

cyc

CBs 1 (1) 2rs 2r Euler
< ;.\/ZacosA\/ o™ V2s =2, [— < V2
cyc

cyc

vcosA + p—y a\/cosB + oy b\/cosC < V2V acute A ABC (QED)

“btec

Solution 2 by Tapas Das-India

1
We know that in any trianglea+b >cora+b > E(a +b+0),

1 1
similarlyb+c>E(a+b+c)andc+a>E(a+b+c).

2(a+b+c)

Now we have Z <
b+c a+b+c
Back to the main problem,

Chebyshev 1

CBS
LHS < 3 b+ z\/co A < = 2,/32cosA< —f V2

Note: z cosA=1+ E < 2 (Euler)and WLOGa=b > c,
a b c
= =
b+c c+a a+b

socosA < cosB < cosC and
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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