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1601. 

 

Prove that 7yellow=23pink 

Proposed by Jafar Nikpour-Iran 

Solution by Eric-Dimitrie  Cismaru-Romania 
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Let 𝒙 be the length of the sides of the square. It is sufficient to show that 𝑺 =
𝟕𝒙𝟐

𝟑𝟎
. Because 

𝑴𝑵𝑷𝑸 is a square, 𝑺 = 𝑴𝑵𝟐 + 𝟒 ⋅ (𝓐𝚫𝑨𝑸𝑴 −𝓐𝑨𝑫𝑭𝑮). By Menelaus’s Theorem in 𝚫𝑻𝑩𝑺 

(where 𝑩𝑺 = 𝑺𝑪), with 𝑨 −𝑴− 𝑪, we have: 

𝑻𝑨

𝑩𝑨
⋅
𝑩𝑪

𝑺𝑪
⋅
𝑺𝑴

𝑻𝑴
= 𝟏 ⇔

𝑨𝑴

𝑪𝑴
=
𝟏

𝟐
⇒ 𝑨𝑴 = 𝑨𝑸 =

𝑨𝑪

𝟑
=
𝒙√𝟓

𝟔
 

Then, 𝑮𝑴 = 𝑨𝑴− 𝑨𝑮 =
𝒙√𝟓

𝟔
−

𝒙√𝟓

𝟏𝟎
=

𝒙√𝟓

𝟏𝟓
, and 𝑮𝑴+ 𝑮𝑸 =

𝒙√𝟓

𝟓
⇒ 𝑮𝑸 =

𝟐𝒙√𝟓

𝟏𝟓
, so we 

obtain that 𝑴𝑸 = √𝑮𝑴𝟐 + 𝑮𝑸𝟐 =
𝝅

𝟑
 

We also have 
𝑨𝑮

𝑨𝑴
=

𝒅(𝑨;𝑮𝑫)

𝒅(𝑨;𝑴𝑸)
=

𝟑

𝟓
⇒ 𝒅(𝑨;𝑮𝑫) =

𝒙

𝟓
⇒ 𝒅(𝑮;𝑴𝑸) =

𝟐𝒙

𝟏𝟓
, yielding to 𝑮𝑫 =

𝒙

𝟓
. 

Finally, we have: 

𝑺 = 𝑴𝑵𝟐 + 𝟒 ⋅ (𝓐𝚫𝑨𝑸𝑴 −𝓐𝑨𝑫𝑭𝑮) ⇔ 𝑺 =
𝒙𝟐

𝟗
+ 𝟒 ⋅ (

𝒙𝟐

𝟏𝟖
−
𝑨𝑭 ⋅ 𝑮𝑫

𝟐
), 

Leading us to 𝑺 =
𝒙𝟐

𝟗
+ 𝟒 ⋅ (

𝒙𝟐

𝟏𝟖
−

𝒙𝟐

𝟒𝟎
) =

𝟕𝒙𝟐

𝟑𝟎
, so the proof is finished. 

1602. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟐𝒂𝟐 + 𝐛𝐜
≤
𝐑

𝐫
 

 
  Proposed by Adil Abdullayev-Azerbaijan 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐑 − 𝟐𝐫 ≥
? 𝐛𝟐 + 𝐜𝟐

𝟒𝐑
−
𝐛𝐜

𝟐𝐑
 

⇔ 𝐑(𝟏 −
𝟐𝐫

𝐑
) ≥

? 𝟒𝐑𝟐(𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂)

𝟒𝐑
−
𝟒𝐑𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂

𝟐𝐑
 

⇔ 𝟏−
𝟖𝐑𝐬𝐢𝐧

𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐

𝐑
≥
?
𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂 − 𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂 = (𝐬𝐢𝐧𝐁 − 𝐬𝐢𝐧𝐂)𝟐 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝟐𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
) ≥

?
(𝟐𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
𝐬𝐢𝐧

𝐁 − 𝐂

𝟐
)
𝟐

 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
) ≥

?
𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
(𝟏 − 𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
) 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
≥
?
𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
 

⇔ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
− 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟏 ≥

?
𝟎 ⇔ (𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝟏)

𝟐

≥
?
𝟎 
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→ 𝐭𝐫𝐮𝐞 ⇒ (𝐛 − 𝐜)𝟐 ≤ 𝟒𝐑(𝐑 − 𝟐𝐫) ∴
𝟒𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − (𝟒𝒂𝟐 + 𝟐𝐛𝐜)

𝟒𝒂𝟐 + 𝟐𝐛𝐜
≤
𝟒𝐑(𝐑 − 𝟐𝐫)

𝟒𝒂𝟐 + 𝟐𝐛𝐜
 

≤
? 𝐑

𝟐𝐫
− 𝟏 =

𝐑 − 𝟐𝐫

𝟐𝐫
⇔ 𝟖𝐑𝐫𝐬 ≤

?
𝐬(𝟒𝒂𝟐 + 𝟐𝐛𝐜) (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) 

⇔ 𝟐𝒂𝐛𝐜 ≤
?
(𝒂 + 𝐛 + 𝐜)(𝟐𝒂𝟐 + 𝐛𝐜) 

⇔ 𝟐𝒂𝟑 + 𝒂𝐛𝐜 + 𝟐𝒂𝟐𝐛 + 𝐛𝟐𝐜 + 𝟐𝒂𝟐𝐜 + 𝐛𝐜𝟐 ≥
?
𝟐𝒂𝐛𝐜 

⇔ 𝟐𝒂𝟑 + 𝟐𝒂𝟐𝐛 + 𝐛𝟐𝐜 + 𝟐𝒂𝟐𝐜 + 𝐛𝐜𝟐 ≥
?
𝒂𝐛𝐜 → 𝐭𝐫𝐮𝐞 ∵ 𝒂𝟑 + 𝐛𝟐𝐜 + 𝐛𝐜𝟐 ≥

𝐀−𝐆
𝟑𝒂𝐛𝐜 

> 𝒂𝐛𝐜 ⇒ 𝟐𝒂𝟑 + 𝟐𝒂𝟐𝐛 + 𝐛𝟐𝐜 + 𝟐𝒂𝟐𝐜 + 𝐛𝐜𝟐 > 𝑎𝐛𝐜 

∴
𝟒𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − (𝟒𝒂𝟐 + 𝟐𝐛𝐜)

𝟒𝒂𝟐 + 𝟐𝐛𝐜
≤
𝐑

𝟐𝐫
− 𝟏 ⇒

𝟒𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟒𝒂𝟐 + 𝟐𝐛𝐜
− 𝟏 ≤

𝐑

𝟐𝐫
− 𝟏 

⇒
𝟒𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟐𝒂𝟐 + 𝐛𝐜
≤
𝐑

𝐫
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1603. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐛 +𝐦𝐜 ≥ √𝐡𝒂
𝟐 +

𝟗𝒂𝟐

𝟒
 

  Proposed by Bogdan Fuștei-Romania 

Solution 1 by Eric Cismaru-Romania 

 

Let 𝑮 be the centroid of triangle 𝚫𝑨𝑩𝑪 and let 𝑴,𝑵,𝑷 be the midpoints of sides 

𝑨𝑪,𝑩𝑪, 𝑨𝑩. Construct 𝑮𝑮′ ⊥ 𝑩𝑪 and 𝑨𝑨′ ⊥ 𝑩𝑪. 

Because 𝑨𝑨′ ∥ 𝑮𝑮′ ⇔ 𝚫𝑮𝑮′𝑷 ∼ 𝚫𝑨𝑨′𝑷 ⇒ 𝑮𝑮′ =
𝒉𝒂

𝟑
.  

Let’s apply Pythagoras Theorem in triangles 𝚫𝑩𝑮𝑮′ and 𝚫𝑮𝑮′𝑪. 

We obtain that 𝑮𝑩𝟐 =
𝟒𝒎𝒃

𝟐

𝟗
=

𝒉𝒂
𝟐

𝟗
+ 𝑩𝑮′𝟐 and 𝑮𝑪𝟐 =

𝟒𝒎𝒄
𝟐

𝟗
=

𝒉𝒂
𝟐

𝟗
+ 𝑪𝑮′𝟐 and by taking the 

square root and adding we’ll have  
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𝟐

𝟑
(𝒎𝒃 +𝒎𝒄) = √

𝒉𝒂
𝟐

𝟗
+ 𝑩𝑮′𝟐 +√

𝒉𝒂
𝟐

𝟗
+ 𝑩𝑮′𝟐 = √(

𝒉𝒂
𝟑
)
𝟐

+ 𝑩𝑮′𝟐 +√(
𝒉𝒂
𝟑
)
𝟐

+ 𝑪𝑮′𝟐 

Using Minkowski’s Inequality,  

𝟐

𝟑
(𝒎𝒃 +𝒎𝒄) ≥ √(

𝟐𝒉𝒂
𝟑
)
𝟐

+ (𝑩𝑮′ + 𝑪𝑮′)𝟐 = √
𝟒𝒉𝒂

𝟐

𝟗
+ 𝒂𝟐, 

which is equivalent to 𝒎𝒃 +𝒎𝒄 ≥ √𝒉𝒂
𝟐 +

𝟗𝒂𝟐

𝟒
. 

Equality holds when 𝑩𝑮′ = 𝑪𝑮′ or when 𝑮′ is the midpoint of 𝑩𝑪, meaning that  

𝑮′ = 𝑵 ⇔ 𝑨𝑵 ⊥ 𝑩𝑪 ⇔ 𝑨𝑩 = 𝑨𝑪 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

𝐦𝐛
𝟐 +𝐦𝐜

𝟐 =
𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐 + 𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐

𝟒
=
𝟏

𝟒
∑𝒂𝟐

𝐜𝐲𝐜

+
𝟑𝒂𝟐

𝟒
 

⇒
𝟗𝒂𝟐

𝟒
= 𝟑(𝐦𝐛

𝟐 +𝐦𝐜
𝟐) −

𝟑

𝟒
∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑(𝐦𝐛
𝟐 +𝐦𝐜

𝟐) −∑𝐦𝒂
𝟐

𝐜𝐲𝐜

 

⇒
𝟗𝒂𝟐

𝟒
= 𝟐(𝐦𝐛

𝟐 +𝐦𝐜
𝟐) − 𝐦𝒂

𝟐 → (𝟏) 

∴ 𝐦𝐛 +𝐦𝐜 ≥ √𝐡𝒂
𝟐 +

𝟗𝒂𝟐

𝟒
⇔

𝐯𝐢𝒂 (𝟏)

𝐦𝐛
𝟐 +𝐦𝐜

𝟐 + 𝟐𝐦𝐛𝐦𝐜 ≥ 𝐡𝒂
𝟐 + 𝟐(𝐦𝐛

𝟐 +𝐦𝐜
𝟐) − 𝐦𝒂

𝟐 

⇔ 𝐦𝒂
𝟐 − 𝐡𝒂

𝟐 ≥
(∗)

(𝐦𝐛 −𝐦𝐜)
𝟐  

𝐍𝐨𝐰,𝐦𝒂
𝟐 − 𝐡𝒂

𝟐 = 𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
−
𝟒𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝟐
 

= 𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
−
𝐬(𝐬 − 𝒂)(𝒂𝟐 − (𝐛 − 𝐜)𝟐)

𝒂𝟐
=
(𝐛 − 𝐜)𝟐

𝟒
+
𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐

𝒂𝟐
 

=
(𝐛 − 𝐜)𝟐

𝟒𝒂𝟐
(𝒂𝟐 + 𝟒𝐬𝟐 − 𝟒𝐬𝒂) =

(𝐛 − 𝐜)𝟐(𝟐𝐬 − 𝒂)𝟐

𝟒𝒂𝟐
=
(𝐛 − 𝐜)𝟐(𝐛 + 𝐜)𝟐

𝟒𝒂𝟐
 

⇒ 𝐦𝒂
𝟐 − 𝐡𝒂

𝟐 =
(𝐛𝟐 − 𝐜𝟐)

𝟐

𝟒𝒂𝟐
→ (𝟐) ∴ 𝐯𝐢𝒂 (𝟐), (∗) ⇔

(𝐛𝟐 − 𝐜𝟐)
𝟐

𝟒𝒂𝟐
≥
(∗∗)

(𝐦𝐛 −𝐦𝐜)
𝟐  

𝐀𝐠𝒂𝐢𝐧, (𝐦𝐛
𝟐 −𝐦𝐜

𝟐)
𝟐
≥
? 𝟗𝐦𝒂

𝟐

𝟒
(𝐛 − 𝐜)𝟐 

⇔ (
(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) − (𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐)

𝟒
)

𝟐

≥
? 𝟗(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

𝟏𝟔
(𝐛 − 𝐜)𝟐 

⇔ 𝟗(𝐛𝟐 − 𝐜𝟐)
𝟐
≥
?
𝟗(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝐛 − 𝐜)𝟐 
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⇔ (𝐛 − 𝐜)𝟐 ((𝐛 + 𝐜)𝟐 − ((𝐛 + 𝐜)𝟐 + (𝐛 − 𝐜)𝟐 − 𝒂𝟐)) ≥
?
𝟎 

⇔ (𝐛 − 𝐜)𝟐(𝒂𝟐 − (𝐛 − 𝐜)𝟐) ≥
?
𝟎 ⇔ (𝐛 − 𝐜)𝟐. 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∴ (𝐦𝐛
𝟐 −𝐦𝐜

𝟐)
𝟐
≥
𝟗𝐦𝒂

𝟐

𝟒
(𝐛 − 𝐜)𝟐 → (𝟑) 

𝐈𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 (𝟑) 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
 𝐰𝐡𝐨𝐬𝐞 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 𝒂𝐬 

𝒂 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 𝐨𝐟 𝐞𝒍𝐞𝐦𝐞𝐧𝐭𝒂𝐫𝐲 𝐜𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 =
𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝒍𝐲,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

(
𝟏

𝟒
(𝐛𝟐 − 𝐜𝟐))

𝟐

≥
𝟗.
𝒂𝟐

𝟒
𝟒

. (
𝟐

𝟑
(𝐦𝐛 −𝐦𝐜))

𝟐

⇒
(𝐛𝟐 − 𝐜𝟐)

𝟐

𝟒𝒂𝟐
≥ (𝐦𝐛 −𝐦𝐜)

𝟐 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐦𝐛 +𝐦𝐜 ≥ √𝐡𝒂
𝟐 +

𝟗𝒂𝟐

𝟒
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐈𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒉𝒂 =
√𝒔(𝒔 − 𝒂). 𝟐√(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 ≤⏞
𝑨𝑴−𝑮𝑴√𝒔(𝒔 − 𝒂). ((𝒔 − 𝒃) + (𝒔 − 𝒄))

𝒂
=
√(𝒃 + 𝒄)𝟐 − 𝒂𝟐

𝟐

⇒ 𝒃 + 𝒄 ≥ √𝟒𝒉𝒂
𝟐 + 𝒂𝟐. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐭𝐨 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐆𝐁𝐂,𝐰𝐡𝐞𝐫𝐞 𝐆 𝐢𝐬 𝐭𝐡𝐞 𝐜𝐞𝐧𝐭𝐫𝐨𝐢𝐝 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂,  
𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝑮𝑩 + 𝑮𝑪 ≥ √𝟒𝒉𝑮
𝟐 + 𝑩𝑪𝟐, 

𝐰𝐡𝐞𝐫𝐞 𝒉𝑮 𝐢𝐬 𝐭𝐡𝐞 𝐚𝐥𝐭𝐢𝐭𝐮𝐝𝐞 𝐟𝐫𝐨𝐦 𝑮.  𝐒𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝐚𝐫𝐞𝐚 𝐨𝐟 ∆𝐆𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐚𝐥 𝐭𝐨 
𝐅

𝟑
, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

 𝒉𝑮 =
𝒉𝒂
𝟑
. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 𝑮𝑩 =
𝟐𝒎𝒃

𝟑
, 𝑮𝑪 =

𝟐𝒎𝒄

𝟑
, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐠𝐞𝐭 

𝒎𝒃 +𝒎𝒄 ≥ √𝒉𝒂
𝟐 +

𝟗𝒂𝟐

𝟒
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒃 = 𝒄. 
 

1604. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝒎𝒂

𝒉𝒂
)

𝒎𝒂
𝒉𝒂
⋅ (
𝒘𝒂

𝒉𝒂
)

𝒘𝒂
𝒉𝒂
+
𝒘𝒂

𝒉𝒂
≥
𝒎𝒂

𝒉𝒂
+ 𝟏 

Proposed by Daniel Sitaru – Romania  

Solution by Tapas Das – India  
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(
𝒎𝒂

𝒉𝒂
)

𝒎𝒂
𝒉𝒂
⋅ (
𝒘𝒂

𝒉𝒂
)
−
𝒘𝒂
𝒉𝒂
= (

𝒎𝒂

𝒉𝒂
)

𝒎𝒂
𝒉𝒂
⋅

𝟏

(
𝒘𝒂

𝒉𝒂
)

𝒘𝒂
𝒉𝒂

 

≥ (
𝒎𝒂

𝒉𝒂
)

𝒘𝒂
𝒉𝒂
⋅

𝟏

(
𝒘𝒂

𝒉𝒂
)

𝒘𝒂
𝒉𝒂

    (∵ 𝒘𝒂 ≤ 𝒎𝒂; 𝒘𝒂 ≥ 𝒉𝒂) 

(
𝒎𝒂

𝒘𝒂
)

𝒘𝒂
𝒉𝒂
= [𝟏 + (

𝒎𝒂

𝒘𝒂
− 𝟏)]

𝒘𝒂
𝒉𝒂

 

≥
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

 𝟏 +
𝒘𝒂

𝒉𝒂
(
𝒎𝒂

𝒘𝒂
− 𝟏) = 𝟏 +

𝒎𝒂

𝒉𝒂
−
𝒘𝒂

𝒉𝒂
 

∴ (
𝒎𝒂

𝒉𝒂
)

𝒎𝒂
𝒉𝒂
⋅ (
𝒘𝒂

𝒉𝒂
)
−
𝒘𝒂
𝒉𝒂
+
𝒘𝒂

𝒉𝒂
≥ 𝟏 +

𝒎𝒂

𝒉𝒂
−
𝒘𝒂

𝒉𝒂
+
𝒘𝒂

𝒉𝒂
= 𝟏 +

𝒎𝒂

𝒉𝒂
 

1605. I𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐩𝒂, 𝐩𝐛, 𝐩𝐜 →
𝐒𝐩𝐢𝐞𝐤𝐞𝐫 𝐜𝐞𝐯𝐢𝒂𝐧𝐬, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝐛 + 𝐫𝐜
𝐫𝒂 + 𝐩𝒂

+
𝐫𝐜 + 𝐫𝒂
𝐫𝐛 + 𝐩𝐛

+
𝐫𝒂 + 𝐫𝐛
𝐫𝐜 + 𝐩𝐜

≥ 𝟑 

 
  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

 
 

𝐋𝐞𝐭 𝐀𝐒 𝐩𝐫𝐨𝐝𝐮𝐜𝐞𝐝 𝐦𝐞𝐞𝐭 𝐁𝐂 𝒂𝐭 𝐗 𝒂𝐧𝐝 𝐦(∡𝐁𝐀𝐗) = 𝛂 𝒂𝐧𝐝 𝐦(∡𝐂𝐀𝐗) = 𝛃 (𝐬𝒂𝐲) 
𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 𝐨𝐟 ∆ 𝐃𝐄𝐅 = 𝐫′(𝐬𝒂𝐲) 
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𝐍𝐨𝐰, 𝟏𝟔[𝐃𝐄𝐅]𝟐 = 𝟐∑(
𝒂𝟐

𝟒
)(

𝐛𝟐

𝟒
) −∑

𝒂𝟒

𝟏𝟔
=

𝟏

𝟏𝟔
(𝟐∑𝒂𝟐𝐛𝟐 −∑𝒂𝟒) =

𝟏𝟔𝐫𝟐𝐬𝟐

𝟏𝟔
 

⇒ [𝐃𝐄𝐅] =
𝐫𝐬

𝟒
⇒ 𝐫′ (

𝒂
𝟐
+
𝐛
𝟐
+
𝐜
𝟐

𝟐
) =

𝐫𝐬

𝟒
⇒ 𝐫′ =

𝐫

𝟐
→ (𝟏) 

∵ 𝐒𝐩𝐢𝐞𝐤𝐞𝐫 𝐜𝐞𝐧𝐭𝐞𝐫 𝐢𝐬 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆ 𝐃𝐄𝐅, ∴ 𝐦(∡𝐀𝐅𝐒) = 𝐁 +
𝐂

𝟐
=
𝟐𝐁 + 𝐂

𝟐
=
𝐁 + 𝛑 − 𝐀

𝟐
 

=
𝛑

𝟐
−
𝐀 − 𝐁

𝟐
 𝒂𝐧𝐝 𝐦(∡𝐀𝐄𝐒) = 𝐂 +

𝐁

𝟐
=
𝛑

𝟐
−
𝐀 − 𝐂

𝟐
→ (𝟐) 

𝐕𝐢𝒂 (𝟏), (𝟐) 𝒂𝐧𝐝 𝐮𝐬𝐢𝐧𝐠 𝐜𝐨𝐬𝐢𝐧𝐞 𝐥𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐅𝐒 𝒂𝐧𝐝 ∆ 𝐀𝐄𝐒,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝐀𝐒𝟐 =
𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐂
𝟐

+
𝐜𝟐

𝟒
− (

𝟐𝐫

𝟐𝐬𝐢𝐧
𝐂
𝟐

) (
𝐜

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
 

=
𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐁
𝟐

+
𝐛𝟐

𝟒
− (

𝟐𝐫

𝟐𝐬𝐢𝐧
𝐁
𝟐

)(
𝐛

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
 

⇒ 𝟐𝐀𝐒𝟐 =
(𝐢) 𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐂
𝟐

+
𝐜𝟐

𝟒
− (

𝟐𝐫

𝟐𝐬𝐢𝐧
𝐂
𝟐

)(
𝐜

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
+

𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐁
𝟐

+
𝐛𝟐

𝟒
 

−(
𝟐𝐫

𝟐𝐬𝐢𝐧
𝐁
𝟐

)(
𝐛

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
 

𝐍𝐨𝐰,(
𝟐𝐫

𝟐𝐬𝐢𝐧
𝐂
𝟐

) (
𝐜

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
+ (

𝟐𝐫

𝟐𝐬𝐢𝐧
𝐁
𝟐

)(
𝐛

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
 

=
𝐫

𝟐
(𝟒𝐑𝐜𝐨𝐬

𝐂

𝟐
𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
+ 𝟒𝐑𝐜𝐨𝐬

𝐁

𝟐
𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
) 

= 𝐑𝐫 (𝟐𝐬𝐢𝐧
𝐀 + 𝐁

𝟐
𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
+ 𝟐𝐬𝐢𝐧

𝐀 + 𝐂

𝟐
𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
) 

= 𝐑𝐫(𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝐁

𝟐
+ 𝟏 − 𝟐𝐬𝐢𝐧𝟐

𝐂

𝟐
− 𝟐(𝟏 − 𝟐𝐬𝐢𝐧𝟐

𝐀

𝟐
)) 

= 𝟐𝐑𝐫(
𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) − 𝐛(𝐬 − 𝐜)(𝐬 − 𝒂) − 𝐜(𝐬 − 𝒂)(𝐬 − 𝐛)

𝒂𝐛𝐜
) 

=
𝐑𝐫

𝟖𝐑𝐫𝐬
(𝟐𝒂𝟑 + (𝐛 + 𝐜)𝒂𝟐 − 𝟐𝒂(𝐛𝟐 + 𝐜𝟐) − (𝐛 + 𝐜)(𝐛 − 𝐜)𝟐) 

=
𝟒(𝐛 + 𝐜)𝐛𝐜𝐬𝐢𝐧𝟐

𝐀
𝟐
− 𝟐𝒂. 𝟐𝐛𝐜𝐜𝐨𝐬𝐀

𝟖𝐬
=

𝐛𝐜 ((𝟐𝐬 − 𝒂)𝐬𝐢𝐧𝟐
𝐀
𝟐
− 𝒂(𝟏 − 𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐
))

𝟐𝐬
 

=

𝐛𝐜((𝟐𝐬 + 𝒂)𝐬𝐢𝐧𝟐
𝐀
𝟐
− 𝒂)

𝟐𝐬
=
(𝟐𝐬 + 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟐𝐬
− 𝟐𝐑𝐫 
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⇒ −(
𝟐𝐫

𝟐𝐬𝐢𝐧
𝐂
𝟐

) (
𝐜

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐁

𝟐
− (

𝟐𝐫

𝟐𝐬𝐢𝐧
𝐁
𝟐

)(
𝐛

𝟐
) 𝐬𝐢𝐧

𝐀 − 𝐂

𝟐
 

=
(∗) −(𝟐𝐬 + 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟐𝐬
+ 𝟐𝐑𝐫 

𝐀𝐠𝒂𝐢𝐧,
𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐁
𝟐

+
𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐂
𝟐

=
𝐫𝟐

𝟒
(

𝐜𝒂

(𝐬 − 𝐜)(𝐬 − 𝒂)
+

𝒂𝐛

(𝐬 − 𝒂)(𝐬 − 𝐛)
) 

=
𝐫𝟐

𝟒𝐫𝟐𝐬
(𝐜𝒂(𝐬 − 𝐛) + 𝒂𝐛(𝐬 − 𝐜)) =

𝒂𝐛 + 𝐜𝒂

𝟒
− 𝟐𝐑𝐫 =

(∗∗) 𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐁
𝟐

+
𝐫𝟐

𝟒𝐬𝐢𝐧𝟐
𝐂
𝟐

 

(𝐢), (∗), (∗∗) ⇒ 𝟐𝐀𝐒𝟐 =
𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛 + 𝐜𝒂

𝟒
−
(𝟐𝐬 + 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟐𝐬
 

=
(𝒂 + 𝐛 + 𝐜)(𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛 + 𝐜𝒂) − (𝟐𝒂 + 𝐛 + 𝐜)(𝐜 + 𝒂 − 𝐛)(𝒂 + 𝐛 − 𝐜)

𝟖𝐬
 

=
𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

𝟒𝐬
⇒ 𝟐𝐀𝐒𝟐 =

(𝐢𝐢) 𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟒𝐦𝒂
𝟐)

𝟒𝐬
 

𝐕𝐢𝒂 𝐬𝐢𝐧𝐞 𝐥𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐅𝐒,
𝐫

𝟐𝐬𝐢𝐧
𝐂
𝟐
𝐬𝐢𝐧𝛂

=
𝐀𝐒

𝐜𝐨𝐬
𝐀 − 𝐁
𝟐

=
𝐜𝐀𝐒

(𝒂 + 𝐛)𝐬𝐢𝐧
𝐂
𝟐

 

⇒ 𝐜𝐬𝐢𝐧𝛂 =
(∗∗∗) 𝐫(𝒂 + 𝐛)

𝟐𝐀𝐒
 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐢𝐧𝐞 𝐥𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐄𝐒, 𝐛𝐬𝐢𝐧𝛃 =

(∗∗∗∗) 𝐫(𝒂 + 𝐜)

𝟐𝐀𝐒
 

𝐍𝐨𝐰, [𝐁𝐀𝐗] + [𝐁𝐀𝐗] = [𝐀𝐁𝐂] ⇒
𝟏

𝟐
𝐩𝒂𝐜𝐬𝐢𝐧𝛂 +

𝟏

𝟐
𝐩𝒂𝐛𝐬𝐢𝐧𝛃 = 𝐫𝐬 

⇒
𝐯𝐢𝒂 (∗∗∗) 𝒂𝐧𝐝 (∗∗∗∗) 𝐩𝒂(𝒂 + 𝐛 + 𝒂 + 𝐜)

𝟒𝐀𝐒
= 𝐬 ⇒ 𝐩𝒂 =

𝟒𝐬

𝟐𝐬 + 𝒂
𝐀𝐒 

⇒ 𝐩𝒂
𝟐 =
𝐯𝐢𝒂 (𝐢𝐢) 𝟏𝟔𝐬𝟐

(𝟐𝐬 + 𝒂)𝟐
.
𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟒𝐦𝒂

𝟐)

𝟖𝐬
 

∴ 𝐩𝒂
𝟐 =
(∎) 𝟐𝐬

(𝟐𝐬 + 𝒂)𝟐
(𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟒𝐦𝒂

𝟐))  

𝐍𝐨𝐰, 𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟒𝐦𝒂
𝟐) = 𝐛𝟑 + 𝐜𝟑 + 𝒂𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) − 𝒂𝟑 

=∑𝒂𝟑

𝐜𝐲𝐜

− 𝒂𝐛𝐜 + 𝟐𝒂. 𝟐𝐛𝐜 𝐜𝐨𝐬𝐀 = 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟒𝐑𝐫𝐬 + 𝟏𝟔𝐑𝐫𝐬 𝐜𝐨𝐬𝐀 

⇒ 𝐛𝟑 + 𝐜𝟑 − 𝒂𝐛𝐜 + 𝒂(𝟒𝐦𝒂
𝟐) =

(∎∎)
𝟐𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐 + 𝟖𝐑𝐫 𝐜𝐨𝐬𝐀) ∴ (∎), (∎∎) 

⇒ 𝐩𝒂 =
𝟐𝐬

𝟐𝐬 + 𝒂
.√𝐬𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐 + 𝟖𝐑𝐫 𝐜𝐨𝐬𝐀 → (𝐦) 

𝐀𝐥𝐬𝐨, 𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬 𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬 𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)

= 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢𝐢𝐢)

𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
 



 
www.ssmrmh.ro 

11 RMM-GEOMETRY MARATHON 1601-1700 

 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝐫𝐛 + 𝐫𝐜
𝐫𝒂 + 𝐩𝒂

+
𝐫𝐜 + 𝐫𝒂
𝐫𝐛 + 𝐩𝐛

+
𝐫𝒂 + 𝐫𝐛
𝐫𝐜 + 𝐩𝐜

 

=∑
(𝐫𝐛 + 𝐫𝐜)

𝟐

𝐫𝒂(𝐫𝐛 + 𝐫𝐜) + 𝐩𝒂(𝐫𝐛 + 𝐫𝐜)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ (𝐫𝐛 + 𝐫𝐜)𝐜𝐲𝐜 )

𝟐

∑ 𝐫𝒂(𝐫𝐛 + 𝐫𝐜)𝐜𝐲𝐜 + ∑ 𝐩𝒂(𝐫𝐛 + 𝐫𝐜)𝐜𝐲𝐜
 

=
𝟒(𝟒𝐑 + 𝐫)𝟐

𝟐𝐬𝟐 + ∑ 𝐩𝒂(𝐫𝐛 + 𝐫𝐜)𝐜𝐲𝐜
≥
?
𝟑 ⇔ 𝟒(𝟒𝐑 + 𝐫)𝟐 − 𝟔𝐬𝟐 ≥

?
⏟
(⦁)

𝟑∑𝐩𝒂(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

 

𝐖𝐞 𝒂𝒍𝐬𝐨 𝐡𝒂𝐯𝐞 ∶∏(𝟐𝐬 + 𝒂)

𝐜𝐲𝐜

= 𝟖𝐬𝟑 + 𝟒𝐬𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟐𝐬∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟒𝐑𝐫𝐬 

= 𝟖𝐬𝟑 + 𝟒𝐬𝟐. 𝟐𝐬 + 𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟒𝐑𝐫𝐬 

⇒∏(𝟐𝐬 + 𝒂)

𝐜𝐲𝐜

=
(∎∎∎)

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐) 𝒂𝐧𝐝 

∑
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

=
𝟏

∏ (𝟐𝐬 + 𝒂)𝐜𝐲𝐜
.∑𝒂(𝐬 − 𝒂)(𝟐𝐬 + 𝐛)(𝟐𝐬 + 𝐜)

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∎∎∎)

 

𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑𝒂(𝐬 − 𝒂)(𝟖𝐬𝟐 − 𝟐𝐬𝒂 + 𝐛𝐜)

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
. (

𝟖𝐬𝟐 (𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))

−𝟐𝐬 (𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)) + 𝟒𝐑𝐫𝐬∑(𝐬 − 𝒂)

𝐜𝐲𝐜

) 

⇒∑
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

=
(∎∎∎∎) 𝟐𝐫𝐬(𝟏𝟓𝐑 + 𝟐𝐫)

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
 

𝐌𝐨𝐫𝐞𝐨𝐯𝐞𝐫,∑
𝒂𝟐

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∎∎∎) 𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑𝒂𝟐(𝟐𝐬 + 𝐛)(𝟐𝐬 + 𝐜)

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑𝒂𝟐(𝟖𝐬𝟐 − 𝟐𝐬𝒂 + 𝐛𝐜)

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
. (𝟖𝐬𝟐. 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟒𝐑𝐫𝐬(𝟐𝐬)) 

⇒∑
𝒂𝟐

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

=
(∎∎∎∎∎) 𝟐𝐬(𝟑𝐬𝟐 − 𝟖𝐑𝐫 − 𝐫𝟐)

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
 

𝐍𝐨𝐰,∑𝐩𝒂(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐦) 𝒂𝐧𝐝 (𝐢𝐢𝐢)

 

∑(
𝟐𝐬. 𝟒𝐑

𝟐𝐬 + 𝒂
.√𝐬𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐 + 𝟖𝐑𝐫 𝐜𝐨𝐬𝐀 .

𝐬𝒂(𝐬 − 𝒂)

𝒂𝐛𝐜
)

𝐜𝐲𝐜
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=
𝟖𝐑𝐬𝟐

𝟒𝐑𝐫𝐬
.∑(

√(𝐬
𝟐 − 𝟑𝐫𝟐 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐

𝐀
𝟐
)𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
.√
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
)

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝟐𝐬

𝐫
.√∑

(𝐬𝟐 − 𝟑𝐫𝟐 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐
𝐀
𝟐
)𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

. √∑
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

 

=
𝟐𝐬

𝐫
.√(𝐬

𝟐 − 𝟑𝐫𝟐).∑
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

−
𝟏𝟔𝐑𝐫(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝒂𝐛𝐜
.∑

𝒂𝟐

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

. √∑
𝒂(𝐬 − 𝒂)

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (∎∎∎∎) 𝒂𝐧𝐝 (∎∎∎∎∎)

 

𝟐𝐬

𝐫
.√(𝐬𝟐 − 𝟑𝐫𝟐).

𝟐𝐫𝐬(𝟏𝟓𝐑 + 𝟐𝐫)

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
−
𝟏𝟔𝐑𝐫. 𝐫𝟐𝐬

𝟒𝐑𝐫𝐬
.
𝟐𝐬(𝟑𝐬𝟐 − 𝟖𝐑𝐫 − 𝐫𝟐)

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
. √
𝟐𝐫𝐬(𝟏𝟓𝐑 + 𝟐𝐫)

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
 

=
𝟒𝐬𝟐

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
. √(𝟐𝟐𝟓𝐑𝟐 − 𝟏𝟐𝟎𝐑𝐫 − 𝟐𝟎𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟏𝟗𝟓𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟒𝐫𝟐) 

⇒ 𝟑∑𝐩𝒂(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤
𝟏𝟐𝐬𝟐

𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐
. √
(𝟐𝟐𝟓𝐑𝟐 − 𝟏𝟐𝟎𝐑𝐫 − 𝟐𝟎𝐫𝟐)𝐬𝟐

−𝐫𝟐(𝟏𝟗𝟓𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟒𝐫𝟐)
 

≤
?
𝟒(𝟒𝐑 + 𝐫)𝟐 − 𝟔𝐬𝟐 ⇔ (𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐)𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐 

≥
?
𝟑𝟔𝐬𝟒 ((𝟐𝟐𝟓𝐑𝟐 − 𝟏𝟐𝟎𝐑𝐫 − 𝟐𝟎𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟏𝟗𝟓𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟒𝐫𝟐)) 

⇔ 𝟕𝟐𝟗𝐬𝟖 − (𝟐𝟑𝟔𝟓𝟐𝐑𝟐 + 𝟐𝟒𝟖𝟒𝐑𝐫 + 𝟗𝟎𝐫𝟐)𝐬𝟔 
+(𝟖𝟐𝟗𝟒𝟒𝐑𝟒 + 𝟔𝟐𝟐𝟎𝟖𝐑𝟑𝐫 + 𝟐𝟒𝟔𝟐𝟒𝐑𝟐𝐫𝟐 + 𝟒𝟐𝟖𝟒𝐑𝐫𝟑 + 𝟐𝟔𝟏𝐫𝟒)𝐬𝟒 

+𝐫(𝟏𝟏𝟎𝟓𝟗𝟐𝐑𝟓 + 𝟏𝟐𝟐𝟏𝟏𝟐𝐑𝟒𝐫 + 𝟓𝟒𝟏𝟒𝟒𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟎𝟒𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟑𝟒𝟒𝐑𝐫𝟒 + 𝟔𝟎𝐫𝟓)𝐬𝟐 

+𝐫𝟐 (𝟑𝟔𝟖𝟔𝟒𝐑
𝟔 + 𝟒𝟗𝟏𝟓𝟐𝐑𝟓𝐫 + 𝟐𝟕𝟏𝟑𝟔𝐑𝟒𝐫𝟐 + 𝟕𝟗𝟑𝟔𝐑𝟑𝐫𝟑

+𝟏𝟐𝟗𝟔𝐑𝟐𝐫𝟒 + 𝟏𝟏𝟐𝐑𝐫𝟓 + 𝟒𝐫𝟔
) ≥

?
⏟
(⦁)

𝟎 

𝐍𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦− 𝐧) ≥ 𝟎 𝐚𝐧𝐝 𝐬𝟐 − (𝐦+ 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞  

𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 𝐚𝐧𝐝 𝐧 = 𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫 

∴ (𝐬𝟐 − (𝐦+ 𝐧)) (𝐬𝟐 − (𝐦 − 𝐧)) ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦) +𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 ⇒ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≤
(◆)

𝟎 
∴ 𝟕𝟐𝟗(𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑)𝟐 ≥ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 
𝟕𝟐𝟗(𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑)𝟐 

⇔ −(𝟏𝟕𝟖𝟐𝟎𝐑𝟐 − 𝟐𝟔𝟔𝟕𝟔𝐑𝐫 + 𝟑𝟎𝟎𝟔𝐫𝟐)𝐬𝟔 
+(𝟕𝟏𝟐𝟖𝟎𝐑𝟒 − 𝟏𝟒𝟕𝟕𝟒𝟒𝐑𝟑𝐫 − 𝟑𝟐𝟓𝟐𝟗𝟔𝐑𝟐𝐫𝟐 + 𝟒𝟓𝟏𝟎𝟖𝐑𝐫𝟑 − 𝟒𝟏𝟏𝟑𝐫𝟒)𝐬𝟒 

+𝐫 (𝟒𝟖𝟑𝟖𝟒𝟎𝐑
𝟓 + 𝟐𝟐𝟔𝟖𝟐𝟖𝟖𝐑𝟒𝐫 + 𝟏𝟑𝟑𝟕𝟏𝟖𝟒𝐑𝟑𝐫𝟐

+𝟐𝟐𝟕𝟖𝟑𝟐𝐑𝟐𝐫𝟑 − 𝟒𝟒𝟖𝟖𝐑𝐫𝟒 − 𝟐𝟖𝟓𝟔𝐫𝟓
) 𝐬𝟐 
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−𝐫𝟐 (𝟐𝟗𝟒𝟗𝟏𝟐𝟎𝐑
𝟔 + 𝟒𝟒𝟐𝟗𝟖𝟐𝟒𝐑𝟓𝐫 + 𝟐𝟕𝟕𝟐𝟐𝟐𝟒𝐑𝟒𝐫𝟐 + 𝟗𝟐𝟓𝟏𝟖𝟒𝐑𝟑𝐫𝟑

+𝟏𝟕𝟑𝟔𝟔𝟒𝐑𝟐𝐫𝟒 + 𝟏𝟕𝟑𝟖𝟒𝐑𝐫𝟓 + 𝟕𝟐𝟓𝐫𝟔
) ≥

(⦁⦁)

𝟎 𝒂𝐧𝐝 

∵ −(𝟏𝟕𝟖𝟐𝟎𝐑𝟐 − 𝟐𝟔𝟔𝟕𝟔𝐑𝐫 + 𝟑𝟎𝟎𝟔𝐫𝟐)𝐬𝟐 (
𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)

+𝐫(𝟒𝐑 + 𝐫)𝟑
) ≥
𝐯𝐢𝒂 (◆)

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ 
−(𝟏𝟕𝟖𝟐𝟎𝐑𝟐 − 𝟐𝟔𝟔𝟕𝟔𝐑𝐫 + 𝟑𝟎𝟎𝟔𝐫𝟐)𝐬𝟐(𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑) 

⇔ −(𝟑𝟗𝟕𝟒𝟒𝟎𝐑𝟑 − 𝟐𝟑𝟏𝟖𝟒𝟎𝐑𝟐𝐫 + 𝟔𝟖𝟑𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟖𝟗𝟗𝐫𝟑)𝐬𝟒 

+(𝟏𝟔𝟐𝟒𝟑𝟐𝟎𝐑
𝟓 + 𝟏𝟒𝟏𝟔𝟑𝟖𝟒𝐑𝟒𝐫 + 𝟒𝟔𝟐𝟗𝟔𝟎𝐑𝟑𝐫𝟐

+𝟔𝟗𝟖𝟐𝟖𝐑𝟐𝐫𝟑 + 𝟒𝟗𝟎𝟖𝐑𝐫𝟒 + 𝟏𝟓𝟎𝐫𝟓
) 𝐬𝟐 

−𝐫(𝟐𝟗𝟒𝟗𝟏𝟐𝟎𝐑
𝟔 + 𝟒𝟒𝟐𝟗𝟖𝟐𝟒𝐑𝟓𝐫 + 𝟐𝟕𝟕𝟐𝟐𝟐𝟒𝐑𝟒𝐫𝟐 + 𝟗𝟐𝟓𝟏𝟖𝟒𝐑𝟑𝐫𝟑

+𝟏𝟕𝟑𝟔𝟔𝟒𝐑𝟐𝐫𝟒 + 𝟏𝟕𝟑𝟖𝟒𝐑𝐫𝟓 + 𝟕𝟐𝟓𝐫𝟔
) ≥

(⦁⦁⦁)

𝟎 𝒂𝐧𝐝 ∵ 

−(𝟑𝟗𝟕𝟒𝟒𝟎𝐑𝟑 − 𝟐𝟑𝟏𝟖𝟒𝟎𝐑𝟐𝐫 + 𝟔𝟖𝟑𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟖𝟗𝟗𝐫𝟑) (
𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)

+𝐫(𝟒𝐑 + 𝐫)𝟑
) 

≥
𝐯𝐢𝒂 (◆)

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥ 

−(𝟑𝟗𝟕𝟒𝟒𝟎𝐑𝟑 − 𝟐𝟑𝟏𝟖𝟒𝟎𝐑𝟐𝐫 + 𝟔𝟖𝟑𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟖𝟗𝟗𝐫𝟑) (
𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)

+𝐫(𝟒𝐑 + 𝐫)𝟑
) 

⇔ (𝟏𝟎𝟖𝟎𝐑𝟓 − 𝟏𝟕𝟓𝟏𝟓𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟓𝟔𝟔𝟐𝐑𝟑𝐫𝟐 − 𝟓𝟒𝟕𝟗𝟖𝐑𝟐𝐫𝟑 + 𝟓𝟔𝟏𝟑𝐑𝐫𝟒 − 𝟏𝟏𝟒𝐫𝟓)𝐬𝟐 

+𝐫 (𝟕𝟎𝟐𝟕𝟐𝟎𝐑
𝟔 − 𝟓𝟗𝟓𝟐𝐑𝟓𝐫 − 𝟏𝟒𝟖𝟔𝟐𝟒𝐑𝟒𝐫𝟐 − 𝟒𝟔𝟖𝟒𝐑𝟑𝐫𝟑

+𝟏𝟎𝟏𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟖𝟖𝟏𝐑𝐫𝟓 − 𝟖𝟐𝐫𝟔
) ≥

(⦁⦁⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟎𝟖𝟎𝐑𝟓 − 𝟏𝟕𝟓𝟏𝟓𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟓𝟔𝟔𝟐𝐑𝟑𝐫𝟐 − 𝟓𝟒𝟕𝟗𝟖𝐑𝟐𝐫𝟑 + 𝟓𝟔𝟏𝟑𝐑𝐫𝟒 − 𝟏𝟏𝟒𝐫𝟓 
≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁⦁) ≥ 

𝐫 (𝟕𝟎𝟐𝟕𝟐𝟎𝐑
𝟔 − 𝟓𝟗𝟓𝟐𝐑𝟓𝐫 − 𝟏𝟒𝟖𝟔𝟐𝟒𝐑𝟒𝐫𝟐 − 𝟒𝟔𝟖𝟒𝐑𝟑𝐫𝟑 +
𝟏𝟎𝟏𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟖𝟖𝟏𝐑𝐫𝟓 − 𝟖𝟐𝐫𝟔

) 

= 𝐫((𝐑 − 𝟐𝐫) ( 𝟕𝟎𝟐𝟕𝟐𝟎𝐑𝟓 + 𝟏𝟑𝟗𝟗𝟒𝟖𝟖𝐑𝟒𝐫 + 𝟐𝟔𝟓𝟎𝟑𝟓𝟐𝐑𝟑𝐫𝟐

+𝟓𝟐𝟗𝟔𝟎𝟐𝟎𝐑𝟐𝐫𝟑 + 𝟏𝟎𝟔𝟎𝟐𝟏𝟓𝟔𝐑𝐫𝟒 + 𝟐𝟏𝟐𝟎𝟓𝟏𝟗𝟑𝐫𝟓
) + 𝟒𝟐𝟒𝟏𝟎𝟑𝟎𝟒𝐫𝟔) 

≥
𝐄𝐮𝐥𝐞𝐫

𝟒𝟐𝟒𝟏𝟎𝟑𝟎𝟒𝐫𝟕 > 0 ⇒ (⦁⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟎𝟖𝟎𝐑𝟓 − 𝟏𝟕𝟓𝟏𝟓𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟓𝟔𝟔𝟐𝐑𝟑𝐫𝟐 − 𝟓𝟒𝟕𝟗𝟖𝐑𝟐𝐫𝟑 + 𝟓𝟔𝟏𝟑𝐑𝐫𝟒 − 𝟏𝟏𝟒𝐫𝟓 
< 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁⦁) 

= −(−(𝟏𝟎𝟖𝟎𝐑
𝟓 − 𝟏𝟕𝟓𝟏𝟓𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟓𝟔𝟔𝟐𝐑𝟑𝐫𝟐 − 𝟓𝟒𝟕𝟗𝟖𝐑𝟐𝐫𝟑

+𝟓𝟔𝟏𝟑𝐑𝐫𝟒 − 𝟏𝟏𝟒𝐫𝟓
)) 𝐬𝟐 

+𝐫 (𝟕𝟎𝟐𝟕𝟐𝟎𝐑
𝟔 − 𝟓𝟗𝟓𝟐𝐑𝟓𝐫 − 𝟏𝟒𝟖𝟔𝟐𝟒𝐑𝟒𝐫𝟐 − 𝟒𝟔𝟖𝟒𝐑𝟑𝐫𝟑

+𝟏𝟎𝟏𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟖𝟖𝟏𝐑𝐫𝟓 − 𝟖𝟐𝐫𝟔
) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(−(𝟏𝟎𝟖𝟎𝐑
𝟓 − 𝟏𝟕𝟓𝟏𝟓𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟓𝟔𝟔𝟐𝐑𝟑𝐫𝟐 − 𝟓𝟒𝟕𝟗𝟖𝐑𝟐𝐫𝟑

+𝟓𝟔𝟏𝟑𝐑𝐫𝟒 − 𝟏𝟏𝟒𝐫𝟓
)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

+𝐫 (𝟕𝟎𝟐𝟕𝟐𝟎𝐑
𝟔 − 𝟓𝟗𝟓𝟐𝐑𝟓𝐫 − 𝟏𝟒𝟖𝟔𝟐𝟒𝐑𝟒𝐫𝟐 − 𝟒𝟔𝟖𝟒𝐑𝟑𝐫𝟑

+𝟏𝟎𝟏𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟖𝟖𝟏𝐑𝐫𝟓 − 𝟖𝟐𝐫𝟔
) ≥

?
𝟎 

⇔ 𝟐𝟏𝟔𝟎𝐭𝟕 + 𝟑𝟐𝟎𝟒𝐭𝟔 − 𝟑𝟒𝟖𝐭𝟓 − 𝟗𝟓𝟑𝟐𝟏𝐭𝟒 + 𝟏𝟔𝟐𝟕𝟖𝟏𝐭𝟑 

−𝟔𝟔𝟏𝟒𝟏𝐭𝟐 + 𝟖𝟔𝟑𝟐𝐭 − 𝟐𝟏𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 
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⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐) (𝟐𝟏𝟔𝟎𝐭
𝟓 + 𝟏𝟏𝟖𝟒𝟒𝐭𝟒 + 𝟑𝟖𝟑𝟖𝟖𝐭𝟑 + 𝟏𝟎𝟖𝟓𝟓𝐭𝟐

+𝟓𝟐𝟔𝟒𝟗𝐭 + 𝟏𝟎𝟏𝟎𝟑𝟓
) + 𝟐𝟎𝟐𝟏𝟕𝟔) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (⦁⦁⦁⦁) 

⇒ (⦁⦁⦁) ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴
𝐫𝐛 + 𝐫𝐜
𝐫𝒂 + 𝐩𝒂

+
𝐫𝐜 + 𝐫𝒂
𝐫𝐛 + 𝐩𝐛

+
𝐫𝒂 + 𝐫𝐛
𝐫𝐜 + 𝐩𝐜

≥ 𝟑  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
1606. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝐰𝒂

𝒈𝒂 + 𝒈𝐛
𝐜𝐲𝐜

+
𝐑𝟑

𝟖𝐫𝟑
≥ 𝟏 +∑√

𝒈𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

 

 
  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 ⇒ 𝒈𝒂 ≤ 𝐀𝐈 + 𝐫 ≤
?
𝐰𝒂 ⇔

𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟐𝒂𝐛𝐜 𝐜𝐨𝐬

𝐀
𝟐

𝒂(𝐛 + 𝐜)
 

⇔
𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟖𝐑𝐫𝐬 𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
? 𝒂 + 𝐛 + 𝐜

(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐

 

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
? 𝒂

(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐

+
𝟏

𝐬𝐢𝐧
𝐀
𝟐

⇔ (𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀

𝟐
≤
?
𝒂 

⇔ 𝟒𝐑𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
≤
?
𝟒𝐑 𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≤
?
𝟏 → 𝐭𝐫𝐮𝐞 

∴ 𝒈𝒂 ≤ 𝐰𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟏) 

𝐍𝐨𝐰,∑
𝒂

𝐛
𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝒂𝟐

𝐜𝐲𝐜

. √∑
𝐛𝟐𝐜𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
+

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞
√𝟗𝐑𝟐. √

𝟒𝐑𝟐𝐬𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
⇒∑

𝒂

𝐛
𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
→ (𝟐) 

𝐀𝐥𝐬𝐨,∑
𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

=∑√
𝐛𝐜(𝐬 − 𝒂)

𝐫𝟐𝐬
𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝐫. √𝐬
. √∑(𝐬 − 𝒂)

𝐜𝐲𝐜

. √𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧

 

𝟏

𝐫
.√𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≤
𝟐(𝐑 + 𝐫)

𝐫
→ (𝟑) 

𝐍𝐨𝐰, 𝐯𝐢𝒂 (𝟏),∑√
𝐰𝒂

𝒈𝒂 + 𝒈𝐛
𝐜𝐲𝐜

≥∑√
𝐰𝒂

𝐰𝒂 +𝐰𝐛
𝐜𝐲𝐜

≥∑√
𝐡𝒂

𝐦𝒂 +𝐦𝐛
𝐜𝐲𝐜

≥
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥
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∑√
𝐡𝒂

𝐑
𝟐𝐫
(𝐡𝒂 + 𝐡𝐛)𝐜𝐲𝐜

= √
𝟐𝐫

𝐑
.∑√

𝐛𝐜
𝟐𝐑

𝐛𝐜 + 𝐜𝒂
𝟐𝐑𝐜𝐲𝐜

= √
𝟐𝐫

𝐑
.∑

𝟏

√𝟏 +
𝒂
𝐛

𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
+
𝐂𝐁𝐒

𝒂𝐧𝐝 𝐯𝐢𝒂 (𝟐)

√
𝟐𝐫

𝐑
.

𝟗

√𝟑.√𝟑 +
𝟑𝐑
𝟐𝐫

 

∴ ∑√
𝐰𝒂

𝒈𝒂 + 𝒈𝐛
𝐜𝐲𝐜

≥
𝟑

√𝐭(𝐭 + 𝟏)
→ (𝐢) (𝐰𝐡𝐞𝐫𝐞 𝐭 =

𝐑

𝟐𝐫
≥

𝐄𝐮𝐥𝐞𝐫
𝟏) 

𝐀𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 (𝟏),∑√
𝒈𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

≤∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

≤∑√
𝐰𝒂

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

 

=∑√

𝟐𝐛𝐜. 𝐜𝐨𝐬
𝐀
𝟐

(𝐛 + 𝐜)
(𝐛 + 𝐜). 𝟒𝐑 𝐜𝐨𝐬

𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐

𝟐𝐑

𝐜𝐲𝐜

=
𝟏

𝟐
∑√

𝟒𝐛𝐜

(𝐛 + 𝐜)𝟐
.
𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≤

𝐀−𝐆
𝒂𝐧𝐝
𝐂𝐁𝐒 √𝟑

𝟐
.√∑

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (𝟑) √𝟑

𝟐
.√
𝟐(𝐑 + 𝐫)

𝐫
∴ ∑√

𝒈𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

≤ √𝟑.√𝐭 +
𝟏

𝟐
→ (𝐢𝐢) 

∴ (𝐢), (𝐢𝐢) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑√
𝐰𝒂

𝒈𝒂 + 𝒈𝐛
𝐜𝐲𝐜

+
𝐑𝟑

𝟖𝐫𝟑
≥ 𝟏 +∑√

𝒈𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

, 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟑

√𝐭(𝐭 + 𝟏)
+ 𝐭𝟑 − 𝟏 ≥

(∗)

√𝟑.√𝐭 +
𝟏

𝟐
 

𝐋𝐞𝐭 𝐟(𝐭) =
𝟑

√𝐭(𝐭 + 𝟏)
+ 𝐭𝟑 − 𝟏 − √𝟑.√𝐭 +

𝟏

𝟐
 ∀ 𝐭 ≥ 𝟏 

∴ 𝐟 ′(𝐭) = 𝟑𝐭𝟐 −
√𝟑

𝟐.√𝐭 +
𝟏
𝟐

−
𝟑(𝟐𝐭 + 𝟏)

𝟐. (𝐭(𝐭 + 𝟏))
𝟑
𝟐

 𝒂𝐧𝐝  

𝐟 ′′(𝐭) = 𝟔𝐭 +
√𝟑

𝟒(𝐭 + 𝟏)
𝟑
𝟐

+
𝟗(𝟐𝐭 + 𝟏)𝟐

𝟒𝐭(𝐭 + 𝟏)(𝐭(𝐭 + 𝟏))
𝟑
𝟐

−
𝟑

(𝐭(𝐭 + 𝟏))
𝟑
𝟐

 

= 𝟔𝐭 +
√𝟑

𝟒(𝐭 + 𝟏)
𝟑
𝟐

+
𝟑

(𝐭(𝐭 + 𝟏))
𝟑
𝟐

.
𝟑(𝟐𝐭 + 𝟏)𝟐 − 𝟒𝐭(𝐭 + 𝟏)

𝟒𝐭(𝐭 + 𝟏)
 

= 𝟔𝐭 +
√𝟑

𝟒(𝐭 + 𝟏)
𝟑
𝟐

+
𝟑

(𝐭(𝐭 + 𝟏))
𝟑
𝟐

.
𝟖𝐭𝟐 + 𝟖𝐭 + 𝟑

𝟒𝐭(𝐭 + 𝟏)
> 0 ⇒ 𝐟 ′′(𝐭) > 0 ⇒ 𝐟 ′(𝐭) 𝐢𝐬 ↑ 

𝐨𝐧 [𝟏,∞) ⇒ 𝐟 ′(𝐭) ≥ 𝐟 ′(𝟎) ≈ 𝟎. 𝟕𝟎𝟏𝟗𝟎𝟑 > 0 ⇒ 𝐟(𝐭) 𝐢𝐬 ↑ 𝐨𝐧 [𝟏,∞) 

⇒ 𝐟(𝐭) ≥ 𝐟(𝟏) = 𝟎 ⇒
𝟑

√𝐭(𝐭 + 𝟏)
+ 𝐭𝟑 − 𝟏 − √𝟑.√𝐭 +

𝟏

𝟐
≥ 𝟎 ∀ 𝐭 ≥ 𝟏 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴∑√
𝐰𝒂

𝒈𝒂 + 𝒈𝐛
𝐜𝐲𝐜

+
𝐑𝟑

𝟖𝐫𝟑
≥ 𝟏 +∑√

𝒈𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1607. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐟𝐨𝐫 𝒂𝒍𝒍 𝐧 ≥ 𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

+
𝐑𝐧

𝐫𝐧
≥ 𝟐𝐧 +∑ √

𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≥∑ √𝟐√
(𝐬 − 𝐛)(𝐬 − 𝐜). (𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≥
𝐀−𝐆

 

∑ √
𝟒.√(𝐬 − 𝐛)(𝐬 − 𝐜)

√𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

=∑ √𝟒𝐬𝐢𝐧
𝐀

𝟐

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑 √𝟔𝟒∏𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

𝟔𝟎𝟑𝟑
= 𝟑. √𝟔𝟒.

𝐫

𝟒𝐑

𝟔𝟎𝟑𝟑
 

∴ ∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≥ 𝟑. √
𝟏𝟔𝐫

𝐑

𝟔𝟎𝟑𝟑

→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧,∑ √
𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

=∑ √
𝐦𝒂

𝐦𝐜
+
𝐦𝒂

𝐦𝐛

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

∑ √

𝐑𝐬
𝒂
𝟐𝐫𝐬
𝐜

+

𝐑𝐬
𝒂
𝟐𝐫𝐬
𝐛

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

 

=∑ √
𝐑

𝟐𝐫
.
𝐛 + 𝐜

𝒂

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

=∑ √
𝐑

𝟐𝐫
.
𝟒𝐑 𝐜𝐨𝐬

𝐀
𝟐
𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝟒𝐑 𝐬𝐢𝐧
𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≤
𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏

 

√
𝐑

𝐫

𝟐𝟎𝟏𝟏

.∑ √
𝟏

𝟐𝐬𝐢𝐧
𝐀
𝟐

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≤
𝐀−𝐆

√
𝐑

𝐫

𝟐𝟎𝟏𝟏

.∑

𝟏

𝟐𝐬𝐢𝐧
𝐀
𝟐

+ 𝟐𝟎𝟏𝟎

𝟐𝟎𝟏𝟏
𝐜𝐲𝐜

 

= √
𝐑

𝐫

𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟎

𝟐𝟎𝟏𝟏
+

𝟏

𝟒𝟎𝟐𝟐
.∑√

𝐛𝐜(𝐬 − 𝒂)

(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

) ≤
𝐂𝐁𝐒

 

√
𝐑

𝐫

𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟎

𝟐𝟎𝟏𝟏
+

𝟏

𝟒𝟎𝟐𝟐
.
𝟏

𝐫. √𝐬
. √𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐. √𝐬) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
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√
𝐑

𝐫

𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟎

𝟐𝟎𝟏𝟏
+

𝟏

𝟒𝟎𝟐𝟐
.
𝟏

𝐫
. √𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐) 

∴ ∑ √
𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

≤ √
𝐑

𝐫

𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟏

𝟐𝟎𝟏𝟏
+

𝟏

𝟐𝟎𝟏𝟏
.
𝐑

𝐫
) → (𝟐) 

∴ (𝟏), (𝟐) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

+
𝐑𝟐

𝐫𝟐
≥ 𝟒 +∑ √

𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑. √
𝟏𝟔𝐫

𝐑

𝟔𝟎𝟑𝟑

+
𝐑𝟐

𝐫𝟐
≥ 𝟒 + √

𝐑

𝐫

𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟏

𝟐𝟎𝟏𝟏
+

𝟏

𝟐𝟎𝟏𝟏
.
𝐑

𝐫
) 

⇔ 𝟑. √
𝟏𝟔

𝐭

𝟔𝟎𝟑𝟑

+ 𝐭𝟐 ≥
(∗)

𝟒 + √𝐭
𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟏

𝟐𝟎𝟏𝟏
+

𝐭

𝟐𝟎𝟏𝟏
)  (𝐭 =

𝐑

𝐫
≥

𝐄𝐮𝐥𝐞𝐫
𝟐) 

𝐋𝐞𝐭 𝐟(𝐭) = 𝟑. √
𝟏𝟔

𝐭

𝟔𝟎𝟑𝟑

+ 𝐭𝟐 − 𝟒 − √𝐭
𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟏

𝟐𝟎𝟏𝟏
+

𝐭

𝟐𝟎𝟏𝟏
) ∀ 𝐭 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐟 ′(𝐭) = 𝟐𝐭 −
√𝐭

𝟐𝟎𝟏𝟏

𝟐𝟎𝟏𝟏
−

𝐭
𝟐𝟎𝟏𝟏

+
𝟔𝟎𝟑𝟏
𝟐𝟎𝟏𝟏

𝟐𝟎𝟏𝟏. 𝐭
𝟐𝟎𝟏𝟎
𝟐𝟎𝟏𝟏

−
√𝟏𝟔

𝟔𝟎𝟑𝟑

𝟐𝟎𝟏𝟏. 𝐭
𝟔𝟎𝟑𝟒
𝟔𝟎𝟑𝟑

 𝒂𝐧𝐝  

𝐟 ′′(𝐭) = 𝟐(𝟏 −
𝟏

𝟒𝟎𝟒𝟒𝟏𝟐𝟏. 𝐭
𝟐𝟎𝟏𝟎
𝟐𝟎𝟏𝟏

) +
𝟐𝟎𝟏𝟎 (

𝐭
𝟐𝟎𝟏𝟏

+
𝟔𝟎𝟑𝟏
𝟐𝟎𝟏𝟏

)

𝟒𝟎𝟒𝟒𝟏𝟐𝟏. 𝐭
𝟒𝟎𝟐𝟏
𝟐𝟎𝟏𝟏

+
𝟔𝟎𝟑𝟒. √𝟏𝟔

𝟔𝟎𝟑𝟑

𝟏𝟐𝟏𝟑𝟐𝟑𝟔𝟑. 𝐭
𝟏𝟐𝟎𝟔𝟕
𝟔𝟎𝟑𝟑

 

𝐍𝐨𝐰, ∵ 𝐭 ≥ 𝟐 ∴
𝟐𝟎𝟏𝟎

𝟐𝟎𝟏𝟏
. 𝐥𝐧 𝐭 > − 𝐥𝐧𝟐 ⇒ 𝐭

𝟐𝟎𝟏𝟎
𝟐𝟎𝟏𝟏 >

𝟏

𝟐
∴ 𝟒𝟎𝟒𝟒𝟏𝟐𝟏. 𝐭

𝟐𝟎𝟏𝟎
𝟐𝟎𝟏𝟏 > 4044121.

𝟏

𝟐
> 1 

⇒ 𝟏 −
𝟏

𝟒𝟎𝟒𝟒𝟏𝟐𝟏. 𝐭
𝟐𝟎𝟏𝟎
𝟐𝟎𝟏𝟏

> 0 ∴ 𝐟 ′′(𝐭) > 0 ∀ 𝐭 ≥ 𝟐 ⇒ 𝐟 ′(𝐭) 𝐢𝐬 ↑ 𝐨𝐧 [𝟐,∞) 

⇒ 𝐟 ′(𝐭) ≥ 𝐟 ′(𝟐) ≈ 𝟑. 𝟗𝟗𝟖𝟓𝟎𝟖 > 0 ∀ 𝐭 ≥ 𝟐 ⇒ 𝐟(𝐭) ≥ 𝐟(𝟐) = 𝟎 

⇒ 𝟑. √
𝟏𝟔

𝐭

𝟔𝟎𝟑𝟑

+ 𝐭𝟐 − 𝟒 − √𝐭
𝟐𝟎𝟏𝟏

. (
𝟔𝟎𝟑𝟏

𝟐𝟎𝟏𝟏
+

𝐭

𝟐𝟎𝟏𝟏
) ≥ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝐑𝟐

𝐫𝟐
− 𝟒 ≥

(⦁)

∑ √
𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

−∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

 

𝐋𝐞𝐭 𝐅(𝐧) = 𝐭𝐧 − 𝟐𝐧 ∀ 𝐭 =
𝐑

𝐫
≥ 𝟐 (𝐭 → 𝐟𝐢𝒙𝐞𝐝) 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐅 ′(𝐧) = 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎  
(∵ 𝐭𝐧 ≥ 𝟐𝐧 𝒂𝐧𝐝 𝐥𝐧 𝐭 ≥ 𝐥𝐧𝟐 ⇒ 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎) 

∴ 𝐅(𝐧) 𝐢𝐬 ↑ ∀ 𝐧 ≥ 𝟐 ⇒  𝐅(𝐧) ≥  𝐅(𝟐) ⇒ (
𝐑

𝐫
)
𝐧

− 𝟐𝐧 

≥
𝐑𝟐

𝐫𝟐
− 𝟒 ≥

𝐯𝐢𝒂 (⦁)

∑ √
𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

−∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜
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∴∑ √
𝒂(𝐛 + 𝐜)

𝐛𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

+
𝐑𝐧

𝐫𝐧
≥ 𝟐𝐧 +∑ √

𝐦𝒂(𝐦𝐛 +𝐦𝐜)

𝐦𝐛𝐦𝐜

𝟐𝟎𝟏𝟏

𝐜𝐲𝐜

 

∀ ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1608. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝒈𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐫𝟑
≥∑

𝐦𝒂
𝟐

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,∑𝐦𝒂
𝟒

𝐜𝐲𝐜

= (∑𝐦𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐜𝐲𝐜

 

=
𝟗

𝟏𝟔
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐.
𝟗

𝟏𝟔
.∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=
𝟗

𝟏𝟔
.∑𝒂𝟒

𝐜𝐲𝐜

=
𝟗

𝟏𝟔
. (𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐) 

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 𝟗

𝟏𝟔
. (𝟖𝐑𝟐𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐) ⇒∑𝐦𝒂

𝟒

𝐜𝐲𝐜

≤
𝟗𝐬𝟐

𝟐
. (𝐑𝟐 − 𝟐𝐫𝟐) → (𝟏) 

𝐰𝒂 ≤ 𝐰𝐛 ⇔
𝟐𝐛𝐜 𝐜𝐨𝐬

𝐀
𝟐

𝐛 + 𝐜
≤
𝟐𝐜𝒂 𝐜𝐨𝐬

𝐁
𝟐

𝐜 + 𝒂
⇔

𝟒𝐑𝐜𝐨𝐬
𝐁
𝟐
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

.
𝟏

𝐛 + 𝐜
≤
𝟒𝐑 𝐜𝐨𝐬

𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐

.
𝟏

𝐜 + 𝒂
 

⇔
(𝐛 + 𝐜)𝟐(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐛𝐜
≥
(𝐜 + 𝒂)𝟐(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐜𝒂
 

⇔ 𝒂(𝐛 + 𝐜)𝟐(𝐜 + 𝒂 − 𝐛) ≥ 𝐛(𝐜 + 𝒂)𝟐(𝐛 + 𝐜 − 𝒂) 

⇔ 𝒂𝐛(𝒂𝟐 − 𝐛𝟐) + 𝐜𝟑(𝒂 − 𝐛) + 𝟑𝒂𝐛𝐜(𝒂 − 𝐛) + 𝐜𝟐(𝒂𝟐 − 𝐛𝟐) ≥ 𝟎 

⇔ (𝒂 − 𝐛) ((𝒂𝐛 + 𝐜𝟐)(𝒂 + 𝐛) + 𝐜𝟑 + 𝟑𝒂𝐛𝐜) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂 ≥ 𝐛 

⇒ 𝐰𝒂 ≤ 𝐰𝐛 𝐟𝐨𝐫 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟐) 

𝐍𝐨𝐰,𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐡𝒂
𝟐 ≤ 𝐡𝐛

𝟐 ≤ 𝐡𝐜
𝟐 𝒂𝐧𝐝  

𝟏

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
≤

𝟏

𝐰𝐜
𝟐 +𝐰𝒂

𝟐
≤

𝟏

𝐰𝒂
𝟐 +𝐰𝐛

𝟐  (𝐯𝐢𝒂 (𝟐)) ∴ ∑
𝒈𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

≥∑
𝐡𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

 

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
.
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
.∑

𝟏

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

≥
𝟏

𝟑𝟔𝐑𝟐
. (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

.∑
𝟏

𝐬(𝐬 − 𝐛 + 𝐬 − 𝐜)
𝐜𝐲𝐜

 

≥
𝟏

𝟑𝟔𝐑𝟐
. 𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) .
𝟏

𝟒𝐑𝐫𝐬𝟐
. (∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝟏

𝟑𝟔𝐑𝟐
. 𝟐𝟒𝐑𝐫𝐬𝟐.

𝟏

𝟒𝐑𝐫𝐬𝟐
. 𝟏𝟖𝐑𝐫  

(∵ 𝐬
𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐 = 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫
𝟎

⇒ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 ≥ 𝟏𝟖𝐑𝐫
) 
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∴ ∑
𝒈𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

≥
𝟑𝐫

𝐑
→ (𝟑) 

𝐀𝐠𝒂𝐢𝐧,∑
𝐦𝒂
𝟐

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐
𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐦𝒂
𝟒

𝐜𝐲𝐜

. √∑(
𝟏

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐
)

𝟐

𝐜𝐲𝐜

≤
𝐀−𝐆

√∑𝐦𝒂
𝟒

𝐜𝐲𝐜

. √∑
𝐡𝒂
𝟐

𝟒𝐡𝒂
𝟐𝐡𝐛

𝟐𝐡𝐜
𝟐

𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (𝟏)

√
𝟗𝐬𝟐

𝟐
. (𝐑𝟐 − 𝟐𝐫𝟐). √

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐.
𝟒𝐫𝟒𝐬𝟒

𝐑𝟐

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞

√
𝟗𝐬𝟐

𝟐
. (𝐑𝟐 − 𝟐𝐫𝟐). √

𝟒𝐑𝟐𝐬𝟐

𝟏𝟔𝐑𝟐.
𝟒𝐫𝟒𝐬𝟒

𝐑𝟐

 

∴ ∑
𝐦𝒂
𝟐

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐
𝐜𝐲𝐜

≤ √
𝟗𝐑𝟐(𝐑𝟐 − 𝟐𝐫𝟐)

𝟑𝟐𝐫𝟒
→ (𝟒) ∴ (𝟑), (𝟒) ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑𝐫

𝐑
+
𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐫𝟑
≥ √

𝟗𝐑𝟐(𝐑𝟐 − 𝟐𝐫𝟐)

𝟑𝟐𝐫𝟒
⇔ (

𝐑(𝐑𝟑 − 𝟖𝐫𝟑) + 𝟔𝐫𝟒

𝟐𝐑𝐫𝟑
)

𝟐

≥
𝟗𝐑𝟐(𝐑𝟐 − 𝟐𝐫𝟐)

𝟑𝟐𝐫𝟒
 

⇔ 𝟖𝐭𝟖 − 𝟗𝐭𝟔 − 𝟏𝟐𝟖𝐭𝟓 + 𝟏𝟏𝟒𝐭𝟒 + 𝟓𝟏𝟐𝐭𝟐 − 𝟕𝟔𝟖𝐭 + 𝟐𝟖𝟖 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟖𝐭𝟔 + 𝟑𝟐𝐭𝟓 + 𝟖𝟕𝐭𝟒 + 𝟗𝟐𝐭𝟑 + 𝟏𝟑𝟒𝐭𝟐 + 𝟏𝟔𝟖𝐭 + 𝟔𝟒𝟖) + 𝟏𝟏𝟓𝟐) ≥ 𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴∑
𝒈𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐
𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐫𝟑
≥∑

𝐦𝒂
𝟐

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐
𝐜𝐲𝐜

  

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1609. In any acute triangle 𝑨𝑩𝑪 holds: 

𝟏

𝒉𝒂
√𝐭𝐚𝐧𝑨 +

𝟏

𝒉𝒃
√𝐭𝐚𝐧𝑩 +

𝟏

𝒉𝒄
√𝐭𝐚𝐧𝑪 ≥

𝟐

𝑹
√𝟑
𝟒

 

Proposed by Vasile Mircea Popa – Romania  

Solution by Tapas Das – India  

Note 1:  𝑨 + 𝑩 + 𝑪 = 𝝅 

∴ 𝑨 + 𝑩 = 𝝅 − 𝑪 

𝐭𝐚𝐧(𝑨 + 𝑩) = 𝐭𝐚𝐧(𝝅 − 𝑪) ⇒
𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩

𝟏 − 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩
= − 𝐭𝐚𝐧𝑪 ⇒∑𝐭𝐚𝐧𝑨

= 𝐭𝐚𝐧𝑨 ⋅ 𝐭𝐚𝐧𝑩 ⋅ 𝐭𝐚𝐧𝑪 

Note 2: In any acute triangle :  𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪 ≥ 𝟑√𝟑 

Proof:  Since 𝒇(𝒙) = 𝐭𝐚𝐧𝒙 is convex on (𝟎,
𝝅

𝟐
). So by Jensen’s inequality 
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𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪 ≥ 𝟑 𝐭𝐚𝐧
𝑨 + 𝑩 + 𝑪

𝟑
= 𝟑 𝐭𝐚𝐧

𝝅

𝟑
= 𝟑√𝟑 

∴∑
𝟏

𝒉𝒂
√𝐭𝐚𝐧𝑨 ≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
⋅∑

𝟏

𝒉𝒂
⋅∑√𝐭𝐚𝐧𝑨 

[WLOG 𝒂 ≥ 𝒃 ≥ 𝒄    ∴ 𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 ⇒
𝟏

𝒉𝒂
≥

𝟏

𝒉𝒃
≥

𝟏

𝒉𝒄
; 𝐭𝐚𝐧𝑨 ≥ 𝐭𝐚𝐧𝑩 ≥ 𝐭𝐚𝐧𝑪] 

∴∑
𝟏

𝒉𝒂
√𝐭𝐚𝐧𝑨 ≥

𝟏

𝟑
⋅
𝟏

𝒓
⋅∑√𝐭𝐚𝐧𝑨 ≥

𝑨𝑴−𝑮𝑴 𝟏

𝟑𝒓
⋅ 𝟑(𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪)

𝟏
𝟔 = 

=
𝟏

𝒓
(𝟑√𝟑)

𝟏
𝟔 ≥
𝑬𝒖𝒍𝒆𝒓 𝟐

𝑹
⋅ (𝟑

𝟑
𝟐)

𝟏
𝟔
=
𝟐

𝑹
√𝟑
𝟒

 

1610.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟔𝐫

𝐑
≤
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

≤
𝟑

𝟖
(𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝒂𝐦𝒂
∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟐√𝟑 ⇔
𝟏

𝒂𝟐𝐦𝒂
𝟐
≥

𝟏𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 ⇔ 

(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≥ 𝟎 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝟐 (𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐) ≥ 𝟎 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟔𝒂𝟐∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟗𝒂𝟒 ≥ 𝟎 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐)

𝟐

≥ 𝟎 

⇔ (𝐛𝟐 + 𝐜𝟐 − 𝟐𝒂𝟐)
𝟐
≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂 ≤

∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟏) 

𝐍𝐨𝐰,
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

≤
𝐦𝒂

𝐡𝐛
+
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
=
𝐛𝐦𝒂 + 𝐜𝐦𝐛 + 𝒂𝐦𝐜

𝟐𝐫𝐬
 

≤

𝐯𝐢𝒂 (𝟏)
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 ∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑
.

𝐛
𝒂
+
𝐜
𝐛
+
𝒂
𝐜

𝟐𝐫. 𝟑√𝟑𝐫
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝
𝐂𝐁𝐒 𝟗𝐑𝟐

𝟑𝟔𝐫𝟐
. √∑𝒂𝟐

𝐜𝐲𝐜

. √
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 𝐑𝟐

𝟒𝐫𝟐
. √
𝟗𝐑𝟐. 𝟒𝐑𝟐𝐬𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
 

=
𝟑𝐑𝟑

𝟖𝐫𝟑
=
𝟑

𝟖
(𝟗 (

𝐑

𝐫
)
𝟑

− 𝟖(
𝐑

𝐫
)
𝟑

) ≤
𝐄𝐮𝐥𝐞𝐫 𝟑

𝟖
(𝟗 (

𝐑

𝐫
)
𝟑

− 𝟖. 𝟖) 

∴
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

≤
𝟑

𝟖
(𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒)  

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

≥
𝐡𝒂
𝐦𝐛

+
𝐡𝐛
𝐦𝐜

+
𝐡𝐜
𝐦𝒂

=
𝐡𝒂
𝟐

𝐦𝐛𝐡𝒂
+

𝐡𝐛
𝟐

𝐡𝐛𝐦𝐜
+

𝐡𝐜
𝟐

𝐦𝒂𝐡𝐜
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≥
𝐡𝒂
𝟐

𝐦𝐛𝐦𝒂
+

𝐡𝐛
𝟐

𝐦𝐛𝐦𝐜
+

𝐡𝐜
𝟐

𝐦𝒂𝐦𝐜
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝐡𝒂𝐜𝐲𝐜 )
𝟐

∑ 𝐦𝐛𝐦𝐜𝐜𝐲𝐜
=

(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟐

𝟒𝐑𝟐.
(∑ 𝐦𝒂𝐜𝐲𝐜 )

𝟐
− ∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜

𝟐

 

≥
𝐂𝐡𝐮 𝒂𝐧𝐝 𝐘𝒂𝐧𝐠 (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝟒𝐑𝟐.
𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 −

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝐑𝟐(𝟓𝐬𝟐 − 𝟐𝟎𝐑𝐫 + 𝟏𝟑𝐫𝟐)
≥
? 𝟔𝐫

𝐑
 

⇔ 𝐬𝟒 − (𝟐𝟐𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟏𝟑𝟔𝐑𝟐 − 𝟕𝟎𝐑𝐫 + 𝐫𝟐) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
⇔ (𝟓𝐑 − 𝟒𝐫)𝐬𝟐 ≥

(∗∗)

𝐫(𝟔𝟎𝐑𝟐 − 𝟒𝟓𝐑𝐫 + 𝟏𝟐𝐫𝟐) 

𝐍𝐨𝐰, (𝟓𝐑 − 𝟒𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

(𝟓𝐑 − 𝟒𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟔𝟎𝐑𝟐 − 𝟒𝟓𝐑𝐫 + 𝟏𝟐𝐫𝟐) 

⇔ 𝟒(𝟓𝐑𝟐 − 𝟏𝟏𝐑𝐫 + 𝟐𝐫𝟐) ≥
?
𝟎 ⇔ 𝟒(𝟓𝐑 − 𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

≥
𝟔𝐫

𝐑
∴
𝟔𝐫

𝐑
≤
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝒂

 

≤
𝟑

𝟖
(𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1611. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒𝐫

𝐑𝟐
≤

𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≤
𝟏

𝟐𝐫
(
𝟖𝟏

𝟏𝟔
(
𝐑

𝐫
)
𝟓

− 𝟏𝟔𝟎) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝒂𝐦𝒂
∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟐√𝟑 ⇔
𝟏

𝒂𝟐𝐦𝒂
𝟐
≥

𝟏𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 ⇔ 

(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≥ 𝟎 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝟐 (𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐) ≥ 𝟎 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟔𝒂𝟐∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟗𝒂𝟒 ≥ 𝟎 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐)

𝟐

≥ 𝟎 

⇔ (𝐛𝟐 + 𝐜𝟐 − 𝟐𝒂𝟐)
𝟐
≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂 ≤

∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟏) 

𝐍𝐨𝐰,
𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≤
𝐦𝒂

𝐡𝐛𝐡𝐜
+

𝐦𝐛

𝐡𝐜𝐡𝒂
+

𝐦𝐜

𝐡𝒂𝐡𝐛
≤

𝐯𝐢𝒂 (𝟏) ∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑
. (∑

𝟒𝐑𝟐

𝒂. 𝐜𝒂. 𝒂𝐛
𝐜𝐲𝐜

) 
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≤
∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑
.
𝟒𝐑𝟐

𝟒𝐑𝐫𝐬
.∑

𝟏

𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

=
∑ 𝒂𝟐𝐜𝐲𝐜

𝟐√𝟑
.
𝐑

𝐫𝐬
.
𝐬

𝟒𝐫𝟐𝐬
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟗𝐑𝟑

𝟖√𝟑𝐫𝟑. 𝟑√𝟑𝐫
 

=
𝐑𝟑

𝟖𝐫𝟒
≤
? 𝟏

𝟐𝐫
(
𝟖𝟏

𝟏𝟔
(
𝐑

𝐫
)
𝟓

− 𝟏𝟔𝟎) =
𝟏

𝟐𝐫
. (
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟏𝟔𝐫𝟓
) 

⇔ 𝟖𝟏𝐭𝟓 − 𝟒𝐭𝟑 − 𝟐𝟓𝟔𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟖𝟏𝐭𝟒 + 𝟏𝟔𝟐𝐭𝟑 + 𝟑𝟐𝟎𝐭𝟐 + 𝟔𝟒𝟎𝐭 + 𝟏𝟐𝟖𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≤
𝟏

𝟐𝐫
(
𝟖𝟏

𝟏𝟔
(
𝐑

𝐫
)
𝟓

− 𝟏𝟔𝟎) 

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≥
𝐡𝒂

𝐦𝐛𝐦𝐜
+

𝐡𝐛
𝐦𝐜𝐦𝒂

+
𝐡𝐜

𝐦𝒂𝐦𝐛
=∑

𝐡𝒂
𝟐

𝐡𝒂𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝐡𝒂𝐦𝐛𝐦𝐜𝐜𝐲𝐜
≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟑(∑ 𝐡𝒂𝐜𝐲𝐜 )
𝟐

(∑ 𝐡𝒂𝐜𝐲𝐜 )(∑ 𝐦𝐛𝐦𝐜𝐜𝐲𝐜 )
 

(∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐡𝒂 ≤ 𝐡𝐛 ≤ 𝐡𝐜 𝒂𝐧𝐝 𝐦𝐛𝐦𝐜 ≥ 𝐦𝐜𝐦𝒂 ≥ 𝐦𝒂𝐦𝐛) 

=
𝟑(∑ 𝐡𝒂𝐜𝐲𝐜 )

(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟐
− ∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜

𝟐

≥
𝐂𝐡𝐮 𝒂𝐧𝐝 𝐘𝒂𝐧𝐠 𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐑.
𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 −

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

 

=
𝟔(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑(𝟓𝐬𝟐 − 𝟐𝟎𝐑𝐫 + 𝟏𝟑𝐫𝟐)
≥
? 𝟒𝐫

𝐑𝟐
⇔ (𝟑𝐑 − 𝟏𝟎𝐫)𝐬𝟐 + 𝐫(𝟏𝟐𝐑𝟐 + 𝟒𝟑𝐑𝐫 − 𝟐𝟔𝐫𝟐) ≥

?
⏟
(∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟑𝐑 − 𝟏𝟎𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝐫(𝟏𝟐𝐑𝟐 + 𝟒𝟑𝐑𝐫 − 𝟐𝟔𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫

 

𝐫(𝟏𝟐𝐑𝟐 + 𝟖𝟔𝐫𝟐 − 𝟐𝟔𝐫𝟐) > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟑𝐑 − 𝟏𝟎𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) = −(𝟏𝟎𝐫 − 𝟑𝐑)𝐬𝟐 + 𝐫 ( 𝟏𝟐𝐑𝟐 +
𝟒𝟑𝐑𝐫 − 𝟐𝟔𝐫𝟐

) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

− (𝟏𝟎𝐫 − 𝟑𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟏𝟐𝐑𝟐 + 𝟒𝟑𝐑𝐫 − 𝟐𝟔𝐫𝟐) ≥
?
𝟎 

⇔ 𝟑𝐭𝟑 − 𝟒𝐭𝟐 + 𝟑𝐭 − 𝟏𝟒 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(𝐭 − 𝟐)(𝟑𝐭𝟐 + 𝟐𝐭 + 𝟕) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴
𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≥
𝟒𝐫

𝐑𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

𝟒𝐫

𝐑𝟐
≤

𝐦𝒂

𝐦𝐛𝐦𝐜
+

𝐰𝐛

𝐰𝐜𝐰𝒂
+

𝐡𝐜
𝐡𝒂𝐡𝐛

≤
𝟏

𝟐𝐫
(
𝟖𝟏

𝟏𝟔
(
𝐑

𝐫
)
𝟓

− 𝟏𝟔𝟎) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 

1612. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐡𝒂(𝐛 + 𝐜)𝟐 + 𝐡𝐛(𝐜 + 𝒂)𝟐 + 𝐡𝐜(𝒂 + 𝐛)𝟐 ≤ 𝟓𝟒𝐑𝟑 
 

  Proposed by Huseyn Elizade, Sultan Cabbarli-Turkiye 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐡𝒂(𝐛 + 𝐜)𝟐 + 𝐡𝐛(𝐜 + 𝒂)𝟐 + 𝐡𝐜(𝒂 + 𝐛)𝟐 =∑
𝐛𝐜(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜)

𝟐𝐑
𝐜𝐲𝐜

 

≤
𝐀−𝐆 𝟏

𝟐𝐑
(∑

(𝐛𝟐 + 𝐜𝟐)𝟐

𝟐
𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) =
𝟏

𝟐𝐑
(∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) 

=
𝟏

𝟐𝐑
((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 𝟏

𝟐𝐑
(𝟖𝟏𝐑𝟒 + 𝟒𝐑𝟐𝐬𝟐) 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

𝟐𝐑
(𝟖𝟏𝐑𝟒 + 𝟒𝐑𝟐.

𝟐𝟕𝐑𝟐

𝟒
) ∴ 𝐡𝒂(𝐛 + 𝐜)𝟐 + 𝐡𝐛(𝐜 + 𝒂)𝟐 + 𝐡𝐜(𝒂 + 𝐛)𝟐 ≤ 𝟓𝟒𝐑𝟑 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1613. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒄𝒐𝒔𝟐

𝑨
𝟐
+ 𝟐𝒔𝒊𝒏𝟐

𝑨
𝟒

𝟑
)

𝒄𝒚𝒄

>
𝟑

𝟒
 

Proposed by Khaled Abd Imouti-Syria 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝒄𝒐𝒔𝟐
𝑨
𝟐
 +  𝟐𝒔𝒊𝒏𝟐

𝑨
𝟒

𝟑
=

𝟏 +  𝒄𝒐𝒔𝑨
𝟐

 + (𝟏 −  𝒄𝒐𝒔
𝑨
𝟐
)

𝟑
=
𝟏 +  𝒄𝒐𝒔𝑨 +  𝟐 − 𝟐𝒄𝒐𝒔

𝑨
𝟐

𝟔
= 

𝟑 +  𝒄𝒐𝒔𝑨 −  𝟐𝒄𝒐𝒔
𝑨
𝟐

𝟔
=
𝟑 +  𝟐𝒄𝒐𝒔𝟐

𝑨
𝟐
 − 𝟏 − 𝟐𝒄𝒐𝒔

𝑨
𝟐

𝟔
=
𝟐 +  𝟐𝒄𝒐𝒔𝟐

𝑨
𝟐
−  𝟐𝒄𝒐𝒔

𝑨
𝟐

𝟔
= 

𝟏 +  𝒄𝒐𝒔𝟐
𝑨
𝟐
 −  𝒄𝒐𝒔

𝑨
𝟐
 + 

𝟏
𝟒 
 −  

𝟏
𝟒

𝟑
=

𝟑
𝟒
 + (𝒄𝒐𝒔

𝑨 
𝟐  
 −  

𝟏
𝟐
)𝟐

𝟑
 >  

𝟏

𝟒
 

1614. 𝐈𝐧 𝒂𝐧𝐲 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑 

 
  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐬 = 𝟐𝐑 + 𝐫 𝒂𝐧𝐝  
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𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

) .
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
+ ∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 ) − 𝒂𝟐𝐛𝟐𝐜𝟐
+

𝟐

𝟑. 𝟒𝐑𝟐
. (∑𝒂𝟐

𝐜𝐲𝐜

) ≥ 𝟔 

⇔
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) (𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
+ (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐)

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐) − 𝟖𝐑𝟐𝐫𝟐𝐬𝟐
 

+
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟑𝐑𝟐
≥ 𝟔 

⇔ 𝐬𝟖 − (𝟑𝐑𝟐 + 𝟏𝟔𝐑𝐫)𝐬𝟔 + 𝐫(𝟑𝟔𝐑𝟑 + 𝟑𝟕𝐑𝟐𝐫 + 𝟏𝟔𝐑𝐫𝟐 − 𝟐𝐫𝟑)𝐬𝟒 

−𝐫𝟑(𝟓𝟔𝐑𝟑 + 𝟔𝟗𝐑𝟐𝐫 + 𝟏𝟔𝐑𝐫𝟐)𝐬𝟐 

+𝐫𝟑(𝟏𝟗𝟐𝐑𝟓 + 𝟒𝟎𝟎𝐑𝟒𝐫 + 𝟐𝟗𝟐𝐑𝟑𝐫𝟐 + 𝟗𝟗𝐑𝟐𝐫𝟑 + 𝟏𝟔𝐑𝐫𝟒 + 𝐫𝟓) ≥
(𝟏)

𝟎 

𝒂𝐧𝐝 𝐩𝐮𝐭𝐢𝐢𝐧𝐠 𝐬 = 𝟐𝐑 + 𝐫 𝐢𝐧 𝐋𝐇𝐒 𝐨𝐟 (𝟏),𝐰𝐞 𝐡𝒂𝐯𝐞 (𝟏) ⇔ 𝐑𝟒 − 𝟒𝐑𝟐𝐫𝟐 − 𝟒𝐑𝐫𝟑 − 𝐫𝟒 ≥ 𝟎 

⇔ (𝐭𝟐 − 𝟐𝐭 − 𝟏)(𝐭 + 𝟏)𝟐 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) ⇔ 𝐭𝟐 − 𝟐𝐭 − 𝟏 ≥

(𝟐)

𝟎 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐀 = 𝟗𝟎° 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝟐 = 𝐛𝟐 + 𝐜𝟐 ≥
𝐀−𝐆 𝟐𝐛𝐜𝒂

𝒂
 

⇒ 𝟖𝐑𝟑 𝐬𝐢𝐧𝟑 𝟗𝟎° = 𝟖𝐑𝐫𝐬 ⇒ 𝐑𝟐 ≥ 𝐫(𝟐𝐑 + 𝐫) ⇒ 𝐭𝟐 − 𝟐𝐭 − 𝟏 ≥ 𝟎 ⇒ (𝟐) ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑  

𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐫𝐢𝐠𝐡𝐭 ∆ 𝐀𝐁𝐂 
 

𝐂𝒂𝐬𝐞 𝟐  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 ∵ 𝐛𝟐 + 𝐜𝟐 > 𝒂𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 
∴ 𝒂𝟐, 𝐛𝟐, 𝐜𝟐 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 (𝐬𝒂𝐲) 

⇒
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑 

⇔∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+
𝟐

𝟑
.

𝟏

𝟒.
𝒂𝟐𝐛𝟐𝐜𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − ∑ 𝒂𝟒𝐜𝐲𝐜

.∑𝒂𝟐

𝐜𝐲𝐜

 

⇔∑
𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

+
𝟐

𝟑
.

𝟏

𝟒.
𝒙𝐲𝐳

𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜

.∑𝒙

𝐜𝐲𝐜

≥ 𝟑 

⇔∑
𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

+
𝟏

𝟔
.
𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜

𝒙𝐲𝐳
.∑𝒙

𝐜𝐲𝐜

≥
(∗)

𝟑 

𝐍𝐨𝐰,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ ∆ 𝐀𝐁𝐂 ∶ ∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+
𝟏

𝟔
.
𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜

𝒂𝐛𝐜
.∑𝒂

𝐜𝐲𝐜

≥
(⦁)

𝟑 

(⦁) ⇔ (∑𝒂

𝐜𝐲𝐜

) .
∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
+
𝟏

𝟔
.
𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟒𝐑𝐫𝐬
. 𝟐𝐬 

≥ 𝟔 ⇔
𝟐𝐬 ((∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
+
(𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐)(𝟐𝐬)

𝟐𝟒𝐑𝐫𝐬
≥ 𝟔 
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⇔
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
+
𝟒𝐑 + 𝐫

𝟑𝐑
≥ 𝟔 ⇔ (𝐑 + 𝐫)𝐬𝟐 ≥

(⦁⦁)

𝐫(𝟏𝟔𝐑𝟐 + 𝟗𝐑𝐫 − 𝐫𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ (𝐑 + 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟏𝟔𝐑𝟐 + 𝟗𝐑𝐫 − 𝐫𝟐) 

⇔ 𝟐𝐑𝐫 ≥
?
𝟒𝐫𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (⦁⦁) ⇒ (⦁) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬,
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
 

+
𝟐

𝟑
(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟑 ∀ 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐨𝐫 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1615. 𝐈𝐧 𝒂𝐧𝐲 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝛚 → 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝒂𝐧𝐠𝐥𝐞, 

𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 

𝐖𝐡𝐞𝐧 𝐝𝐨𝐞𝐬 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐡𝐨𝒍𝐝 ? 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐬 = 𝟐𝐑 + 𝐫 𝒂𝐧𝐝  

𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 

⇔
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐

𝟒𝐫𝟐𝐬𝟐
+
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐑𝟐
≥ 𝟏𝟑 

⇔ 𝐑𝟐 (((𝟐𝐑 + 𝐫)𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫(𝟐𝐑 + 𝐫)𝟐) 

+𝟖𝐫𝟐(𝟐𝐑 + 𝐫)𝟐((𝟐𝐑 + 𝐫)𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥ 𝟓𝟐𝐑𝟐𝐫𝟐(𝟐𝐑 + 𝐫)𝟐 

⇔ 𝐑𝟒 − 𝟒𝐑𝟐𝐫𝟐 − 𝟒𝐑𝐫𝟑 − 𝐫𝟒 ≥ 𝟎 ⇔ (𝐭𝟐 − 𝟐𝐭 − 𝟏)(𝐭 + 𝟏)𝟐 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ 𝐭𝟐 − 𝟐𝐭 − 𝟏 ≥
(𝟏)

𝟎 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐀 = 𝟗𝟎° 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝟐 = 𝐛𝟐 + 𝐜𝟐 ≥
𝐀−𝐆 𝟐𝐛𝐜𝒂

𝒂
⇒ 𝟖𝐑𝟑 𝐬𝐢𝐧𝟑 𝟗𝟎° 

= 𝟖𝐑𝐫𝐬 ⇒ 𝐑𝟐 ≥ 𝐫(𝟐𝐑 + 𝐫) ⇒ 𝐭𝟐 − 𝟐𝐭 − 𝟏 ≥ 𝟎 ⇒ (𝟐) ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 ∀ 𝐫𝐢𝐠𝐡𝐭 ∆ 𝐀𝐁𝐂 

 

𝐂𝒂𝐬𝐞 𝟐  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 ∵ 𝐛𝟐 + 𝐜𝟐 > 𝒂𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 
∴ 𝒂𝟐, 𝐛𝟐, 𝐜𝟐 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 (𝐬𝒂𝐲) 

⇒ 𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 ⇔ 

𝟒∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − ∑ 𝒂𝟒𝐜𝐲𝐜
+

∑ 𝒂𝟐𝐜𝐲𝐜

𝒂𝟐𝐛𝟐𝐜𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − ∑ 𝒂𝟒𝐜𝐲𝐜

≥ 𝟏𝟑 
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⇔
𝟒∑ 𝒙𝐲𝐲𝐜

𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜
+
(∑ 𝒙𝐜𝐲𝐜 )(𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

𝒙𝐲𝐳
≥
(∗)

𝟏𝟑  

𝐍𝐨𝐰,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ ∆ 𝐀𝐁𝐂 ∶ 

𝟒∑ 𝒂𝐛𝐲𝐜

𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜
+
(∑ 𝒂𝐜𝐲𝐜 )(𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜 )

𝒂𝐛𝐜
≥
(⦁)

𝟏𝟑 

(⦁) ⇔
𝟒(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

+
𝟐𝐬 (𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))

𝟒𝐑𝐫𝐬
≥ 𝟏𝟑 

⇔
𝐑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟐𝐫(𝟒𝐑 + 𝐫)𝟐

𝐑𝐫(𝟒𝐑 + 𝐫)
≥ 𝟏𝟑 ⇔ 𝐑𝐬𝟐 ≥

(⦁⦁)

𝐫(𝟏𝟔𝐑𝟐 − 𝟒𝐑𝐫 − 𝟐𝐫𝟐)  

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐑𝐨𝐮𝐜𝐡𝐞, 𝐑𝐬𝟐 ≥ 𝐑(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫) 

≥
?
𝐫(𝟏𝟔𝐑𝟐 − 𝟒𝐑𝐫 − 𝟐𝐫𝟐) ⇔ 𝟐𝐑𝟑 − 𝟔𝐑𝟐𝐫 + 𝟑𝐑𝐫𝟐 + 𝟐𝐫𝟑 ≥

?
𝟐𝐑(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝐑 − 𝟐𝐫)(𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐) ≥
?
⏟
(⦁⦁)

𝟐𝐑(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫  𝒂𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ (𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐)
𝟐
> 4𝐑𝟐(𝐑𝟐 − 𝟐𝐑𝐫) 

⇔ 𝟒𝐑𝐫𝟑 + 𝐫𝟒 > 0 → 𝐭𝐫𝐮𝐞 ⇒ (⦁⦁) ⇒ (⦁) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝐜𝐬𝐜𝟐𝛚+ 𝟒(𝐬𝐢𝐧𝟐 𝐀 + 𝐬𝐢𝐧𝟐 𝐁 + 𝐬𝐢𝐧𝟐 𝐂) ≥ 𝟏𝟑 

∀ 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐨𝐫 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1616. 𝐈𝐧 𝒂𝐧𝐲 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐡𝒂
𝟐 + 𝐡𝐛

𝟐 + 𝐡𝐜
𝟐 +

𝟏𝟖𝐅𝟐

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
≥ 𝟖𝐅 + 𝟒𝐑𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 

𝐖𝐡𝐞𝐧 𝐝𝐨𝐞𝐬 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐡𝐨𝒍𝐝 ? 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐀 = 𝟗𝟎°; 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐 = 𝐛𝟐 + 𝐜𝟐 ≥
𝐀−𝐆 𝟐𝐛𝐜𝒂

𝒂
⇒ 𝟖𝐑𝟑 𝐬𝐢𝐧𝟑 𝟗𝟎° = 𝟖𝐑𝐫𝐬 ⇒ 𝐑𝟐 ≥ 𝐫(𝟐𝐑 + 𝐫) 

⇒ 𝐭𝟐 − 𝟐𝐭 − 𝟏 ≥ 𝟎 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐢𝐬𝐨𝐬𝐜𝐞𝐥𝐞𝐬 → (𝐢) 
∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 ⇒ 𝐬 = 𝟐𝐑 + 𝐫 𝒂𝐧𝐝  

𝐡𝒂
𝟐 + 𝐡𝐛

𝟐 + 𝐡𝐜
𝟐 +

𝟏𝟖𝐅𝟐

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
≥ 𝟖𝐅 + 𝟒𝐑𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 

⇔
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐

𝟒𝐑𝟐
+

𝟏𝟖𝐫𝟐𝐬𝟐

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

≥ 𝟖𝐫𝐬 
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⇔
((𝟐𝐑 + 𝐫)𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫(𝟐𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
+
𝟏𝟐𝐫𝟐(𝟐𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
≥ 𝟖𝐫(𝟐𝐑 + 𝐫) 

⇔ 𝐑𝟒 − 𝟒𝐑𝟑𝐫 + 𝟐𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑 + 𝐫𝟒 ≥ 𝟎 ⇔ (𝐭𝟐 − 𝟐𝐭 − 𝟏)
𝟐
≥ 𝟎  (𝐭 =

𝐑

𝐫
) → 𝐭𝐫𝐮𝐞  

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐢𝐬𝐨𝐬𝐜𝐞𝐥𝐞𝐬 (𝐯𝐢𝒂 (𝐢)) 

𝐂𝒂𝐬𝐞 𝟐  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 ⇒ 𝐛𝟐 + 𝐜𝟐 > 𝒂𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝒂𝟐, 𝐛𝟐, 𝐜𝟐 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  

𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 (𝐬𝒂𝐲) ∴ 𝐡𝒂
𝟐 + 𝐡𝐛

𝟐 + 𝐡𝐜
𝟐 +

𝟏𝟖𝐅𝟐

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
− 𝟒𝐑𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝒂𝟐𝐛𝟐𝐜𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − ∑ 𝒂𝟒𝐜𝐲𝐜

+

𝟏𝟖
𝟏𝟔

(𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − ∑ 𝒂𝟒𝐜𝐲𝐜 )

𝟑
𝟒
∑ 𝒂𝟐𝐜𝐲𝐜

− ((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐑𝟐) 

=
(∑ 𝒙𝐲𝐲𝐜 )(𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟒𝒙𝐲𝐳
+

𝟗
𝟖
.
𝟒
𝟑
. (𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

∑ 𝒙𝐜𝐲𝐜
 

−
∑ 𝒂𝟐𝐜𝐲𝐜

𝟐
+

𝟒𝒙𝐲𝐳

𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜
 

=
(∑ 𝒙𝐲𝐲𝐜 )(𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟒𝒙𝐲𝐳
+

𝟗
𝟖
.
𝟒
𝟑
. (𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

∑ 𝒙𝐜𝐲𝐜
−
∑ 𝒙𝐜𝐲𝐜

𝟐
 

+
𝟒𝒙𝐲𝐳

𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜
≥ 𝟖𝐅 = 𝟐.√𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

= 𝟐.√𝟐∑𝒙𝐲

𝐲𝐜

−∑𝒙𝟐

𝐜𝐲𝐜

 

⇔
(∑ 𝒙𝐲𝐲𝐜 )(𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟒𝒙𝐲𝐳
+

𝟗
𝟖
.
𝟒
𝟑
. (𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜 )

∑ 𝒙𝐜𝐲𝐜
−
∑ 𝒙𝐜𝐲𝐜

𝟐
 

+
𝟒𝒙𝐲𝐳

𝟐∑ 𝒙𝐲𝐲𝐜 − ∑ 𝒙𝟐𝐜𝐲𝐜
≥
(∗)

𝟐.√𝟐∑𝒙𝐲

𝐲𝐜

−∑𝒙𝟐

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ ∆ 𝐀𝐁𝐂 ∶ 

(∑ 𝒂𝐛𝐲𝐜 )(𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟒𝒂𝐛𝐜
+

𝟗
𝟖
.
𝟒
𝟑
. (𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜 )

∑ 𝒂𝐜𝐲𝐜
−
∑ 𝒂𝐜𝐲𝐜

𝟐
 

+
𝟒𝒂𝐛𝐜

𝟐∑ 𝒂𝐛𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜
≥
(⦁)

𝟐.√𝟐∑𝒂𝐛

𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

 

(⦁) ⇔
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) (𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))

𝟏𝟔𝐑𝐫𝐬
 

+

𝟗
𝟖
.
𝟒
𝟑
. (𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐)

𝟐𝐬
− 𝐬 +

𝟏𝟔𝐑𝐫𝐬

𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐
≥ 𝟐.√𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐 

⇔
(𝐬𝟐 + 𝟏𝟔𝐑𝐫 + 𝐫𝟐)(𝟒𝐑 + 𝐫)𝟐 − 𝟒𝐑(𝟒𝐑 + 𝐫)𝐬𝟐 + 𝟏𝟔𝐑𝟐𝐬𝟐

𝟒𝐑𝐬(𝟒𝐑 + 𝐫)
≥ 𝟐.√𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐 

⇔
(𝟒𝐑 + 𝐫) ((𝟒𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝐬𝟐) + 𝟏𝟔𝐑𝟐𝐬𝟐

𝟒𝐑𝐬(𝟒𝐑 + 𝐫)
≥ 𝟐.√𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐 ⇔ 
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((𝟒𝐑 + 𝐫) ((𝟒𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝐬𝟐) + 𝟏𝟔𝐑𝟐𝐬𝟐)
𝟐

≥ 𝟐𝟓𝟔(𝟒𝐑𝐫 + 𝐫𝟐)𝐑𝟐𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 

⇔ (𝟐𝟓𝟔𝐑𝟒 + 𝟏𝟐𝟖𝐑𝟑𝐫 + 𝟒𝟖𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝐫𝟒)𝐬𝟒 

−𝐫𝐬𝟐(𝟖𝟏𝟗𝟐𝐑𝟓 + 𝟓𝟔𝟑𝟐𝐑𝟒𝐫 + 𝟔𝟒𝟎𝐑𝟑𝐫𝟐 − 𝟐𝟓𝟔𝐑𝟐𝐫𝟑 − 𝟓𝟔𝐑𝐫𝟒 − 𝟐𝐫𝟓) 

+𝐫𝟐 (𝟔𝟓𝟓𝟑𝟔𝐑
𝟔 + 𝟕𝟑𝟕𝟐𝟖𝐑𝟓𝐫 + 𝟑𝟑𝟎𝟐𝟒𝐑𝟒𝐫𝟐 + 𝟕𝟒𝟐𝟒𝐑𝟑𝐫𝟑 + 𝟖𝟔𝟒𝐑𝟐𝐫𝟒

+𝟒𝟖𝐑𝟓𝐫 + 𝐫𝟔
) ≥

(⦁⦁)

𝟎 

∵ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝒍𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 𝐬𝟐 ∴ 𝐢𝒏 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐫𝟐(𝟖𝟏𝟗𝟐𝐑𝟓 + 𝟓𝟔𝟑𝟐𝐑𝟒𝐫 + 𝟔𝟒𝟎𝐑𝟑𝐫𝟐 − 𝟐𝟓𝟔𝐑𝟐𝐫𝟑 − 𝟓𝟔𝐑𝐫𝟒 − 𝟐𝐫𝟓)
𝟐

 

−𝟒( 𝟐𝟓𝟔𝐑
𝟒 + 𝟏𝟐𝟖𝐑𝟑𝐫 +

𝟒𝟖𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝐫𝟒
) . 𝐫𝟐 ( 𝟔𝟓𝟓𝟑𝟔𝐑

𝟔 + 𝟕𝟑𝟕𝟐𝟖𝐑𝟓𝐫 + 𝟑𝟑𝟎𝟐𝟒𝐑𝟒𝐫𝟐

+𝟕𝟒𝟐𝟒𝐑𝟑𝐫𝟑 + 𝟖𝟔𝟒𝐑𝟐𝐫𝟒 + 𝟒𝟖𝐑𝟓𝐫 + 𝐫𝟔
) < 0  

(𝐢. 𝐞. , 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 < 0) 

⇔ −𝟏𝟎𝟐𝟒𝐑𝟐𝐫𝟑 ( 𝟏𝟔𝟑𝟖𝟒𝐑𝟕 + 𝟒𝟎𝟗𝟔𝟎𝐑𝟔𝐫 + 𝟑𝟔𝟖𝟔𝟒𝐑𝟓𝐫𝟐 +
𝟏𝟔𝟔𝟒𝟎𝐑𝟒𝐫𝟑 + 𝟒𝟏𝟔𝟎𝐑𝟑𝐫𝟒 + 𝟓𝟕𝟔𝐑𝟐𝐫𝟓 + 𝟒𝟎𝐑𝐫𝟔 + 𝐫𝟕

) < 0 → 𝑡𝑟𝑢𝑒 

⇒ (⦁⦁) ⇒ (⦁) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

∴ 𝐡𝒂
𝟐 + 𝐡𝐛

𝟐 + 𝐡𝐜
𝟐 +

𝟏𝟖𝐅𝟐

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
> 8𝐅 + 𝟒𝐑𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 ∴ 

𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝐡𝒂
𝟐 + 𝐡𝐛

𝟐 + 𝐡𝐜
𝟐 +

𝟏𝟖𝐅𝟐

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
≥ 𝟖𝐅 + 𝟒𝐑𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 

∀ 𝐧𝐨𝐧 − 𝐨𝐛𝐭𝐮𝐬𝐞 ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐫𝐢𝐠𝐡𝐭 𝐢𝐬𝐨𝐬𝐜𝐞𝐥𝐞𝐬 (𝐐𝐄𝐃) 
 

1617. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏𝟖𝐫𝟐

𝐑
≤
𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≤
𝟗

𝐫
(𝟑. (

𝐑𝟐

𝟒𝐫
)

𝟐

− 𝟐𝐫𝟐)  

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≤
𝐦𝒂𝐦𝐛

𝐡𝐜
+
𝐦𝐛𝐦𝐜

𝐡𝒂
+
𝐦𝐜𝐦𝒂

𝐡𝐛
= 𝐦𝒂𝐦𝐛𝐦𝐜.∑

𝟏

𝐡𝒂𝐦𝒂
𝐜𝐲𝐜

 

≤
𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 

𝐑𝐬𝟐

𝟐 𝐑𝐬𝟐

𝟐
.∑

𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

=
𝐑𝐬𝟐

𝟐
.

𝟏

𝟒𝐫𝟐𝐬𝟐
.∑𝒂𝟐

𝐜𝐲𝐜

≤
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝐑𝐬𝟐

𝟐
.
𝟗𝐑𝟐

𝟒𝐫𝟐𝐬𝟐
=
𝟗𝐑𝟑

𝟖𝐫𝟐
 

≤
? 𝟗

𝐫
(𝟑. (

𝐑𝟐

𝟒𝐫
)

𝟐

− 𝟐𝐫𝟐) ⇔ 𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒 ≥
?
𝟐𝐑𝟑𝐫 ⇔ 𝟑𝐭𝟒 − 𝟐𝐭𝟑 − 𝟑𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝐭𝟑 + 𝟒𝐭𝟐 + 𝟖𝐭 + 𝟏𝟔) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≤
𝟗

𝐫
(𝟑. (

𝐑𝟐

𝟒𝐫
)

𝟐

− 𝟐𝐫𝟐) 

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≥
𝐡𝒂𝐡𝐛
𝐦𝐜

+
𝐡𝐛𝐡𝐜
𝐦𝒂

+
𝐡𝐜𝐡𝒂
𝐦𝐛

=∑
𝐜𝒂. 𝒂𝐛

𝟒𝐑𝟐𝐦𝒂
𝐜𝐲𝐜
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=
𝟒𝐑𝐫𝐬

𝟒𝐑𝟐
.∑

𝒂𝟐

𝒂𝐦𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝐫𝐬

𝐑
.

𝟒𝐬𝟐

∑ 𝒂𝐦𝒂𝐜𝐲𝐜
≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝐫𝐬

𝐑
.

𝟒𝐬𝟐

𝟏
𝟑
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝐦𝒂𝐜𝐲𝐜 )

 

(∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐦𝒂 ≤ 𝐦𝐛 ≤ 𝐦𝐜) ≥
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 𝟏𝟐𝐫𝐬. 𝐬𝟐

𝟐𝐑𝐬(𝟒𝐑 + 𝐫)
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟔𝐫𝐬𝟐

𝟗𝐑𝟐

𝟐

=
𝟐𝐫. 𝟐𝐬𝟐

𝟑𝐑𝟐
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟐𝐫. (𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝟑𝐑𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟐𝐫. (𝟐𝟕𝐑𝐫)

𝟑𝐑𝟐
 

∴
𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≥
𝟏𝟖𝐫𝟐

𝐑
 

∴
𝟏𝟖𝐫𝟐

𝐑
≤
𝐦𝒂𝐦𝐛

𝐦𝐜
+
𝐰𝐛𝐰𝐜

𝐰𝒂
+
𝐡𝐜𝐡𝒂
𝐡𝐛

≤
𝟗

𝐫
(𝟑. (

𝐑𝟐

𝟒𝐫
)

𝟐

− 𝟐𝐫𝟐) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜 ≤
𝐑𝐬𝟐

𝟐
 

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) 

=
(𝟏) 𝟏

𝟔𝟒
{−𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐} 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∴∑𝒂𝟔

𝐜𝐲𝐜

=
(𝟐)

(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

=
(𝟑)
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(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 

=
𝟏

𝟔𝟒

(

 
 
 
 −𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)

+𝟔(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

)

 
 
 
 

 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

 

=
𝟏

𝟔𝟒
{
−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟑 + 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐

−𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐
} 

=
𝟏

𝟏𝟔
{𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑} 

≤
𝐑𝟐𝐬𝟒

𝟒
⇔ 

𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
(⦁)

𝟎 
 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) 

−𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
?
𝟎 

⇔ 𝐬𝟒(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) 

+𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 𝒂𝐧𝐝  

𝐑𝐇𝐒 𝐨𝐟 (⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 

≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 
⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟎 
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⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
(⦁⦁⦁)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  ≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭 − 𝟔𝟎 ≥ 𝟎 (𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐐𝐄𝐃) 

 

1618.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒𝟖𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
≤

𝐡𝒂
𝐡𝐛 + 𝐡𝐜

+
𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≤ 𝟑. (𝟐𝟖. (

𝐑

𝟒𝐫
)
𝟑

− 𝟑) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐡𝒂
𝐡𝐛 + 𝐡𝐜

+
𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≤

𝐦𝒂

𝐡𝐛 + 𝐡𝐜
+

𝐦𝐛

𝐡𝐜 + 𝐡𝒂
+

𝐦𝐜

𝐡𝒂 + 𝐡𝐛
 

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
 ∑(

𝐦𝒂

𝐡𝐛
+
𝐦𝒂

𝐡𝐜
)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝟒
.√𝟐∑𝐦𝒂

𝟐

𝐜𝐲𝐜

. √𝟐∑
𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

 

=
𝟏

𝟒
.√𝟒.

𝟑

𝟒
.∑𝒂𝟐

𝐜𝐲𝐜

.
𝟏

𝟒𝐫𝟐𝐬𝟐
.∑𝒂𝟐

𝐜𝐲𝐜

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

𝟒
.√

𝟑. 𝟖𝟏𝐑𝟒

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
= √

𝟗𝐑𝟒

𝟔𝟒𝐫𝟒
 

≤
?
𝟑. (𝟐𝟖. (

𝐑

𝟒𝐫
)
𝟑

− 𝟑) = √
𝟗(𝟕𝐑𝟑 − 𝟒𝟖𝐫𝟑)𝟐

𝟐𝟓𝟔𝐫𝟔
⇔ (𝟕𝐭𝟑 − 𝟒𝟖)𝟐 ≥

?
𝟒𝐭𝟒  (𝐭 =

𝐑

𝐫
) 

⇔ 𝟒𝟗𝐭𝟔 − 𝟒𝐭𝟒 − 𝟔𝟕𝟐𝐭𝟑 + 𝟐𝟑𝟎𝟒 ≥
?
𝟎 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟒𝟗𝐭𝟒 + 𝟏𝟗𝟔𝐭𝟑 + 𝟓𝟖𝟒𝐭𝟐 + 𝟖𝟖𝟎𝐭 + 𝟏𝟏𝟖𝟒) + 𝟏𝟐𝟏𝟔) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
+

𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≤ 𝟑. (𝟐𝟖. (

𝐑

𝟒𝐫
)
𝟑

− 𝟑)  

𝐀𝐠𝒂𝐢𝐧,
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
+

𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≥

𝐡𝒂
𝐦𝐛 +𝐦𝐜

+
𝐡𝐛

𝐦𝐜 +𝐦𝒂
+

𝐡𝐜
𝐦𝒂 +𝐦𝐛
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≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝐡𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

)(

∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐡𝒂 ≤ 𝐡𝐛 ≤ 𝐡𝐜 𝒂𝐧𝐝
𝟏

𝐦𝐛 +𝐦𝐜
≤

𝟏

𝐦𝐜 +𝐦𝒂
≤

𝟏

𝐦𝒂 +𝐦𝐛

) 

=
𝟏

𝟑
(𝟐𝐫𝐬∑

𝟏

𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

) ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟑
. 𝟐𝐫𝐬.

𝟗

𝟐𝐬
.

𝟗

𝟐∑ 𝐦𝒂𝐜𝐲𝐜
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫

𝟑𝐫.
𝟗

𝟐.
𝟗𝐑
𝟐

 

=
𝟑𝐫

𝐑
≥
? 𝟒𝟖𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
⇔ 𝟐𝟖𝐭𝟑 − 𝟏𝟔𝐭 − 𝟏𝟗𝟐 ≥

?
𝟎 ⇔ (𝐭 − 𝟐)(𝟐𝟖𝐭𝟐 + 𝟓𝟔𝐭 + 𝟗𝟔) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
+

𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≥

𝟒𝟖𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
 

𝒂𝐧𝐝 𝐬𝐨,
𝟒𝟖𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
≤

𝐡𝒂
𝐡𝐛 + 𝐡𝐜

+
𝐰𝐛

𝐰𝐜 +𝐰𝒂
+

𝐦𝐜

𝐦𝒂 +𝐦𝐛
≤ 𝟑. (𝟐𝟖. (

𝐑

𝟒𝐫
)
𝟑

− 𝟑) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
1619. In ∆𝑨𝑩𝑪,𝑶 −circumcenter, 𝒓𝟏, 𝒓𝟐, 𝒓𝟑 −inradii of ∆𝑶𝑩𝑪, ∆𝑶𝑪𝑨, ∆𝑶𝑨𝑩. 

Prove that: 

𝟏

𝒓𝟏
+
𝟏

𝒓𝟐
+
𝟏

𝒓𝟑
≥
𝟔 + 𝟒√𝟑

𝑹
 

Proposed by Mehmet Șahin-Turkiye 
Solution by Daniel Sitaru-Romania 
 

Known results: 
 

∑
𝟏

𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

≥
𝟗𝑹𝟐

𝟐𝑭
≥
𝒔𝟐 + (𝑹 + 𝒓)𝟐

𝟐𝑭
≥
𝟐(𝟒𝑹 + 𝒓)

𝒔
≥ 𝟐√𝟑                  (𝟏) 

∑
𝟏

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
≥ 𝟔                                                               (𝟐) 

 
Back to the problem: 

 

∑
𝟏

𝒓𝟏
𝒄𝒚𝒄

=∑

𝑶𝑩+𝑶𝑪 + 𝑩𝑪
𝟐

[𝑶𝑩𝑪]
𝒄𝒚𝒄

=∑

𝟏
𝟐
(𝑹 + 𝑹 + 𝒂)

𝟏
𝟐
∙ 𝑹 ∙ 𝑹 ∙ 𝒔𝒊𝒏𝟐𝑨𝒄𝒚𝒄

=∑
𝟐𝑹+ 𝒂

𝑹𝟐𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

= 

=∑
𝟐𝑹

𝑹𝟐𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

+∑
𝒂

𝑹𝟐𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

=
𝟐

𝑹
∑

𝟏

𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

+∑
𝟐𝑹𝒔𝒊𝒏𝑨

𝟐𝑹𝟐𝒔𝒊𝒏𝑨𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

≥ 
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≥⏞
(𝟏)
𝟐

𝑹
∙ 𝟐√𝟑 +

𝟏

𝑹
∑

𝟏

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

≥⏞
(𝟐)
𝟒√𝟑

𝑹
+
𝟏

𝑹
∙ 𝟔 =

𝟔 + 𝟒√𝟑

𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1620. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏 +
𝟒𝐑

𝐫
≥ √𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 ≥

𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

=∑
𝐬

𝐫𝒂
𝐜𝐲𝐜

=
𝐬

𝐫
⇒∑𝐜𝐨𝐭

𝐀

𝟐
𝐜𝐲𝐜

=
𝐬

𝐫
→ (𝟏) 𝒂𝐧𝐝 ∑𝐜𝐨𝐭

𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

 

=∑
𝐬

𝐫𝒂
.
𝐬

𝐫𝐛
𝐜𝐲𝐜

=
𝐬𝟐

𝐫𝐬𝟐
.∑𝐫𝒂
𝐜𝐲𝐜

⇒∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

=
𝟒𝐑 + 𝐫

𝐫
→ (𝟐) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

∏𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

=∏
𝐬

𝐫𝒂
𝐜𝐲𝐜

=
𝐬𝟑

𝐫𝐬𝟐
∴∏𝐜𝐨𝐭

𝐀

𝟐
𝐜𝐲𝐜

=
𝐬

𝐫
→ (𝟑) 

𝐍𝐨𝐰,√𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 

=∑(√(𝐜𝐨𝐭𝟐
𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑) 𝐜𝐨𝐭

𝐀

𝟐
.√𝐭𝒂𝐧

𝐀

𝟐
)

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒

√∑((𝐜𝐨𝐭𝟐
𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑) 𝐜𝐨𝐭

𝐀

𝟐
)

𝐜𝐲𝐜

. √∑𝐭𝒂𝐧
𝐀

𝟐
𝐜𝐲𝐜

 

= √𝟑∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

+ (∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

) − 𝟑∏𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

. √
𝟒𝐑 + 𝐫

𝐬
 

=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

√
𝟑𝐬

𝐫
+
𝐬

𝐫
.
𝟒𝐑 + 𝐫

𝐫
−
𝟑𝐬

𝐫
.√
𝟒𝐑 + 𝐫

𝐬
 

∴ √𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 ≤

𝟒𝐑 + 𝐫

𝐫
 

𝐀𝐠𝒂𝐢𝐧,√𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 

≥
𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
⇔ 𝟐∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟗 + 
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𝟐∑√(𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑) (𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑)

𝐜𝐲𝐜

≥
(∗)

(
𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
)

𝟐

 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒, 𝟐∑√(𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑) (𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑)

𝐜𝐲𝐜

 

≥ 𝟐∑(𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
+ 𝟑)

𝐜𝐲𝐜

⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) 

≥ 𝟒∑𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐𝟕 + 𝟐∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

 

= (𝟒∑𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟖∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

) − 𝟔∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

+ 𝟐𝟕 

= 𝟒(∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

− 𝟔∑𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐲𝐜

+ 𝟐𝟕 =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐) 𝟒𝐬𝟐

𝐫𝟐
−
𝟔(𝟒𝐑 + 𝐫)

𝐫
+ 𝟐𝟕 

=
𝟒𝐬𝟐 − 𝟐𝟒𝐑𝐫 + 𝟐𝟏𝐫𝟐

𝐫𝟐
≥
?
(
𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
)

𝟐

=
𝟐𝟓𝐬𝟐 + 𝟐𝟕𝐫𝟐 + 𝟑𝟎√𝟑𝐫𝐬

𝟏𝟐𝐫𝟐
 

⇔ 𝟐𝟑𝐬𝟐 − 𝟐𝟖𝟖𝐑𝐫 + 𝟐𝟐𝟓𝐫𝟐 ≥
?
⏟
(∗∗)

𝟑𝟎√𝟑𝐫𝐬  𝒂𝐧𝐝 ∵ 𝟐𝟑𝐬𝟐 − 𝟐𝟖𝟖𝐑𝐫 + 𝟐𝟐𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

𝟐𝟑(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟐𝟖𝟖𝐑𝐫 + 𝟐𝟐𝟓𝐫𝟐 = 𝟖𝟎𝐑𝐫 + 𝟏𝟏𝟎𝐫𝟐 > 0 

∴ (∗∗) ⇔ (𝟐𝟑𝐬𝟐 − 𝟐𝟖𝟖𝐑𝐫 + 𝟐𝟐𝟓𝐫𝟐)
𝟐
≥ 𝟐𝟕𝟎𝟎𝐫𝟐𝐬𝟐 

⇔ 𝟓𝟐𝟗𝐬𝟒 − (𝟏𝟑𝟐𝟒𝟖𝐑𝐫 − 𝟕𝟔𝟓𝟎𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟖𝟐𝟗𝟒𝟒𝐑𝟐 − 𝟏𝟐𝟗𝟔𝟎𝟎𝐑𝐫 + 𝟓𝟎𝟔𝟐𝟓𝐫𝟐) 

≥
(∗∗∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟓𝟐𝟗(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ 𝟓𝟐𝟗(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟗𝟐𝐑 + 𝟓𝟗𝐫)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟏𝟑𝟏𝟐𝐑𝟐 + 𝟏𝟏𝟐𝟒𝐑𝐫 − 𝟗𝟑𝟓𝐫𝟐) 

𝐀𝐠𝒂𝐢𝐧, (𝟗𝟐𝐑 + 𝟓𝟗𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟗𝟐𝐑 + 𝟓𝟗𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟏𝟑𝟏𝟐𝐑𝟐 + 𝟏𝟏𝟐𝟒𝐑𝐫 − 𝟗𝟑𝟓𝐫𝟐) ⇔ 𝟔𝟒𝟎𝟎𝐫𝟐(𝐑 − 𝟐𝐫)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ √𝐜𝐨𝐭𝟐
𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 ≥

𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

𝟏 +
𝟒𝐑

𝐫
≥ √𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐁

𝟐
+ 𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝟑 + √𝐜𝐨𝐭𝟐

𝐂

𝟐
+ 𝐜𝐨𝐭𝟐

𝐀

𝟐
+ 𝟑 

≥
𝟓√𝟑𝐬

𝟔𝐫
+
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1621.   𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

𝟗𝐑𝟐 − 𝒂𝟐
+

𝐛

𝟗𝐑𝟐 − 𝐛𝟐
+

𝐜

𝟗𝐑𝟐 − 𝐜𝟐
≤

𝟗

𝟐√𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)
  

(𝐈𝐧𝐬𝐩𝐢𝐫𝐞𝐝 𝐛𝐲 𝒂 𝐩𝐫𝐨𝐛𝐥𝐞𝐦 𝐨𝐟 𝒁𝒂𝒛𝒂 𝑴𝒛𝒉𝒂𝒗𝒂𝒏𝒂𝒅𝒛𝒆) 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 
Solution by Soumava Chakraborty-Kolkata-India 

𝒂

𝟗𝐑𝟐 − 𝒂𝟐
+

𝐛

𝟗𝐑𝟐 − 𝐛𝟐
+

𝐜

𝟗𝐑𝟐 − 𝐜𝟐
= 

=
∑ (𝒂(𝟖𝟏𝐑𝟒 − 𝟗𝐑𝟐(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐))𝐜𝐲𝐜

𝟕𝟐𝟗𝐑𝟔 − 𝟖𝟏𝐑𝟒∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟗𝐑𝟐∑ 𝐛𝟐𝐜𝟐𝐜𝐲𝐜 − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
 

=
𝟐𝐬. 𝟖𝟏𝐑𝟒 − 𝟗𝐑𝟐(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬) + 𝟒𝐑𝐫𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟕𝟐𝟗𝐑𝟔 − 𝟏𝟔𝟐𝐑𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟗𝐑𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
 

≤
𝟗

𝟐√𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)
 

⇔ (
𝟐𝐬. 𝟖𝟏𝐑𝟒 − 𝟗𝐑𝟐(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬) + 𝟒𝐑𝐫𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟕𝟐𝟗𝐑𝟔 − 𝟏𝟔𝟐𝐑𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟗𝐑𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
)

𝟐

 

≤
𝟐𝟕

𝟖(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

⇔ 𝟏𝟒𝟑𝟒𝟖𝟗𝟎𝟕𝐑𝟏𝟎 + 𝟐𝟓𝟓𝟎𝟗𝟏𝟔𝟖𝐑𝟗𝐫 + 𝟐𝟑𝟑𝟖𝟑𝟒𝟎𝟒𝐑𝟖𝐫𝟐 + 𝟏𝟑𝟓𝟒𝟏𝟗𝟎𝟒𝐑𝟕𝐫𝟑 + 
𝟓𝟒𝟎𝟏𝟖𝟗𝟎𝐑𝟔𝐫𝟒 + 𝟏𝟓𝟎𝟒𝟔𝟓𝟔𝐑𝟓𝐫𝟓 + 𝟐𝟖𝟖𝟔𝟖𝟒𝐑𝟒𝐫𝟔 + 𝟑𝟒𝟗𝟗𝟐𝐑𝟑𝐫𝟕 + 𝟐𝟏𝟖𝟕𝐑𝟐𝐫𝟖 

−(𝟒𝟎𝟓𝐑𝟐 − 𝟏𝟏𝟓𝟐𝐑𝐫 + 𝟏𝟐𝟖𝐫𝟐)𝐬𝟖 

−(𝟑𝟐𝟎𝟕𝟔𝐑𝟒 + 𝟐𝟒𝟔𝟐𝟒𝐑𝟑𝐫 + 𝟑𝟗𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟖𝐫𝟒)𝐬𝟔 

+(𝟖𝟓𝟐𝟗𝟑𝟎𝐑
𝟔 + 𝟔𝟔𝟒𝟖𝟒𝟖𝐑𝟓𝐫 + 𝟐𝟏𝟗𝟑𝟒𝟖𝐑𝟒𝐫𝟐 + 𝟐𝟗𝟓𝟐𝟎𝐑𝟑𝐫𝟑 −

𝟗𝟒𝐑𝟐𝐫𝟒 − 𝟏𝟐𝟖𝐑𝐫𝟓 + 𝟐𝟕𝟗𝟔𝐫𝟔
) 𝐬𝟒 

−(𝟔𝟑𝟕𝟕𝟐𝟗𝟐𝐑
𝟖 + 𝟕𝟔𝟔𝟑𝟐𝟒𝟖𝐑𝟕𝐫 + 𝟒𝟓𝟑𝟒𝟑𝟖𝟎𝐑𝟔𝐫𝟐 + 𝟏𝟔𝟑𝟓𝟓𝟓𝟐𝐑𝟓𝐫𝟑

+𝟐𝟖𝟑𝟓𝟕𝟐𝐑𝟒𝐫𝟒 + 𝟖𝟔𝟓𝟔𝐑𝟑𝐫𝟓 − 𝟐𝟕𝟗𝟔𝐑𝟐𝐫𝟔 − 𝟑𝟖𝟒𝐑𝐫𝟕 − 𝟏𝟐𝟖𝐫𝟖
) 𝐬𝟐 ≥

(∗)

𝟎 

𝐍𝐨𝐰,−(𝟒𝟎𝟓𝐑𝟐 − 𝟏𝟏𝟓𝟐𝐑𝐫 + 𝟏𝟐𝟖𝐫𝟐)𝐬𝟖 

−(𝟑𝟐𝟎𝟕𝟔𝐑𝟒 + 𝟐𝟒𝟔𝟐𝟒𝐑𝟑𝐫 + 𝟑𝟗𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟖𝐫𝟒)𝐬𝟔 

= −(𝟒𝟎𝟓𝐑 − 𝟑𝟒𝟐𝐫)(𝐑 − 𝟐𝐫)𝐬𝟖 + 𝟓𝟓𝟔𝐫𝟐𝐬𝟖 

−(𝟑𝟐𝟎𝟕𝟔𝐑𝟒 + 𝟐𝟒𝟔𝟐𝟒𝐑𝟑𝐫 + 𝟑𝟗𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟖𝐫𝟒)𝐬𝟔 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(𝟒𝟎𝟓𝐑 − 𝟑𝟒𝟐𝐫)(𝐑 − 𝟐𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟔 + 𝟓𝟓𝟔𝐫𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟔 

−(𝟑𝟐𝟎𝟕𝟔𝐑𝟒 + 𝟐𝟒𝟔𝟐𝟒𝐑𝟑𝐫 + 𝟑𝟗𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟖𝐫𝟒)𝐬𝟔 

= −(𝟑𝟑𝟔𝟗𝟔𝐑𝟒 + 𝟐𝟏𝟔𝟑𝟔𝐑𝟑𝐫 + 𝟑𝟐𝟔𝟕𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟐𝟓𝟔𝐑𝐫𝟑 + 𝟒𝟗𝟔𝟎𝐫𝟒)𝐬𝟔 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝟏𝟒𝟑𝟒𝟖𝟗𝟎𝟕𝐑𝟏𝟎 + 𝟐𝟓𝟓𝟎𝟗𝟏𝟔𝟖𝐑𝟗𝐫 + 𝟐𝟑𝟑𝟖𝟑𝟒𝟎𝟒𝐑𝟖𝐫𝟐 + 𝟏𝟑𝟓𝟒𝟏𝟗𝟎𝟒𝐑𝟕𝐫𝟑 

+𝟓𝟒𝟎𝟏𝟖𝟗𝟎𝐑𝟔𝐫𝟒 + 𝟏𝟓𝟎𝟒𝟔𝟓𝟔𝐑𝟓𝐫𝟓 + 𝟐𝟖𝟖𝟔𝟖𝟒𝐑𝟒𝐫𝟔 + 𝟑𝟒𝟗𝟗𝟐𝐑𝟑𝐫𝟕 + 𝟐𝟏𝟖𝟕𝐑𝟐𝐫𝟖 

−(𝟑𝟑𝟔𝟗𝟔𝐑𝟒 + 𝟐𝟏𝟔𝟑𝟔𝐑𝟑𝐫 + 𝟑𝟐𝟔𝟕𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟐𝟓𝟔𝐑𝐫𝟑 + 𝟒𝟗𝟔𝟎𝐫𝟒)𝐬𝟔 

+(𝟖𝟓𝟐𝟗𝟑𝟎𝐑
𝟔 + 𝟔𝟔𝟒𝟖𝟒𝟖𝐑𝟓𝐫 + 𝟐𝟏𝟗𝟑𝟒𝟖𝐑𝟒𝐫𝟐 + 𝟐𝟗𝟓𝟐𝟎𝐑𝟑𝐫𝟑

−𝟗𝟒𝐑𝟐𝐫𝟒 − 𝟏𝟐𝟖𝐑𝐫𝟓 + 𝟐𝟕𝟗𝟔𝐫𝟔
) 𝐬𝟒 
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−(𝟔𝟑𝟕𝟕𝟐𝟗𝟐𝐑
𝟖 + 𝟕𝟔𝟔𝟑𝟐𝟒𝟖𝐑𝟕𝐫 + 𝟒𝟓𝟑𝟒𝟑𝟖𝟎𝐑𝟔𝐫𝟐 + 𝟏𝟔𝟑𝟓𝟓𝟓𝟐𝐑𝟓𝐫𝟑 +

𝟐𝟖𝟑𝟓𝟕𝟐𝐑𝟒𝐫𝟒 + 𝟖𝟔𝟓𝟔𝐑𝟑𝐫𝟓 − 𝟐𝟕𝟗𝟔𝐑𝟐𝐫𝟔 − 𝟑𝟖𝟒𝐑𝐫𝟕 − 𝟏𝟐𝟖𝐫𝟖
) 𝐬𝟐 ≥

(∗∗)

𝟎 𝒂𝐧𝐝 

∵ −(𝟑𝟑𝟔𝟗𝟔𝐑
𝟒 + 𝟐𝟏𝟔𝟑𝟔𝐑𝟑𝐫 + 𝟑𝟐𝟔𝟕𝐑𝟐𝐫𝟐

−𝟏𝟎𝟐𝟓𝟔𝐑𝐫𝟑 + 𝟒𝟗𝟔𝟎𝐫𝟒
) (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟑
 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 

−(𝟑𝟑𝟔𝟗𝟔𝐑
𝟒 + 𝟐𝟏𝟔𝟑𝟔𝐑𝟑𝐫 + 𝟑𝟐𝟔𝟕𝐑𝟐𝐫𝟐

−𝟏𝟎𝟐𝟓𝟔𝐑𝐫𝟑 + 𝟒𝟗𝟔𝟎𝐫𝟒
) (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟑
⇔ 

𝟏𝟐𝟏𝟗𝟐𝟑𝟔𝟑𝐑𝟏𝟎 + 𝟏𝟕𝟔𝟓𝟒𝟖𝟑𝟐𝐑𝟗𝐫 + 𝟕𝟔𝟗𝟖𝟑𝟒𝟖𝐑𝟖𝐫𝟐 − 𝟓𝟓𝟓𝟗𝟔𝟔𝟒𝐑𝟕𝐫𝟑 − 𝟏𝟎𝟏𝟓𝟏𝟑𝟕𝟒𝐑𝟔𝐫𝟒 
−𝟔𝟐𝟒𝟑𝟎𝟕𝟐𝐑𝟓𝐫𝟓 − 𝟏𝟖𝟑𝟕𝟓𝟐𝟖𝐑𝟒𝐫𝟔 − 𝟔𝟑𝟒𝟐𝟒𝐑𝟑𝐫𝟕 − 𝟐𝟐𝟖𝟐𝟗𝟒𝐑𝟐𝐫𝟖 

−𝟐𝟓𝟖𝟕𝟔𝟖𝐑𝐫𝟗 − 𝟏𝟑𝟑𝟗𝟐𝟎𝐫𝟏𝟎 

+(𝟒𝟒𝟖𝟓𝟕𝟖𝐑
𝟔 + 𝟖𝟔𝟒𝐑𝟓𝐫 − 𝟑𝟖𝟐𝟕𝟓𝟐𝐑𝟒𝐫𝟐 − 𝟖𝟏𝟑𝟑𝟔𝐑𝟑𝐫𝟑 + 𝟑𝟒𝟎𝟓𝟓𝐑𝟐𝐫𝟒

+𝟑𝟐𝟔𝟓𝟔𝐑𝐫𝟓 − 𝟒𝟒𝟓𝟏𝟐𝐫𝟔
) 𝐬𝟒 

−( 𝟒𝟕𝟓𝟗𝟖𝟖𝟒𝐑𝟖 + 𝟑𝟑𝟖𝟗𝟗𝟎𝟒𝐑𝟕𝐫 − 𝟏𝟕𝟒𝟑𝟎𝟏𝟐𝐑𝟔𝐫𝟐 − 𝟑𝟐𝟎𝟖𝟐𝟐𝟒𝐑𝟓𝐫𝟑

−𝟏𝟖𝟐𝟗𝟓𝟓𝟔𝐑𝟒𝐫𝟒 − 𝟓𝟔𝟏𝟖𝟎𝐑𝟑𝐫𝟓 + 𝟓𝟐𝟐𝟐𝟕𝐑𝟐𝐫𝟔 − 𝟖𝟎𝟓𝟗𝟐𝐑𝐫𝟕 − 𝟏𝟑𝟒𝟎𝟒𝟖𝐫𝟖
) 𝐬𝟐 ≥

(∗∗∗)

𝟎 𝒂𝐧𝐝 

∵ 𝟒𝟒𝟖𝟓𝟕𝟖𝐑𝟔 + 𝟖𝟔𝟒𝐑𝟓𝐫 − 𝟑𝟖𝟐𝟕𝟓𝟐𝐑𝟒𝐫𝟐 − 𝟖𝟏𝟑𝟑𝟔𝐑𝟑𝐫𝟑 + 
𝟑𝟒𝟎𝟓𝟓𝐑𝟐𝐫𝟒 + 𝟑𝟐𝟔𝟓𝟔𝐑𝐫𝟓 − 𝟒𝟒𝟓𝟏𝟐𝐫𝟔 

= (𝐑 − 𝟐𝐫) ( 𝟒𝟒𝟖𝟓𝟕𝟖𝐑
𝟓 + 𝟖𝟗𝟖𝟎𝟐𝟎𝐑𝟒𝐫 + 𝟏𝟒𝟏𝟑𝟐𝟖𝟖𝐑𝟑𝐫𝟐 +

𝟐𝟕𝟒𝟓𝟐𝟒𝟎𝐑𝟐𝐫𝟑 + 𝟓𝟓𝟐𝟒𝟓𝟑𝟓𝐑𝐫𝟒 + 𝟏𝟏𝟎𝟖𝟏𝟕𝟐𝟔𝐫𝟓
) + 𝟐𝟐𝟏𝟏𝟖𝟗𝟒𝟎𝐫𝟔 

≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟐𝟏𝟏𝟖𝟗𝟒𝟎𝐫𝟔 > 0 ∴ 

(𝟒𝟒𝟖𝟓𝟕𝟖𝐑
𝟔 + 𝟖𝟔𝟒𝐑𝟓𝐫 − 𝟑𝟖𝟐𝟕𝟓𝟐𝐑𝟒𝐫𝟐 − 𝟖𝟏𝟑𝟑𝟔𝐑𝟑𝐫𝟑

+𝟑𝟒𝟎𝟓𝟓𝐑𝟐𝐫𝟒 + 𝟑𝟐𝟔𝟓𝟔𝐑𝐫𝟓 − 𝟒𝟒𝟓𝟏𝟐𝐫𝟔
) (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟐
 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ 

(𝟒𝟒𝟖𝟓𝟕𝟖𝐑
𝟔 + 𝟖𝟔𝟒𝐑𝟓𝐫 − 𝟑𝟖𝟐𝟕𝟓𝟐𝐑𝟒𝐫𝟐 − 𝟖𝟏𝟑𝟑𝟔𝐑𝟑𝐫𝟑 +
𝟑𝟒𝟎𝟓𝟓𝐑𝟐𝐫𝟒 + 𝟑𝟐𝟔𝟓𝟔𝐑𝐫𝟓 − 𝟒𝟒𝟓𝟏𝟐𝐫𝟔

) (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)
𝟐

 

⇔ 𝟓𝟎𝟏𝟓𝟏𝟏𝟓𝐑𝟏𝟎 + 𝟑𝟐𝟖𝟔𝟓𝟏𝟐𝐑𝟗𝐫 − 𝟒𝟏𝟒𝟖𝟑𝟖𝟖𝐑𝟖𝐫𝟐 − 𝟐𝟖𝟏𝟎𝟔𝟓𝟔𝐑𝟕𝐫𝟑 + 𝟑𝟏𝟓𝟖𝟔𝟒𝟎𝐑𝟔𝐫𝟒 
+𝟒𝟓𝟕𝟔𝟑𝟖𝟒𝐑𝟓𝐫𝟓 + 𝟏𝟖𝟔𝟒𝟑𝟎𝟒𝐑𝟒𝐫𝟔 − 𝟑𝟎𝟓𝟕𝟔𝐑𝟑𝐫𝟕 + 𝟒𝟔𝟏𝟗𝟒𝟕𝐑𝟐𝐫𝟖 

+𝟓𝟏𝟓𝟔𝟏𝟔𝐑𝐫𝟗 + 𝟐𝟔𝟔𝟔𝟖𝟖𝐫𝟏𝟎 ≥
(∗∗∗∗)

 

( 𝟏𝟏𝟕𝟏𝟐𝟔𝟎𝐑𝟖 − 𝟐𝟎𝟓𝟔𝟑𝟐𝐑𝟕𝐫 − 𝟏𝟑𝟕𝟗𝟑𝟕𝟔𝐑𝟔𝐫𝟐 + 𝟒𝟗𝟗𝟐𝟗𝟔𝐑𝟓𝐫𝟑 +
𝟖𝟒𝟓𝟐𝟎𝟒𝐑𝟒𝐫𝟒 − 𝟏𝟎𝟏𝟖𝟓𝟐𝐑𝟑𝐫𝟓 − 𝟓𝟕𝟐𝟓𝟓𝐑𝟐𝐫𝟔 + 𝟕𝟗𝟓𝟔𝟖𝐑𝐫𝟕 + 𝟏𝟑𝟑𝟎𝟐𝟒𝐫𝟖

) 𝐬𝟐 

𝐍𝐨𝐰, 𝟏𝟏𝟕𝟏𝟐𝟔𝟎𝐑𝟖 − 𝟐𝟎𝟓𝟔𝟑𝟐𝐑𝟕𝐫 − 𝟏𝟑𝟕𝟗𝟑𝟕𝟔𝐑𝟔𝐫𝟐 + 𝟒𝟗𝟗𝟐𝟗𝟔𝐑𝟓𝐫𝟑 + 𝟖𝟒𝟓𝟐𝟎𝟒𝐑𝟒𝐫𝟒 
−𝟏𝟎𝟏𝟖𝟓𝟐𝐑𝟑𝐫𝟓 − 𝟓𝟕𝟐𝟓𝟓𝐑𝟐𝐫𝟔 + 𝟕𝟗𝟓𝟔𝟖𝐑𝐫𝟕 + 𝟏𝟑𝟑𝟎𝟐𝟒𝐫𝟖 

= (𝐑 − 𝟐𝐫) ( 𝟏𝟏𝟕𝟏𝟐𝟔𝟎𝐑𝟕 + 𝟐𝟏𝟑𝟔𝟖𝟖𝟖𝐑𝟔𝐫 + 𝟐𝟖𝟗𝟒𝟒𝟎𝟎𝐑𝟓𝐫𝟐 + 𝟔𝟐𝟖𝟖𝟎𝟗𝟔𝐑𝟒𝐫𝟑 +
𝟏𝟑𝟒𝟐𝟏𝟑𝟗𝟔𝐑𝟑𝐫𝟒 + 𝟐𝟔𝟕𝟒𝟎𝟗𝟒𝟎𝐑𝟐𝐫𝟓 + 𝟓𝟑𝟒𝟐𝟒𝟔𝟐𝟓𝐑𝐫𝟔 + 𝟏𝟎𝟔𝟗𝟐𝟖𝟖𝟏𝟖𝐫𝟕

) 

+𝟐𝟏𝟑𝟗𝟗𝟎𝟔𝟔𝟎𝐫𝟖 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟏𝟑𝟗𝟗𝟎𝟔𝟔𝟎𝐫𝟖 > 0 ∴ 𝐑𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≤
𝐁𝐥𝐮𝐧𝐝𝐨𝐧−𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟏𝟕𝟏𝟐𝟔𝟎𝐑
𝟖 − 𝟐𝟎𝟓𝟔𝟑𝟐𝐑𝟕𝐫 − 𝟏𝟑𝟕𝟗𝟑𝟕𝟔𝐑𝟔𝐫𝟐 + 𝟒𝟗𝟗𝟐𝟗𝟔𝐑𝟓𝐫𝟑 + 𝟖𝟒𝟓𝟐𝟎𝟒𝐑𝟒𝐫𝟒

−𝟏𝟎𝟏𝟖𝟓𝟐𝐑𝟑𝐫𝟓 − 𝟓𝟕𝟐𝟓𝟓𝐑𝟐𝐫𝟔 + 𝟕𝟗𝟓𝟔𝟖𝐑𝐫𝟕 + 𝟏𝟑𝟑𝟎𝟐𝟒𝐫𝟖
) .
𝐑(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑 − 𝟐𝐫
 

≤
?
𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) 

⇔ 𝟏𝟑𝟐𝟎𝟑𝟎𝟎𝐭𝟏𝟏 − 𝟐𝟗𝟔𝟒𝟏𝟓𝟎𝐭𝟏𝟎 − 𝟔𝟐𝟐𝟕𝟔𝟒𝐭𝟗 + 𝟑𝟎𝟔𝟎𝟓𝟔𝐭𝟖 + 𝟐𝟏𝟏𝟕𝟔𝟏𝟔𝐭𝟕 
+𝟔𝟑𝟓𝟔𝟗𝟔𝟎𝐭𝟔 − 𝟖𝟎𝟗𝟖𝟔𝟎𝐭𝟓 − 𝟒𝟓𝟔𝟒𝟏𝟎𝟖𝐭𝟒 − 𝟕𝟗𝟖𝟕𝟑𝟑𝐭𝟑 − 𝟓𝟏𝟗𝟎𝐭𝟐 

−𝟗𝟕𝟓𝟎𝟒𝐭 − 𝟓𝟑𝟑𝟑𝟕𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 
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⇔ (𝐭 − 𝟐)(
(𝐭 − 𝟐) (

𝟏𝟑𝟐𝟎𝟑𝟎𝟎𝐭𝟗 + 𝟐𝟑𝟏𝟕𝟎𝟓𝟎𝐭𝟖 + 𝟑𝟑𝟔𝟒𝟐𝟑𝟔𝐭𝟕 + 𝟒𝟒𝟗𝟒𝟖𝟎𝟎𝐭𝟔 +
𝟔𝟔𝟑𝟗𝟖𝟕𝟐𝐭𝟓 + 𝟏𝟒𝟗𝟑𝟕𝟐𝟒𝟖𝐭𝟒 + 𝟑𝟏𝟐𝟑𝟕𝟗𝟔𝟒𝟒𝐭𝟑 + 𝟔𝟓𝟐𝟎𝟓𝟒𝟕𝟔𝐭𝟐

+𝟏𝟑𝟎𝟓𝟎𝟒𝟓𝟗𝟓𝐭 + 𝟐𝟔𝟏𝟏𝟗𝟏𝟐𝟖𝟔

)

+𝟓𝟐𝟐𝟔𝟒𝟗𝟐𝟔𝟎

) 

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝟗𝐑𝟐 − 𝒂𝟐
+

𝐛

𝟗𝐑𝟐 − 𝐛𝟐
+

𝐜

𝟗𝐑𝟐 − 𝐜𝟐
≤

𝟗

𝟐√𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1622. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
≥ 𝟖 +𝐦𝒂𝒙{∑ √

𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

,∑ √
𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≥
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

∑ √
𝟒𝐫𝟐

𝐑𝟐
.

𝐡𝒂
𝟐

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

=∑ √
𝟒𝐫𝟐

𝐑𝟐
.

𝐛𝟐𝐜𝟐

𝒂𝟐(𝐛𝟐 + 𝐜𝟐)

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

 

≥
𝐁𝒂𝐧𝐝𝐢𝒍𝒂

∑ √
𝟒𝐫𝟐

𝐑𝟐
.
𝐛𝟐𝐜𝟐

𝒂𝟐.
𝐑
𝐫
. 𝐛𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

= √
𝟒𝐫𝟑

𝐑𝟑

𝟐𝟎𝟐𝟑

.∑ √
𝐛𝐜

𝒂𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √
𝟒𝐫𝟑

𝐑𝟑

𝟐𝟎𝟐𝟑

. √∏
𝐛𝐜

𝒂𝟐
𝐜𝐲𝐜

𝟔𝟎𝟔𝟗
 

∴∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≥ 𝟑. √
𝟒𝐫𝟑

𝐑𝟑

𝟐𝟎𝟐𝟑

→ (𝟏) 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐏𝐨𝐰𝐞𝐫 −𝐌𝐞𝒂𝐧 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲, (
∑ 𝒙

𝟏
𝟐𝟎𝟐𝟑𝐜𝐲𝐜

𝟑
)

𝟐𝟎𝟐𝟑

≤
∑ 𝒙𝐜𝐲𝐜

𝟑
 

⇒∑𝒙
𝟏

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≤ 𝟑. √
∑ 𝒙𝐜𝐲𝐜

𝟑

𝟐𝟎𝟐𝟑

→ (𝐢) 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)

= 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰, (𝐛 + 𝐜)𝟐 ≥
?
𝟑𝟐𝐑𝐫𝐜𝐨𝐬𝟐

𝐀

𝟐
=

𝐯𝐢𝒂 (𝐢)
𝟖𝐫(𝐫𝐛 + 𝐫𝐜) = 𝟖𝐫𝟐𝐬 (

𝟏

𝐬 − 𝐛
+

𝟏

𝐬 − 𝐜
) 

= 𝟖(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝒂

(𝐬 − 𝐛)(𝐬 − 𝐜)
= 𝟒𝒂(𝐛 + 𝐜 − 𝒂) 

⇔ (𝐛 + 𝐜)𝟐 + 𝟒𝒂𝟐 − 𝟒𝒂(𝐛 + 𝐜) ≥
?
𝟎 
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⇔ (𝐛 + 𝐜 − 𝟐𝒂)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝐛 + 𝐜 ≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝐢𝐢) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝐰𝒂

𝐡𝒂
=

𝟐𝐛𝐜
𝐛 + 𝐜

𝐜𝐨𝐬
𝐀
𝟐
. 𝒂

𝟐𝐫𝐬
≤

𝐯𝐢𝒂 (𝐢𝐢) 𝟐. 𝟒𝐑𝐫𝐬. 𝐜𝐨𝐬
𝐀
𝟐

𝟐𝐫𝐬. 𝟒. √𝟐𝐑𝐫. 𝐜𝐨𝐬
𝐀
𝟐

⇒ 𝐰𝒂
𝟐 ≤

𝐑

𝟐𝐫
. 𝐡𝒂

𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑ √
𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (𝐢)

𝟑.
√
∑

𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐𝐜𝐲𝐜

𝟑

𝟐𝟎𝟐𝟑

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟑. √
𝟏

𝟏𝟐
∑(

𝐰𝒂
𝟐

𝐰𝐛
𝟐 +

𝐰𝒂
𝟐

𝐰𝐜
𝟐
)

𝐜𝐲𝐜

𝟐𝟎𝟐𝟑
 

≤ 𝟑. √
𝟏

𝟏𝟐
.
𝐑

𝟐𝐫
.∑(

𝐡𝒂
𝟐

𝐡𝐛
𝟐 +

𝐡𝒂
𝟐

𝐡𝐜
𝟐
)

𝐜𝐲𝐜

𝟐𝟎𝟐𝟑
= 𝟑. √

𝐑

𝟐𝟒𝐫
∑(

𝐛𝟐

𝐜𝟐
+
𝐜𝟐

𝐛𝟐
)

𝐜𝐲𝐜

𝟐𝟎𝟐𝟑
 

≤
𝐁𝒂𝐧𝐝𝐢𝒍𝒂

𝟑. √
𝐑

𝟐𝟒𝐫
∑(

𝐑𝟐

𝐫𝟐
− 𝟐)

𝐜𝐲𝐜

𝟐𝟎𝟐𝟑
∴∑ √

𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≤ 𝟑. √
𝐑

𝟖𝐫
(
𝐑𝟐

𝐫𝟐
− 𝟐)

𝟐𝟎𝟐𝟑

→ (𝟐) 

𝐀𝐥𝐬𝐨,∑ √
𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (𝐢𝐢)

∑ √
𝟒𝐑𝐜𝐨𝐬

𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐

𝟒. √𝟐𝐑𝐫. 𝐜𝐨𝐬
𝐀
𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

= √
𝐑

𝟐𝐫

𝟒𝟎𝟒𝟔

.∑ √𝐬𝐢𝐧
𝐀

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

 

≤
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑. √
𝐑

𝟐𝐫

𝟒𝟎𝟒𝟔

. √
𝟏

𝟐

𝟐𝟎𝟐𝟑

  

(

 
 
∴ 𝐟(𝒙) = √𝐬𝐢𝐧

𝒙

𝟐

𝟐𝟎𝟐𝟑
 ∀ 𝒙 ∈ (𝟎, 𝛑) ⇒ 𝐟 ′′(𝒙) =

𝟐𝟎𝟐𝟐 + 𝐬𝐢𝐧𝟐
𝒙
𝟐

𝟏𝟔𝟑𝟕𝟎𝟏𝟏𝟔 (𝐬𝐢𝐧
𝒙
𝟐
)

𝟒𝟎𝟒𝟓
𝟐𝟎𝟐𝟑

< 0

)

 
 

 

∴∑ √
𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

≤ 𝟑. √√
𝐑

𝟐𝐫
.
𝟏

𝟐

𝟐𝟎𝟐𝟑

→ (𝟑) ∴ (𝟏) 𝒂𝐧𝐝 (𝟐) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥∑ √

𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑. √
𝟒𝐫𝟑

𝐑𝟑

𝟐𝟎𝟐𝟑

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥ 𝟑. √

𝐑

𝟖𝐫
(
𝐑𝟐

𝐫𝟐
− 𝟐)

𝟐𝟎𝟐𝟑

 

⇔ 𝐭𝟑 − 𝟖 + 𝟑. √
𝟒

𝐭𝟑

𝟐𝟎𝟐𝟑

− 𝟑. √
𝐭

𝟖
(𝐭𝟐 − 𝟐)

𝟐𝟎𝟐𝟑

≥
(∗)

𝟎 (𝐭 =
𝐑

𝐫
)  

𝐋𝐞𝐭 𝐅(𝐭) = 𝐭𝟑 − 𝟖 + 𝟑. √
𝟒

𝐭𝟑

𝟐𝟎𝟐𝟑

− 𝟑. √
𝐭

𝟖
(𝐭𝟐 − 𝟐)

𝟐𝟎𝟐𝟑

 ∀ 𝐭 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐅′(𝐭) = 𝟑𝐭𝟐 −
𝟔𝐭

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

. (𝐭𝟐 − 𝟐)
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑

−
𝟑. √𝐭𝟐 − 𝟐

𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

. 𝐭
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑

−
𝟗. √𝟒

𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑

→ (◆) 
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𝐍𝐨𝐰, 𝐭𝟐(𝐭𝟐 − 𝟐)
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑. 𝟐𝟎𝟐𝟑. √𝟖

𝟐𝟎𝟐𝟑
≥

𝐄𝐮𝐥𝐞𝐫
𝐭𝟐. 𝟐

𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑. 𝟐𝟎𝟐𝟑. 𝟐

𝟑
𝟐𝟎𝟐𝟑 

= 𝐭𝟐. (𝟐𝟎𝟐𝟑. 𝟐
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟑) >

𝐭 ≥ 𝟐
𝐭
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑. (𝟔) ⇒ 𝐭𝟐 >

𝟔𝐭
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

. (𝐭𝟐 − 𝟐)
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑

→ (⦁) 

𝐀𝐠𝒂𝐢𝐧, 𝐭𝟐. 𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

. 𝐭
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑 = 𝐭

𝟔𝟎𝟔𝟖
𝟐𝟎𝟐𝟑. (𝟐𝟎𝟐𝟑. √𝟖

𝟐𝟎𝟐𝟑
) > √𝐭𝟐 − 𝟐

𝟐𝟎𝟐𝟑
. (𝟑)  

(∵ 𝐭
𝟔𝟎𝟔𝟖
𝟐𝟎𝟐𝟑 >

𝐭 ≥ 𝟐
𝐭

𝟐
𝟐𝟎𝟐𝟑 ⇒ 𝐭

𝟔𝟎𝟔𝟖
𝟐𝟎𝟐𝟑 > √𝐭𝟐 − 𝟐

𝟐𝟎𝟐𝟑
 𝒂𝐧𝐝 𝟐𝟎𝟐𝟑𝟐𝟎𝟐𝟑. 𝟖 > 𝟑𝟐𝟎𝟐𝟑

⇒ 𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

> 3
) 

⇒ 𝐭𝟐 >
𝟑. √𝐭𝟐 − 𝟐

𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. √𝟖
𝟐𝟎𝟐𝟑

. 𝐭
𝟐𝟎𝟐𝟐
𝟐𝟎𝟐𝟑

→ (⦁⦁) 

𝐀𝒍𝐬𝐨, 𝐭𝟐. 𝟐𝟎𝟐𝟑𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑 >

𝐭 ≥ 𝟐
𝟐𝟎𝟐𝟑 > 9. √𝟒

𝟐𝟎𝟐𝟑
∴ 𝐭𝟐 >

𝟗. √𝟒
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑

→ (⦁⦁⦁) 

∴ (⦁) + (⦁⦁) + (⦁⦁⦁) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (◆) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐅′(𝐭) > 0 ∀ 𝐭 ≥ 𝟐 ⇒ 𝐅(𝐭) 𝐢𝐬 ↑ 𝐨𝐧 [𝟐,∞) 
⇒ 𝐅(𝐭) ≥ 𝐅(𝟐) = 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥

(∎)

∑ √
𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, (𝟏) 𝒂𝐧𝐝 (𝟑) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
− 𝟖 

≥∑ √
𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟑. √
𝟒𝐫𝟑

𝐑𝟑

𝟐𝟎𝟐𝟑

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥ 𝟑. √√

𝐑

𝟐𝐫
.
𝟏

𝟐

𝟐𝟎𝟐𝟑

 

⇔ 𝐭𝟑 − 𝟖 + 𝟑. √
𝟒

𝐭𝟑

𝟐𝟎𝟐𝟑

− 𝟑. √√𝐭.
𝟏

𝟐

𝟐𝟎𝟐𝟑

≥
(∗∗)

𝟎  

𝐋𝐞𝐭 𝐏(𝐭) = 𝐭𝟑 − 𝟖 + 𝟑. √
𝟒

𝐭𝟑

𝟐𝟎𝟐𝟑

− 𝟑. √√𝐭.
𝟏

𝟐

𝟐𝟎𝟐𝟑

 ∀ 𝐭 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐏′(𝐭) = 𝟑𝐭𝟐 −
𝟑

𝟐𝟎𝟐𝟑. 𝟐
𝟒𝟎𝟒𝟗
𝟒𝟎𝟒𝟔. 𝐭

𝟒𝟎𝟒𝟓
𝟒𝟎𝟒𝟔

−
𝟗. √𝟒

𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. 𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑

→ (◆◆) 

𝐍𝐨𝐰, 𝐭𝟐. 𝟐𝟎𝟐𝟑. 𝟐
𝟒𝟎𝟒𝟗
𝟒𝟎𝟒𝟔. 𝐭

𝟒𝟎𝟒𝟓
𝟒𝟎𝟒𝟔 = 𝐭𝟐+

𝟒𝟎𝟒𝟓
𝟒𝟎𝟒𝟔. (𝟐𝟎𝟐𝟑. 𝟐

𝟒𝟎𝟒𝟗
𝟒𝟎𝟒𝟔) >

𝐭 ≥ 𝟐
𝟐𝟎𝟐𝟑. 𝟐

𝟒𝟎𝟒𝟗
𝟒𝟎𝟒𝟔 > 3 

⇒ 𝐭𝟐 >
𝟑

𝟐𝟎𝟐𝟑. 𝟐
𝟒𝟎𝟒𝟗
𝟒𝟎𝟒𝟔. 𝐭

𝟒𝟎𝟒𝟓
𝟒𝟎𝟒𝟔

→ (⦁⦁⦁⦁) 

𝐀𝐥𝐬𝐨, 𝐭𝟐. 𝟐𝟎𝟐𝟑. 𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑 = 𝐭𝟐+

𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑. (𝟐𝟎𝟐𝟑) >

𝐭 ≥ 𝟐
𝟐𝟎𝟐𝟑 > 9. √𝟒

𝟐𝟎𝟐𝟑
⇒ 𝐭𝟐 >

𝟗. √𝟒
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑. 𝐭
𝟐𝟎𝟐𝟔
𝟐𝟎𝟐𝟑

 

→ (⦁⦁⦁⦁⦁) ∴ (⦁⦁⦁⦁) + (⦁⦁⦁⦁⦁) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (◆◆) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐏′(𝐭) > 0 ∀ 𝐭 ≥ 𝟐 
⇒ 𝐏(𝐭) 𝐢𝐬 ↑ 𝐨𝐧 [𝟐,∞) ⇒ 𝐏(𝐭) ≥ 𝐅(𝟐) = 𝟎 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴ ∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥

(∎∎)

∑ √
𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

∴ (∎)(∎∎) ⇒ 

∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
− 𝟖 ≥ 𝐦𝒂𝒙{∑ √

𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

,∑ √
𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

} 

⇒∑ √
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

+
𝐑𝟑

𝐫𝟑
≥ 𝟖 +𝐦𝒂𝒙{∑ √

𝒂

𝐛 + 𝐜

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

,∑ √
𝐰𝒂
𝟐

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

𝟐𝟎𝟐𝟑

𝐜𝐲𝐜

} 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1623. 
𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏

𝒂
√𝐜𝐨𝐭𝐀 +

𝟏

𝐛
√𝐜𝐨𝐭𝐁 +

𝟏

𝐜
√𝐜𝐨𝐭 𝐂 >

𝟑

𝐩
 

  Proposed by Vasile Mircea Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝒂
√𝐜𝐨𝐭𝐀 +

𝟏

𝐛
√𝐜𝐨𝐭𝐁 +

𝟏

𝐜
√𝐜𝐨𝐭 𝐂 >

𝟑

𝐩
⇔∑√𝐜𝐨𝐭𝐀 (𝟏 + 𝐜𝐨𝐭𝟐 𝐀)

𝐜𝐲𝐜

>
𝟔𝐑

𝐬
  

(𝐅𝐨𝐫 𝐨𝐰𝐧 𝐜𝐨𝐧𝐯𝐞𝐧𝐢𝐞𝐧𝐜𝐞, 𝐩 ≡ 𝐬) ⇔∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+∑𝐜𝐨𝐭𝟑 𝐀

𝐜𝐲𝐜

 

+𝟐∑(√𝐜𝐨𝐭𝐀 (𝟏 + 𝐜𝐨𝐭𝟐 𝐀). √𝐜𝐨𝐭 𝐁 (𝟏 + 𝐜𝐨𝐭𝟐 𝐁))

𝐜𝐲𝐜

>
(∗) 𝟑𝟔𝐑𝟐

𝐬𝟐
 

𝐍𝐨𝐰, 𝟐∑(√𝐜𝐨𝐭𝐀 (𝟏 + 𝐜𝐨𝐭𝟐 𝐀). √𝐜𝐨𝐭 𝐁 (𝟏 + 𝐜𝐨𝐭𝟐 𝐁))

𝐜𝐲𝐜

>
𝐀−𝐆

𝟐∑(√𝐜𝐨𝐭𝐀 . 𝟐 𝐜𝐨𝐭𝐀 . √𝐜𝐨𝐭 𝐁 . 𝟐 𝐜𝐨𝐭 𝐁)

𝐜𝐲𝐜

 

= 𝟒∑𝐜𝐨𝐭𝐀 𝐜𝐨𝐭𝐁

𝐜𝐲𝐜

⇒ 𝟐∑(√𝐜𝐨𝐭𝐀 (𝟏 + 𝐜𝐨𝐭𝟐 𝐀).√𝐜𝐨𝐭 𝐁 (𝟏 + 𝐜𝐨𝐭𝟐 𝐁))

𝐜𝐲𝐜

>
(⦁)

𝟒 

𝐀𝐠𝒂𝐢𝐧,∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+∑𝐜𝐨𝐭𝟑 𝐀

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+
𝟏

𝟑
(∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐭𝟐 𝐀

𝐜𝐲𝐜

) ≥ 

∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+
𝟏

𝟑
(∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐭𝐀 𝐜𝐨𝐭𝐁

𝐜𝐲𝐜

) ⇒∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+∑𝐜𝐨𝐭𝟑 𝐀

𝐜𝐲𝐜

≥
(⦁⦁) 𝟒

𝟑
∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

 

∴ (⦁), (⦁⦁) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝟒

𝟑
∑𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

+ 𝟒 =
𝟒

𝟑
.
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐫𝐬
+ 𝟒 >

? 𝟑𝟔𝐑𝟐

𝐬𝟐
 

⇔
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟔𝐫𝐬
>
? 𝟗𝐑𝟐 − 𝐬𝟐

𝐬𝟐
 

⇔
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

𝟑𝟔𝐫𝟐𝐬𝟐
>
? (𝟗𝐑𝟐 − 𝐬𝟐)

𝟐

𝐬𝟒
 (∵ 𝟗𝐑𝟐 ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟒𝐬𝟐

𝟑
> 𝐬𝟐) 
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⇔ 𝐬𝟔 − (𝟖𝐑𝐫 + 𝟑𝟖𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟔𝟔𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐) − 𝟐𝟗𝟏𝟔𝐑𝟒𝐫𝟐 >
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟑
> 0 (∵∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

=
𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝟐
> 0) 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) > (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟑

 

⇔ (𝟏𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝟑𝟓𝐫𝟐)𝐬𝟒 − (𝟒𝟖𝐑𝟒 + 𝟗𝟔𝐑𝟑𝐫 − 𝟓𝟗𝟐𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐑𝐫𝟑 + 𝟐𝐫𝟒)𝐬𝟐 

+𝟔𝟒𝐑𝟔 + 𝟏𝟗𝟐𝐑𝟓𝐫 − 𝟐𝟔𝟕𝐑𝟒𝐫𝟐 + 𝟏𝟔𝟎𝐑𝟑𝐫𝟑 + 𝟔𝟎𝐑𝟐𝐫𝟒 + 𝟏𝟐𝐑𝐫𝟓 + 𝐫𝟔 >
(∗∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟏𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝟑𝟓𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
> 0 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) > (𝟏𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝟑𝟓𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐

 

⇔ (𝟒𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 + 𝟑𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟐𝟖𝟖𝐑𝐫𝟑 − 𝟕𝟐𝐫𝟒)𝐬𝟐 >
(∗∗∗∗)

 

𝟏𝟐𝟖𝐑𝟔 + 𝟐𝟓𝟔𝐑𝟓𝐫 + 𝟐𝟓𝟑𝟐𝐑𝟒𝐫𝟐 − 𝟏𝟎𝟖𝟖𝐑𝟑𝐫𝟑 − 𝟖𝟓𝟔𝐑𝟐𝐫𝟒 − 𝟐𝟖𝟖𝐑𝐫𝟓 − 𝟑𝟔𝐫𝟔 
𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) > 

(𝟒𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 + 𝟑𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟐𝟖𝟖𝐑𝐫𝟑 − 𝟕𝟐𝐫𝟒)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) 

>
?
𝟏𝟐𝟖𝐑𝟔 + 𝟐𝟓𝟔𝐑𝟓𝐫 + 𝟐𝟓𝟑𝟐𝐑𝟒𝐫𝟐 − 𝟏𝟎𝟖𝟖𝐑𝟑𝐫𝟑 − 𝟖𝟓𝟔𝐑𝟐𝐫𝟒 − 𝟐𝟖𝟖𝐑𝐫𝟓 − 𝟑𝟔𝐫𝟔 

⇔ 𝟏𝟔𝐭𝟔 + 𝟏𝟔𝐭𝟓 − 𝟐𝟐𝟏𝐭𝟒 + 𝟑𝟔𝟎𝐭𝟑 − 𝟓𝟒𝐭𝟐 − 𝟕𝟐𝐭 − 𝟗 >
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟔𝐭𝟒 + 𝟖𝟎𝐭𝟑 + 𝟑𝟓𝐭𝟐 + 𝟏𝟖𝟎𝐭 + 𝟓𝟐𝟔) + 𝟏𝟑𝟏𝟐) + 𝟓𝟏𝟏 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝒂
√𝐜𝐨𝐭𝐀 +

𝟏

𝐛
√𝐜𝐨𝐭𝐁 +

𝟏

𝐜
√𝐜𝐨𝐭 𝐂 >

𝟑

𝐩
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 
1624.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒𝟖𝐫𝟑

𝐑𝟑
≤
𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≤
𝟑

𝟒
. (𝟗. (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≤
𝐦𝒂 +𝐦𝐛

𝐡𝐜
+
𝐦𝐛 +𝐦𝐜

𝐡𝒂
+
𝐦𝐜 +𝐦𝒂

𝐡𝐛
 

=
𝐦𝒂

𝐡𝐜
+
𝐦𝐛

𝐡𝐜
+
𝐦𝐛

𝐡𝒂
+
𝐦𝐜

𝐡𝒂
+
𝐦𝐜

𝐡𝐛
+
𝐦𝒂

𝐡𝐛
≤
𝐂𝐁𝐒

√𝟐∑𝐦𝒂
𝟐

𝐜𝐲𝐜

. √𝟐∑
𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

 

= √𝟒.
𝟑

𝟒
.∑𝒂𝟐

𝐜𝐲𝐜

.
𝟏

𝟒𝐫𝟐𝐬𝟐
.∑𝒂𝟐

𝐜𝐲𝐜

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
√
𝟑. 𝟖𝟏𝐑𝟒

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
=
𝟑𝐑𝟐

𝟐𝐫𝟐
≤
? 𝟑

𝟒
. (𝟗. (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) 
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=
𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟒𝐫𝟑
⇔ 𝟗𝐭𝟑 − 𝟔𝟒 ≥

?
𝟐𝐭𝟐 (𝐭 =

𝐑

𝐫
) ⇔ 𝟗𝐭𝟑 − 𝟐𝐭𝟐 − 𝟔𝟒 ≥

?
𝟎 

⇔ (𝐭 − 𝟐)(𝟗𝐭𝟐 + 𝟏𝟔𝐭 + 𝟑𝟐) → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

∴
𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≤
𝟑

𝟒
. (𝟗. (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) 

𝐀𝐠𝒂𝐢𝐧,
𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≥
𝐡𝒂 + 𝐡𝐛
𝐦𝐜

+
𝐡𝐛 + 𝐡𝐜
𝐦𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐦𝐛

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

 

𝟏

𝟑
(∑(𝐡𝐛 + 𝐡𝐜)

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)(

∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒

𝐡𝐛 + 𝐡𝐜 ≥ 𝐡𝐜 + 𝐡𝒂 ≥ 𝐡𝒂 + 𝐡𝐛 𝒂𝐧𝐝 
𝟏

𝐦𝒂
≥

𝟏

𝐦𝐛
≥

𝟏

𝐦𝐜

) 

=
𝟐

𝟑
(𝟐𝐫𝐬∑

𝟏

𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

) ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟐

𝟑
. 𝟐𝐫𝐬.

𝟗

𝟐𝐬
.

𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫

𝟔𝐫.
𝟗

𝟗𝐑
𝟐

 

=
𝟏𝟐𝐫

𝐑
=
𝟏𝟐𝐑𝟐𝐫

𝐑𝟑
≥

𝐄𝐮𝐥𝐞𝐫 𝟏𝟐𝐫. 𝟒𝐫𝟐

𝐑𝟑
∴
𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≥
𝟒𝟖𝐫𝟑

𝐑𝟑
 𝒂𝐧𝐝 𝐬𝐨, 

𝟒𝟖𝐫𝟑

𝐑𝟑
≤
𝐡𝒂 + 𝐡𝐛
𝐡𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝒂
+
𝐦𝐜 +𝐦𝒂

𝐦𝐛
≤
𝟑

𝟒
. (𝟗. (

𝐑

𝐫
)
𝟑

− 𝟔𝟒)  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1625.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟗𝟔𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
≤
𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜

+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≤ 𝟏𝟔𝟖. (
𝐑

𝟒𝐫
)
𝟑

− 𝟏𝟖 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜
+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂
+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≤
𝐦𝒂 +𝐦𝐛

𝐡𝐛 + 𝐡𝐜
+
𝐦𝐛 +𝐦𝐜

𝐡𝐜 + 𝐡𝒂
+
𝐦𝐜 +𝐦𝒂

𝐡𝒂 + 𝐡𝐛
 

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
(
𝐦𝒂 +𝐦𝐛

𝐡𝐛
+
𝐦𝒂 +𝐦𝐛

𝐡𝐜
) +

𝟏

𝟒
(
𝐦𝐛 +𝐦𝐜

𝐡𝐜
+
𝐦𝐛 +𝐦𝐜

𝐡𝒂
) 

+
𝟏

𝟒
(
𝐦𝐜 +𝐦𝒂

𝐡𝒂
+
𝐦𝐜 +𝐦𝒂

𝐡𝐛
) =

𝟏

𝟒
(
∑ 𝐦𝒂𝐜𝐲𝐜 +𝐦𝐜

𝐡𝒂
+
∑ 𝐦𝒂𝐜𝐲𝐜 +𝐦𝒂

𝐡𝐛
+
∑ 𝐦𝒂𝐜𝐲𝐜 +𝐦𝐛

𝐡𝐜
) 

=
𝟏

𝟒
(∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

) +
𝟏

𝟒
(
𝐦𝒂

𝐡𝐛
+
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
) ≤

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 
𝒂𝐧𝐝
𝐂𝐁𝐒

 

𝟒𝐑 + 𝐫

𝟒𝐫
+
𝟏

𝟒
.√∑𝐦𝒂

𝟐

𝐜𝐲𝐜

.∑
𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟒𝐑 + 𝐫

𝟒𝐫
+
𝟏

𝟒
.√
𝟑

𝟒
.
𝟗𝐑𝟐. 𝟗𝐑𝟐

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
 

=
𝟑𝐑𝟐 + 𝟒𝐫(𝟒𝐑 + 𝐫)

𝟏𝟔𝐫𝟐
≤
?
𝟏𝟔𝟖. (

𝐑

𝟒𝐫
)
𝟑

− 𝟏𝟖 =
𝟐𝟏𝐑𝟑 − 𝟏𝟒𝟒𝐫𝟑

𝟖𝐫𝟑
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⇔ 𝟒𝟐𝐭𝟑 − 𝟑𝐭𝟐 − 𝟏𝟔𝐭 − 𝟐𝟗𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝟐𝐭𝟐 + 𝟖𝟏𝐭 + 𝟏𝟒𝟔) → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜
+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂
+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≤ 𝟏𝟔𝟖. (
𝐑

𝟒𝐫
)
𝟑

− 𝟏𝟖 

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜
+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂
+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≥
𝐡𝒂 + 𝐡𝐛
𝐦𝐛 +𝐦𝐜

+
𝐡𝐛 + 𝐡𝐜
𝐦𝐜 +𝐦𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐦𝒂 +𝐦𝐛

 

= 𝟐𝐫𝐬

(

 

𝟏

𝒂𝐦𝐛 + 𝒂𝐦𝐜
+

𝟏

𝐛𝐦𝐛 + 𝐛𝐦𝐜
+

𝟏

𝐛𝐦𝐜 + 𝐛𝐦𝒂
+

𝟏

𝐜𝐦𝐜 + 𝐜𝐦𝒂

+
𝟏

𝐜𝐦𝒂 + 𝐜𝐦𝐛
+

𝟏

𝒂𝐦𝒂 + 𝒂𝐦𝐛 )

 ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

 
𝟐𝐫𝐬. 𝟑𝟔

𝟐(𝒂𝐦𝐛 + 𝐛𝐦𝐜 + 𝐜𝐦𝒂) + (𝒂𝐦𝒂 + 𝐛𝐦𝐛 + 𝐜𝐦𝐜) + (𝐛𝐦𝒂 + 𝐜𝐦𝐛 + 𝒂𝐦𝐜)
 

 

≥
𝐂𝐁𝐒 𝟕𝟐𝐫𝐬

𝟐.√∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 . ∑ 𝒂𝟐𝐜𝐲𝐜 + √∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 . ∑ 𝒂𝟐𝐜𝐲𝐜 + √∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 . ∑ 𝒂𝟐𝐜𝐲𝐜

≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏𝟖𝐫. 𝟑√𝟑𝐫

√𝟑
𝟒
. 𝟗𝐑𝟐. 𝟗𝐑𝟐

 

 

=
𝟏𝟐𝐫𝟐

𝐑𝟐
≥
? 𝟗𝟔𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
⇔ 𝟕𝐭𝟑 − 𝟐𝐭𝟐 − 𝟒𝟖 ≥

?
𝟎 ⇔ (𝐭 − 𝟐)(𝟕𝐭𝟐 + 𝟏𝟐𝐭 + 𝟐𝟒) → 𝐭𝐫𝐮𝐞 

 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜
+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂
+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≥
𝟗𝟔𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
 𝒂𝐧𝐝 𝐬𝐨, 

 

𝟗𝟔𝐫𝟑

𝟐𝟖𝐑𝟑 − 𝟏𝟗𝟐𝐫𝟑
≤
𝐦𝒂 +𝐦𝐛

𝐦𝐛 +𝐦𝐜
+
𝐰𝐛 +𝐰𝐜

𝐰𝐜 +𝐰𝒂
+
𝐡𝐜 + 𝐡𝒂
𝐡𝒂 + 𝐡𝐛

≤ 𝟏𝟔𝟖. (
𝐑

𝟒𝐫
)
𝟑

− 𝟏𝟖  

 
∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1626.  

In ∆𝑨𝑩𝑪, 𝑰 −incenter, 𝑰𝑴, 𝑰𝑵, 𝑰𝑷 −medians in ∆𝑰𝑩𝑪, ∆𝑰𝑪𝑨, ∆𝑰𝑨𝑩 

𝑴 ∈ (𝑩𝑪),𝑵 ∈ (𝑪𝑨), 𝑷 ∈ (𝑨𝑩), 𝑰𝑴 = 𝒗𝒂, 𝑰𝑵 = 𝒗𝒃, 𝑰𝑷 = 𝒗𝒄. Prove that: 

𝟐𝑹𝒓 − 𝒓𝟐 ≤ 𝒗𝒂
𝟐 + 𝒗𝒃

𝟐 + 𝒗𝒄
𝟐 ≤ 𝟐𝑹𝟐 − 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

Proposed by Mehmet Șahin-Turkiye 
Solution by Daniel Sitaru-Romania 

∑𝒗𝒂
𝟐

𝒄𝒚𝒄

=∑
𝟏

𝟐
(𝑰𝑩𝟐 + 𝑰𝑪𝟐)

𝒄𝒚𝒄

−
𝟏

𝟒
∑𝒂𝟐

𝒄𝒚𝒄

= 

=∑𝑰𝑨𝟐

𝒄𝒚𝒄

−
𝟏

𝟒
∙ 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) =∑

𝒓𝟐

𝒔𝒊𝒏𝟐
𝑨
𝟐𝒄𝒚𝒄

−
𝟏

𝟐
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) = 
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= 𝒓𝟐∑
𝟏

𝒔𝒊𝒏𝟐
𝑨
𝟐𝒄𝒚𝒄

−
𝟏

𝟐
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) = 𝒓𝟐 ∙

𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
−
𝒔𝟐

𝟐
+
𝒓𝟐

𝟐
+ 𝟐𝑹𝒓

= 𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓 −
𝒔𝟐

𝟐
+
𝒓𝟐

𝟐
+ 𝟐𝑹𝒓 =

𝒔𝟐

𝟐
+
𝟑𝒓𝟐

𝟐
− 𝟔𝑹𝒓 

∑𝒗𝒂
𝟐

𝒄𝒚𝒄

=
𝒔𝟐

𝟐
+
𝟑𝒓𝟐

𝟐
− 𝟔𝑹𝒓 ≤⏞

𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵𝟏

𝟐
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) +

𝟑𝒓𝟐

𝟐
− 𝟔𝑹𝒓 =

=  𝟐𝑹𝟐 − 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

∑𝒗𝒂
𝟐

𝒄𝒚𝒄

=
𝒔𝟐

𝟐
+
𝟑𝒓𝟐

𝟐
− 𝟔𝑹𝒓 ≥⏞

𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵𝟏

𝟐
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) +

𝟑𝒓𝟐

𝟐
− 𝟔𝑹𝒓 = 

=  𝟐𝑹𝒓 − 𝒓𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1627. In acute ∆𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 are altitudes and 𝒓 is inradii. If 𝒓𝟏, 𝒓𝟐, 𝒓𝟑 are 
inradies of ∆𝑨𝑭𝑬, ∆𝑩𝑫𝑭, ∆𝑪𝑫𝑬 then: 

𝒓𝟏 + 𝒓𝟐 + 𝒓𝟑 ≤
𝟑𝒓

𝟐
 

 
Proposed by Ertan Yildirim-Turkiye 

Solution by Daniel Sitaru-Romania 
 

∑𝒓𝟏
𝒄𝒚𝒄

=∑
[𝑨𝑭𝑬]

𝑨𝑭 + 𝑭𝑬 + 𝑬𝑨
𝟐𝒄𝒚𝒄

=∑

𝟏
𝟐
∙ 𝑨𝑬 ∙ 𝑨𝑭 ∙ 𝒔𝒊𝒏𝑨

𝟏
𝟐
(𝒂𝒄𝒐𝒔𝑨 + 𝒃𝒄𝒐𝒔𝑨 + 𝒄𝒄𝒐𝒔𝑨)𝒄𝒚𝒄

= 

 

=∑
𝒃𝒄𝒐𝒔𝑨 ∙ 𝒄𝒄𝒐𝒔𝑨 ∙ 𝒔𝒊𝒏𝑨

(𝒂 + 𝒃 + 𝒄) ∙ 𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑
𝒃𝒄𝒔𝒊𝒏𝑨𝒄𝒐𝒔𝑨

𝟐𝒔
𝒄𝒚𝒄

= 

 

=∑
𝟐𝑭𝒄𝒐𝒔𝑨

𝟐𝒔
𝒄𝒚𝒄

=∑
𝒓𝒔𝒄𝒐𝒔𝑨

𝒔
𝒄𝒚𝒄

= 𝒓∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

≤⏞
𝑱𝑬𝑵𝑺𝑬𝑵

 

 

≤ 𝟑𝒓𝒄𝒐𝒔 (
𝑨 + 𝑩 + 𝑪

𝟑
) = 𝟑𝒓𝒄𝒐𝒔

𝝅

𝟑
=
𝟑𝒓

𝟐
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 
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1628. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑. (
𝟐𝐫

𝐑
)
𝟔

≤
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

≤ 𝟑. (
𝐑

𝟐𝐫
)
𝟔

  

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

≥
𝐀−𝐆

𝟑. √
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
.
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
.
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

𝟐

= 𝟑. √
𝐦𝐛𝐰𝐜𝐡𝒂
𝐰𝒂𝐡𝐛𝐦𝐜

𝟑

 

≥ 𝟑. √
𝐡𝐛𝐡𝐜𝐡𝒂
𝐦𝒂𝐦𝐛𝐦𝐜

𝟑

≥
𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 

𝐑𝐬𝟐

𝟐
𝟑. √

𝟐𝐫𝟐𝐬𝟐

𝐑
𝐑𝐬𝟐

𝟐

𝟑

= 𝟑. √
𝟒𝐫𝟐. 𝟐𝐫

𝐑𝟐. 𝟐𝐫

𝟑

≥
𝐄𝐮𝐥𝐞𝐫

𝟑. √
𝟖𝐫𝟑

𝐑𝟑

𝟑

= 𝟑. (
𝟐𝐫

𝐑
) 

=
𝟑. (

𝟐𝐫
𝐑
)
𝟔

(
𝟐𝐫
𝐑
)
𝟓

≥
𝐄𝐮𝐥𝐞𝐫

𝟑. (
𝟐𝐫

𝐑
)
𝟔

∴
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

≥ 𝟑. (
𝟐𝐫

𝐑
)
𝟔

 

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

≤
𝐦𝒂𝐦𝐛

𝐡𝒂𝐡𝐛
+
𝐦𝐛𝐦𝐜

𝐡𝐛𝐡𝐜
+
𝐦𝐜𝐦𝒂

𝐡𝐜𝐡𝒂
 

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

(
𝐑

𝟐𝐫
)
𝟐

.∑
𝐡𝐛𝐡𝐜
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

=
𝟑. (

𝐑
𝟐𝐫
)
𝟔

(
𝐑
𝟐𝐫
)
𝟒 ≤

𝐄𝐮𝐥𝐞𝐫
𝟑. (

𝐑

𝟐𝐫
)
𝟔

∴
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

 

≤ 𝟑. (
𝐑

𝟐𝐫
)
𝟔

 𝒂𝐧𝐝 𝐬𝐨, 𝟑. (
𝟐𝐫

𝐑
)
𝟔

≤
𝐦𝒂𝐦𝐛

𝐰𝒂𝐰𝐛
+
𝐰𝐛𝐰𝐜

𝐡𝐛𝐡𝐜
+
𝐡𝐜𝐡𝒂
𝐦𝐜𝐦𝒂

≤ 𝟑. (
𝐑

𝟐𝐫
)
𝟔

  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜 ≤
𝐑𝐬𝟐

𝟐
 

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) 

=
(𝟏) 𝟏

𝟔𝟒
{−𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐} 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐) 
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= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∴∑𝒂𝟔

𝐜𝐲𝐜

=
(𝟐)

(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

=
(𝟑)

 

(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 

=
𝟏

𝟔𝟒

(

 
 
 
 −𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)

+𝟔(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

)

 
 
 
 

 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

 

=
𝟏

𝟔𝟒
{
−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟑 + 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐

−𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐
} 

=
𝟏

𝟏𝟔
{𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑} 

≤
𝐑𝟐𝐬𝟒

𝟒
⇔ 

𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
(⦁)

𝟎 
 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) 
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−𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
?
𝟎 

⇔ 𝐬𝟒(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) 

+𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 𝒂𝐧𝐝  

𝐑𝐇𝐒 𝐨𝐟 (⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 

≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 
⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟎 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
(⦁⦁⦁)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  ≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭 − 𝟔𝟎 ≥ 𝟎 (𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐐𝐄𝐃) 

 

1629. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏𝟗𝟐𝐫𝟒

𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒
≤ (

𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

 ≤ 𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. (
𝐑

𝐫
)
𝟔

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒 

 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

(
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

≤ 

𝟐(
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +

𝐰𝐛
𝟐

𝐰𝒂
𝟐
+
𝐰𝐛
𝟐

𝐰𝐜
𝟐
+
𝐡𝐜
𝟐

𝐡𝐛
𝟐 +

𝐡𝐜
𝟐

𝐡𝒂
𝟐
+
𝐦𝒂
𝟐

𝐦𝐜
𝟐
) ≤ 𝟐(

𝐦𝒂
𝟐

𝐡𝐛
𝟐 +

𝐦𝐛
𝟐

𝐡𝒂
𝟐
+
𝐦𝐛
𝟐

𝐡𝐜
𝟐
+
𝐦𝐜
𝟐

𝐡𝐛
𝟐 +

𝐦𝐜
𝟐

𝐡𝒂
𝟐
+
𝐦𝒂
𝟐

𝐡𝐜
𝟐
) 

= 𝟐∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

= 𝟐∑
∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜 −𝐦𝒂

𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

=
𝟐

𝟒𝐫𝟐𝐬𝟐
(∑𝐦𝒂

𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐∑
𝐦𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜
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≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
𝟑
𝟒
. 𝟖𝟏𝐑𝟒

𝟐𝐫𝟐. 𝟐𝟕𝐫𝟐
− 𝟔 ∴ (

𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

≤
(𝟏) 𝟗𝐑𝟒

𝟖𝐫𝟒
− 𝟔 

𝐀𝐠𝒂𝐢𝐧, 𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. (
𝐑

𝐫
)
𝟔

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒 ≥
𝐄𝐮𝐥𝐞𝐫

𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. 𝟏𝟔. (

𝐑

𝐫
)
𝟐

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒 

≥
? 𝟗𝐑𝟒

𝟖𝐫𝟒
− 𝟔 ⇔

(𝟐𝟒𝟑𝐭𝟐 − 𝟗𝟔𝟖)𝟐

𝟒
≥
? 𝐭𝟒

𝟖
+ 𝟐 =

𝐭𝟒 + 𝟏𝟔

𝟖
 

⇔ 𝟏𝟏𝟖𝟎𝟗𝟕𝐭𝟒 − 𝟗𝟒𝟎𝟖𝟗𝟔𝐭𝟐 + 𝟏𝟖𝟕𝟒𝟎𝟑𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝐭 + 𝟐)((𝐭 − 𝟐)(𝟏𝟏𝟖𝟎𝟗𝟕𝐭 + 𝟐𝟑𝟔𝟏𝟗𝟒) + 𝟑𝟖𝟖𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴ 𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. (
𝐑

𝐫
)
𝟔

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒 ≥
𝟗𝐑𝟒

𝟖𝐫𝟒
− 𝟔 

≥
𝐯𝐢𝒂 (𝟏)

(
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

 

∴ (
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

≤ 𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. (
𝐑

𝐫
)
𝟔

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒  

𝐀𝐥𝐬𝐨, (
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

≥
𝐀−𝐆

𝟒 (
𝐦𝒂

𝐦𝐛
.
𝐰𝐛

𝐰𝒂
+
𝐰𝐛

𝐰𝐜
.
𝐡𝐜
𝐡𝐛

+
𝐡𝐜
𝐡𝒂
.
𝐦𝒂

𝐦𝐜
) 

≥
𝐀−𝐆

𝟏𝟐√
𝐦𝒂
𝟐𝐰𝐛

𝟐𝐡𝐜
𝟐

(𝐦𝐛𝐦𝐜)(𝐰𝐜𝐰𝒂)(𝐡𝒂𝐡𝐛)

𝟑

= 𝟏𝟐√
𝐦𝒂
𝟑𝐰𝐛

𝟑𝐡𝐜
𝟑

(∏ 𝐦𝒂𝐜𝐲𝐜 )(∏ 𝐰𝒂𝐜𝐲𝐜 )(∏ 𝐡𝒂𝐜𝐲𝐜 )

𝟑

 

≥ 𝟏𝟐(∏𝐡𝒂
𝐜𝐲𝐜

) √
𝟏

(∏ 𝐦𝒂𝐜𝐲𝐜 )
𝟑

𝟑
≥ 𝟏𝟐

(∏ 𝐡𝒂𝐜𝐲𝐜 )

(∏ 𝐦𝒂𝐜𝐲𝐜 )
≥

𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 
𝐑𝐬𝟐

𝟐
𝟏𝟐.

𝟐𝐫𝟐𝐬𝟐

𝐑
𝐑𝐬𝟐

𝟐

=
𝟒𝟖𝐫𝟐

𝐑𝟐
 

≥
? 𝟏𝟗𝟐𝐫𝟒

𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒
⇔ 𝟑𝐭𝟒 − 𝟒𝐭𝟐 − 𝟑𝟐 ≥

?
𝟎 ⇔ (𝐭 − 𝟐)(𝟑𝐭𝟑 + 𝟔𝐭𝟐 + 𝟖𝐭 + 𝟏𝟔) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴ (
𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

≥
𝟏𝟗𝟐𝐫𝟒

𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒
 

𝒂𝐧𝐝 𝐬𝐨,
𝟏𝟗𝟐𝐫𝟒

𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒
≤ (

𝐦𝒂

𝐦𝐛
+
𝐰𝐛

𝐰𝒂
)
𝟐

+ (
𝐰𝐛

𝐰𝐜
+
𝐡𝐜
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐡𝒂

+
𝐦𝒂

𝐦𝐜
)
𝟐

 

≤ 𝟗. (
𝟐𝟒𝟑

𝟑𝟐
. (
𝐑

𝐫
)
𝟔

− 𝟒𝟖𝟒)

𝟐

− 𝟐𝟒 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1630. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟔𝟒𝐫𝟓

𝐑𝟔
≤ (

√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

(
√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≤
𝐦𝒂

𝐡𝐛
𝟐 +

𝐦𝐛

𝐡𝐜
𝟐
+
𝐦𝐜

𝐡𝒂
𝟐

 

=
𝟏

𝟒𝐫𝟐𝐬𝟐
. (𝐛𝟐𝐦𝒂 + 𝐜𝟐𝐦𝐛 + 𝒂𝟐𝐦𝐜) ≤

𝐂𝐁𝐒 𝟏

𝟒𝐫𝟐𝐬𝟐
. √∑𝒂𝟒

𝐜𝐲𝐜

. √∑𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐. √
𝟑

𝟒
∑𝒂𝟐

𝐜𝐲𝐜

≤

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞
𝒂𝐧𝐝

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √(𝟖𝐑𝟐 − 𝟏𝟔𝐫𝟐)𝐬𝟐. √

𝟑

𝟒
. 𝟗𝐑𝟐 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √(𝟖𝐑𝟐 − 𝟏𝟔𝐫𝟐).

𝟐𝟕𝐑𝟐

𝟒
.√
𝟑

𝟒
. 𝟗𝐑𝟐 =

𝐑𝟐. √
𝐑𝟐 − 𝟐𝐫𝟐

𝟐
𝟒𝐫𝟒

 

≤
? 𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) =
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟑𝟐𝐫𝟔
 

⇔ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
𝟐
≥
?
𝟔𝟒𝐑𝟒𝐫𝟒 (

𝐑𝟐 − 𝟐𝐫𝟐

𝟐
) 

⇔ 𝟔𝟓𝟔𝟏𝐭𝟏𝟎 − 𝟑𝟐𝐭𝟔 − 𝟒𝟏𝟒𝟕𝟐𝟎𝐭𝟓 + 𝟔𝟒𝐭𝟒 + 𝟔𝟓𝟓𝟑𝟔𝟎𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (
(𝐭 − 𝟐) (𝟔𝟓𝟔𝟏𝐭

𝟖 + 𝟐𝟔𝟐𝟒𝟒𝐭𝟕 + 𝟕𝟖𝟕𝟑𝟐𝐭𝟔 + 𝟐𝟎𝟗𝟗𝟓𝟐𝐭𝟓 + 𝟓𝟐𝟒𝟖𝟒𝟖𝐭𝟒

+𝟖𝟒𝟒𝟖𝟔𝟒𝐭𝟑 + 𝟏𝟐𝟖𝟎𝟏𝟐𝟖𝐭𝟐 + 𝟏𝟕𝟒𝟏𝟎𝟓𝟔𝐭 + 𝟏𝟖𝟒𝟑𝟕𝟏𝟐
)

+𝟒𝟏𝟎𝟔𝟐𝟒

) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

∴ (
√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

𝐀𝐠𝒂𝐢𝐧, (
√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≥
𝐡𝒂

𝐦𝐛
𝟐 +

𝐡𝐛

𝐦𝐜
𝟐
+
𝐡𝐜

𝐦𝒂
𝟐

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟐

∑
𝟏
𝐡𝒂

𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝐫 (
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟐

≥
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫

𝐫(
𝟗

𝟗𝐑
𝟐

)

𝟐

=
𝟒𝐫

𝐑𝟐
=

𝟒𝐫𝟓

𝐑𝟐𝐫𝟒
≥

𝐄𝐮𝐥𝐞𝐫 𝟒𝐫𝟓

𝐑𝟐 (
𝐑
𝟐
)
𝟒 =

𝟔𝟒𝐫𝟓

𝐑𝟔
 

∴ (
√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≥
𝟔𝟒𝐫𝟓

𝐑𝟔
 𝒂𝐧𝐝 𝐬𝐨, 
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𝟔𝟒𝐫𝟓

𝐑𝟔
≤ (

√𝐦𝒂

𝐦𝐛
)

𝟐

+ (
√𝐰𝐛

𝐰𝐜
)

𝟐

+ (
√𝐡𝐜
𝐡𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1631. 
𝐈𝐧 𝒂𝐧𝐲 𝐜𝐲𝐜𝐥𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝟒

𝒂𝟕
+
𝐫𝐛
𝟒

𝐛𝟕
+
𝐫𝐜
𝟒

𝐜𝟕
+
𝐫𝐝
𝟒

𝐝𝟕
≥
𝟐

𝐬𝟑
 

 
  Proposed by Daniel Sitaru-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

 
𝐕𝐢𝒂 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝟏 𝒂𝐧𝐝 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝟐,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐩𝐪 = 𝒂𝐜 + 𝐛𝐝 𝒂𝐧𝐝  

𝐩

𝐪
=
𝒂𝐝 + 𝐛𝐜

𝒂𝐛 + 𝐜𝐝
 𝒂𝐧𝐝 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲, 𝐀𝐂 = 𝐩 = √

(𝒂𝐜 + 𝐛𝐝)(𝒂𝐝 + 𝐛𝐜)

𝒂𝐛 + 𝐜𝐝
 

𝐍𝐨𝐰, 𝐜𝐨𝐬𝐁 =
𝒂𝟐 + 𝐛𝟐 −

(𝒂𝐜 + 𝐛𝐝)(𝒂𝐝 + 𝐛𝐜)
𝒂𝐛 + 𝐜𝐝

𝟐𝒂𝐛
⇒ 𝟐 𝐜𝐨𝐬𝟐

𝐁

𝟐
=
𝒂𝟐 + 𝐛𝟐 −

(𝒂𝐜 + 𝐛𝐝)(𝒂𝐝 + 𝐛𝐜)
𝒂𝐛 + 𝐜𝐝

𝟐𝒂𝐛
+ 𝟏 

=
(𝒂𝟐 + 𝐛𝟐)(𝒂𝐛 + 𝐜𝐝) − (𝒂𝐜 + 𝐛𝐝)(𝒂𝐝 + 𝐛𝐜) + 𝟐𝒂𝐛(𝒂𝐛 + 𝐜𝐝)

𝟐𝒂𝐛(𝒂𝐛 + 𝐜𝐝)
 

=
(𝒂 + 𝐛 + 𝐜 − 𝐝)(𝒂 + 𝐛 + 𝐝 − 𝐜)

𝟐𝒂𝐛(𝒂𝐛 + 𝐜𝐝)
⇒ 𝟏 + 𝐭𝒂𝐧𝟐

𝐁

𝟐
=

𝟒𝒂𝐛(𝒂𝐛 + 𝐜𝐝)

(𝒂 + 𝐛 + 𝐜 − 𝐝)(𝒂 + 𝐛 + 𝐝 − 𝐜)
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⇒ 𝐭𝒂𝐧𝟐
𝐁

𝟐
=
𝟒𝒂𝐛(𝒂𝐛 + 𝐜𝐝) − (𝒂 + 𝐛 + 𝐜 − 𝐝)(𝒂 + 𝐛 + 𝐝 − 𝐜)

(𝒂 + 𝐛 + 𝐜 − 𝐝)(𝒂 + 𝐛 + 𝐝 − 𝐜)
 

=
(𝐜 + 𝐝 + 𝒂 − 𝐛)(𝐜 + 𝐝 + 𝐛 − 𝒂)

(𝒂 + 𝐛 + 𝐜 − 𝐝)(𝒂 + 𝐛 + 𝐝 − 𝐜)
⇒ 𝐭𝒂𝐧𝟐

𝐁

𝟐
=
(𝐬 − 𝐛)(𝐬 − 𝒂)

(𝐬 − 𝐜)(𝐬 − 𝐝)
  

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝐥𝐲, 𝐭𝒂𝐧𝟐
𝐀

𝟐
=
(𝐬 − 𝒂)(𝐬 − 𝐝)

(𝐬 − 𝐛)(𝐬 − 𝐜)
, 𝐭𝒂𝐧𝟐

𝐂

𝟐
=
(𝐬 − 𝐜)(𝐬 − 𝐛)

(𝐬 − 𝐝)(𝐬 − 𝒂)
  

𝒂𝐧𝐝 𝐭𝒂𝐧𝟐
𝐃

𝟐
=
(𝐬 − 𝐝)(𝐬 − 𝐜)

(𝐬 − 𝒂)(𝐬 − 𝐛)
→ (𝟏) 

𝐋𝐞𝐭 𝒂 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝒍𝒂𝐫 (𝐫𝒂) 𝐛𝐞 𝐝𝐫𝐨𝐩𝐩𝐞𝐝 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐭𝐡𝐞 𝐜𝐢𝐫𝐜𝐥𝐞 𝐰𝐢𝐭𝐡 𝐫𝒂𝐝𝐢𝐮𝐬 𝐫𝒂   
𝐨𝐧𝐭𝐨 𝐀𝐁 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭𝐢𝐧𝐠 𝐀𝐁 𝒂𝐭 𝐗. 

𝐍𝐨𝐰, 𝐭𝒂𝐧 (𝟗𝟎° −
𝐀

𝟐
) =

𝐫𝒂
𝐀𝐗

⇒ 𝐀𝐗 = 𝐫𝒂 𝐭𝒂𝐧
𝐀

𝟐
 𝒂𝐧𝐝 𝐭𝒂𝐧 (𝟗𝟎° −

𝐁

𝟐
) =

𝐫𝒂
𝐁𝐗

 

⇒ 𝐁𝐗 = 𝐫𝒂 𝐭𝒂𝐧
𝐁

𝟐
⇒ 𝐀𝐗 + 𝐁𝐗 = 𝒂 = 𝐫𝒂 (𝐭𝒂𝐧

𝐀

𝟐
+ 𝐭𝒂𝐧

𝐁

𝟐
) =
𝐯𝐢𝒂 (𝟏)

 

𝐫𝒂 (√
(𝐬 − 𝒂)(𝐬 − 𝐝)

(𝐬 − 𝐛)(𝐬 − 𝐜)
+ √

(𝐬 − 𝐛)(𝐬 − 𝒂)

(𝐬 − 𝐜)(𝐬 − 𝐝)
) 

=
𝐫𝒂(𝐬 − 𝒂)(𝐬 − 𝐝 + 𝐬 − 𝐛)

√(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝐝)
=
𝐫𝒂(𝐬 − 𝒂)(𝐜 + 𝒂)

𝐅
 

⇒ 𝐫𝒂 =
𝒂𝐅

(𝐬 − 𝒂)(𝐜 + 𝒂)
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝐥𝐲, 𝐫𝐛 =

𝐛𝐅

(𝐬 − 𝐛)(𝐛 + 𝐝)
, 

𝐫𝐜 =
𝐜𝐅

(𝐬 − 𝐜)(𝐜 + 𝒂)
 𝒂𝐧𝐝 𝐫𝐝 =

𝐝𝐅

(𝐬 − 𝐝)(𝐛 + 𝐝)
→ (𝟐) 

𝐕𝐢𝒂 (𝟐),
𝐫𝒂
𝟒

𝒂𝟕
+
𝐫𝐛
𝟒

𝐛𝟕
+
𝐫𝐜
𝟒

𝐜𝟕
+
𝐫𝐝
𝟒

𝐝𝟕
 

= 𝐅𝟒

(

 
(

𝟏
(𝐬 − 𝒂)(𝐜 + 𝒂)

)
𝟒

𝒂𝟑
+
(

𝟏
(𝐬 − 𝐛)(𝐛 + 𝐝)

)
𝟒

𝐛𝟑
+
(

𝟏
(𝐬 − 𝐜)(𝐜 + 𝒂)

)
𝟒

𝐜𝟑
+
(

𝟏
(𝐬 − 𝐝)(𝐛 + 𝐝)

)
𝟒

𝐝𝟑

)

  

≥
𝐑𝒂𝐝𝐨𝐧 𝐅𝟒

(𝒂 + 𝐛 + 𝐜 + 𝐝)𝟑

(

 
(

𝟏

(𝐬 − 𝒂)(𝐜 + 𝒂)
+

𝟏

(𝐬 − 𝐜)(𝐜 + 𝒂)
)

+ (
𝟏

(𝐬 − 𝐛)(𝐛 + 𝐝)
+

𝟏

(𝐬 − 𝐝)(𝐛 + 𝐝)
)
)

 

𝟒

 

=
𝐅𝟒

𝟖𝐬𝟑
(

𝐛 + 𝐝

(𝐜 + 𝒂)(𝐬 − 𝒂)(𝐬 − 𝐜)
+

𝐜 + 𝒂

(𝐛 + 𝐝)(𝐬 − 𝐛)(𝐬 − 𝐝)
)
𝟒

 

≥
𝐀−𝐆 𝐅𝟒

𝟖𝐬𝟑
(𝟐√

𝐛 + 𝐝

(𝐜 + 𝒂)(𝐬 − 𝒂)(𝐬 − 𝐜)
.

𝐜 + 𝒂

(𝐛 + 𝐝)(𝐬 − 𝐛)(𝐬 − 𝐝)
)

𝟒

=
𝐅𝟒

𝟖𝐬𝟑
. (
𝟐

𝐅
)
𝟒

=
𝟐

𝐬𝟑
 

∴
𝐫𝒂
𝟒

𝒂𝟕
+
𝐫𝐛
𝟒

𝐛𝟕
+
𝐫𝐜
𝟒

𝐜𝟕
+
𝐫𝐝
𝟒

𝐝𝟕
≥
𝟐

𝐬𝟑
,′′=′′  𝐢𝐟𝐟 𝐀𝐁𝐂𝐃 𝐢𝐬 𝒂 𝐬𝐪𝐮𝒂𝐫𝐞 (𝐐𝐄𝐃) 
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1632. 𝐈𝐟 𝐢𝐧 ∆ 𝐀𝐁𝐂, 𝒂 ≤ 𝐛 ≤ 𝐜 𝐭𝐡𝐞𝐧 ∶ 

𝒂 + 𝐛

𝐦𝒂 +𝐦𝐛
≤

𝐛 + 𝐜

𝐦𝐛 +𝐦𝐜
 

  Proposed by Daniel Sitaru-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝐛 +𝐦𝐜 ≤
?
𝐦𝒂 +𝐦𝐛 ⇔ 𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐 ≤

?
𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐 

⇔ 𝟑(𝐜𝟐 − 𝒂𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐜 ≥ 𝒂 ∴

𝟏

𝐦𝒂 +𝐦𝐛
≤

𝟏

𝐦𝐛 +𝐦𝐜
 

⇒
𝒂 + 𝐛

𝐦𝒂 +𝐦𝐛
≤

𝒂 + 𝐛

𝐦𝐛 +𝐦𝐜
≤
𝒂 ≤ 𝐜 𝐛 + 𝐜

𝐦𝐛 +𝐦𝐜
 

∴
𝒂 + 𝐛

𝐦𝒂 +𝐦𝐛
≤

𝐛 + 𝐜

𝐦𝐛 +𝐦𝐜
 𝐢𝐧 ∆ 𝐀𝐁𝐂 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒂 ≤ 𝐛 ≤ 𝐜,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐜 (𝐐𝐄𝐃) 

 

1633.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 

 𝐊 → 𝐋𝐞𝐦𝐨𝐢𝐧𝐞 𝐩𝐨𝐢𝐧𝐭, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

[𝐁𝐊𝐂]

𝒂𝐫𝒂
. √𝟏 +

𝟐[𝐁𝐊𝐂]

𝒂𝐫𝒂
+
[𝐂𝐊𝐀]

𝐛𝐫𝐛
. √𝟏 +

𝟐[𝐂𝐊𝐀]

𝐛𝐫𝐛
+
[𝐀𝐊𝐁]

𝐜𝐫𝐜
. √𝟏 +

[𝐀𝐊𝐁]

𝐜𝐫𝐜
≤
√𝟑

𝟑
 

  Proposed by Daniel Sitaru-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

 

𝐋𝐞𝐭 𝐀𝐊𝐀 = 𝐬𝒂 ∴
𝐊𝐊𝐀
𝐀𝐊

=
𝐇𝐨𝐧𝐬𝐛𝐞𝐫𝐠𝐞𝐫 𝒂𝟐

𝐛𝟐 + 𝐜𝟐
⇒
𝐊𝐊𝐀
𝐀𝐊

+ 𝟏 =
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+ 𝟏 

⇒
𝐬𝒂
𝐀𝐊

=
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝐛𝟐 + 𝐜𝟐
⇒ 𝐀𝐊 =

𝐛𝟐 + 𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
. 𝐬𝒂 =

𝐛𝟐 + 𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
.
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐
. 𝐦𝒂 

⇒ 𝐀𝐊 =
𝟐𝐛𝐜

∑ 𝒂𝟐𝐜𝐲𝐜
. 𝐦𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟏) 

𝐍𝐨𝐰, ∆ 𝐁𝐊𝐂 𝐡𝒂𝐬 𝐬𝐢𝐝𝐞𝐬 𝐁𝐊, 𝐂𝐊 𝒂𝐧𝐝 ′𝒂′ ∴ 𝟏𝟔[𝐁𝐊𝐂]𝟐 
= 𝟐𝒂𝟐𝐁𝐊𝟐 + 𝟐𝒂𝟐𝐂𝐊𝟐 + 𝟐𝐁𝐊𝟐𝐂𝐊𝟐 − 𝒂𝟒 − 𝐁𝐊𝟒 − 𝐂𝐊𝟒 

= 𝟐𝒂𝟐.
𝟒𝐜𝟐𝒂𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . 𝐦𝐛

𝟐 + 𝟐𝒂𝟐.
𝟒𝒂𝟐𝐛𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . 𝐦𝐜

𝟐 + 𝟐.
𝟒𝐜𝟐𝒂𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . 𝐦𝐛

𝟐.
𝟒𝒂𝟐𝐛𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . 𝐦𝐜

𝟐 

−𝒂𝟒 −
𝟏𝟔𝐜𝟒𝒂𝟒

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟒 . 𝐦𝐛

𝟒 −
𝟏𝟔𝒂𝟒𝐛𝟒

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟒 . 𝐦𝐜

𝟒 = 
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𝟏

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟒

(

 
 
 
 
 
 𝟐𝒂𝟐. (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. 𝐜𝟐𝒂𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) + 𝟐𝒂𝟐. (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. 𝒂𝟐𝐛𝟐(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐)

+𝟐𝐜𝟐𝒂𝟐. 𝒂𝟐𝐛𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) − 𝒂𝟒 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟒

−𝐜𝟒𝒂𝟒(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)
𝟐
− 𝒂𝟒𝐛𝟒(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐)

𝟐
)

 
 
 
 
 
 

→ (𝟐) 

𝐍𝐨𝐰, 𝟐𝐜𝟐𝒂𝟐. 𝒂𝟐𝐛𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) − 𝐜𝟒𝒂𝟒(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)
𝟐

 

−𝒂𝟒𝐛𝟒(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐)
𝟐
= −(𝐜𝟐𝒂𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) − 𝒂𝟐𝐛𝟐(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐))

𝟐
 

= −𝒂𝟒 (𝟐(𝐜𝟐 + 𝐛𝟐)(𝐜𝟐 − 𝐛𝟐) + 𝟐𝒂𝟐(𝐜𝟐 − 𝐛𝟐))
𝟐
= −𝟒𝒂𝟒(𝐜𝟐 − 𝐛𝟐)

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

→ (𝐢) 

𝐀𝐠𝒂𝐢𝐧, 𝟐𝒂𝟐. (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. 𝐜𝟐𝒂𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) + 

𝟐𝒂𝟐. (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. 𝒂𝟐𝐛𝟐(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) − 𝒂𝟒 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟒

 

= 𝒂𝟒 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

(𝟐𝐜𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) + 𝟐𝐛𝟐(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) − (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

) 

→ (𝐢𝐢) ∴ (𝟐), (𝐢), (𝐢𝐢) ⇒ 𝟏𝟔[𝐁𝐊𝐂]𝟐 

=
𝒂𝟒

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 .

(

 
 

𝟐𝐜𝟐(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐) + 𝟐𝐛𝟐(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐)

−(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟒(𝐜𝟐 − 𝐛𝟐)
𝟐

)

 
 

 

=
𝒂𝟒

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . (𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

) =
𝒂𝟒

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . 𝟏𝟔𝐅

𝟐 ⇒ [𝐁𝐊𝐂] =
𝒂𝟐. 𝐅

∑ 𝒂𝟐𝐜𝐲𝐜
 

⇒
[𝐁𝐊𝐂]

𝒂𝐫𝒂
=
𝒂𝟐𝐅(𝐬 − 𝒂)

(∑ 𝒂𝟐𝐜𝐲𝐜 )𝒂𝐅
⇒

[𝐁𝐊𝐂]

𝒂𝐫𝒂
=
𝒂(𝐬 − 𝒂)

∑ 𝒂𝟐𝐜𝐲𝐜
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (∗) 

𝐍𝐨𝐰,
[𝐁𝐊𝐂]

𝒂𝐫𝒂
. √𝟏 +

𝟐[𝐁𝐊𝐂]

𝒂𝐫𝒂
+
[𝐂𝐊𝐀]

𝐛𝐫𝐛
. √𝟏 +

𝟐[𝐂𝐊𝐀]

𝐛𝐫𝐛
+
[𝐀𝐊𝐁]

𝐜𝐫𝐜
. √𝟏 +

[𝐀𝐊𝐁]

𝐜𝐫𝐜
 

=∑𝒙.√𝟏 + 𝟐𝒙

𝐜𝐲𝐜

 (𝒙 =
[𝐁𝐊𝐂]

𝒂𝐫𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

=∑(√𝒙.√𝒙 + 𝟐𝒙𝟐)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒
⏟
(∗∗)

√∑𝒙

𝐜𝐲𝐜

. √∑𝒙

𝐜𝐲𝐜

+ 𝟐∑𝒙𝟐

𝐜𝐲𝐜
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∑𝒙𝟐

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∗) ∑ 𝒂𝟐(𝐬 − 𝒂)𝟐𝐜𝐲𝐜

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 =

𝟏

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 .∑𝒂𝟐(𝐬𝟐 − 𝟐𝐬𝒂 + 𝒂𝟐)

𝐜𝐲𝐜

 

=
𝟏

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 . (

𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

−𝟑𝟐𝐑𝐫𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐
) 

=
𝟐𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐)

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 ⇒∑𝒙

𝐜𝐲𝐜

+ 𝟐∑𝒙𝟐

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∗)

 

∑ 𝒂(𝐬 − 𝒂)𝐜𝐲𝐜

∑ 𝒂𝟐𝐜𝐲𝐜
+
𝟒𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐)

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐 =

𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
+
𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐)

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
 

=
𝟒𝐑𝐫𝐬𝟐

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
∴ 𝐯𝐢𝒂 (∗∗), 

[𝐁𝐊𝐂]

𝒂𝐫𝒂
. √𝟏 +

𝟐[𝐁𝐊𝐂]

𝒂𝐫𝒂
+
[𝐂𝐊𝐀]

𝐛𝐫𝐛
. √𝟏 +

𝟐[𝐂𝐊𝐀]

𝐛𝐫𝐛
+
[𝐀𝐊𝐁]

𝐜𝐫𝐜
. √𝟏 +

[𝐀𝐊𝐁]

𝐜𝐫𝐜
 

≤ √∑
[𝐁𝐊𝐂]

𝒂𝐫𝒂
𝐜𝐲𝐜

. √
𝟒𝐑𝐫𝐬𝟐

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
=

𝐯𝐢𝒂 (∗)
√
𝒂(𝐬 − 𝒂)

∑ 𝒂𝟐𝐜𝐲𝐜
. √

𝟒𝐑𝐫𝐬𝟐

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
 

= √
𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
. √

𝟒𝐑𝐫𝐬𝟐

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
≤
? √𝟑

𝟑
 

⇔ (𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟑
≥
?
⏟

(∗∗∗)

𝟏𝟐𝐑𝐫𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲, (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

= 𝟏𝟐𝐑𝐫𝐬. 𝟐𝐬 ⇒ (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥ 𝟐𝟒𝐑𝐫𝐬𝟐 

⇒ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥ 𝟐𝟒𝐑𝐫𝐬𝟐 ⇒ (𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
≥
(⦁)

𝟔𝐑𝐫𝐬𝟐 

𝐀𝐥𝐬𝐨, 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 = 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

𝟎 

⇒ 𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 ≥
(⦁⦁)

𝟖𝐑𝐫 + 𝟐𝐫𝟐 ∴ (⦁). (⦁⦁) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
[𝐁𝐊𝐂]

𝒂𝐫𝒂
. √𝟏 +

𝟐[𝐁𝐊𝐂]

𝒂𝐫𝒂
+
[𝐂𝐊𝐀]

𝐛𝐫𝐛
. √𝟏 +

𝟐[𝐂𝐊𝐀]

𝐛𝐫𝐛
+
[𝐀𝐊𝐁]

𝐜𝐫𝐜
. √𝟏 +

[𝐀𝐊𝐁]

𝐜𝐫𝐜
 

≤
√𝟑

𝟑
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1634. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟔𝟒𝐫𝟓

𝐑𝟔
≤ (

√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

(
√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≤
𝐦𝒂

𝐡𝐛
𝟐 +

𝐦𝐛

𝐡𝐜
𝟐
+
𝐦𝐜

𝐡𝒂
𝟐

 

=
𝟏

𝟒𝐫𝟐𝐬𝟐
. (𝐛𝟐𝐦𝒂 + 𝐜𝟐𝐦𝐛 + 𝒂𝟐𝐦𝐜) ≤

𝐂𝐁𝐒 𝟏

𝟒𝐫𝟐𝐬𝟐
. √∑𝒂𝟒

𝐜𝐲𝐜

. √∑𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐. √
𝟑

𝟒
∑𝒂𝟐

𝐜𝐲𝐜

≤

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞
𝒂𝐧𝐝

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √(𝟖𝐑𝟐 − 𝟏𝟔𝐫𝟐)𝐬𝟐. √

𝟑

𝟒
. 𝟗𝐑𝟐 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
. √(𝟖𝐑𝟐 − 𝟏𝟔𝐫𝟐).

𝟐𝟕𝐑𝟐

𝟒
.√
𝟑

𝟒
. 𝟗𝐑𝟐 =

𝐑𝟐. √
𝐑𝟐 − 𝟐𝐫𝟐

𝟐
𝟒𝐫𝟒

 

≤
? 𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) =
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟑𝟐𝐫𝟔
 

⇔ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
𝟐
≥
?
𝟔𝟒𝐑𝟒𝐫𝟒 (

𝐑𝟐 − 𝟐𝐫𝟐

𝟐
) 

⇔ 𝟔𝟓𝟔𝟏𝐭𝟏𝟎 − 𝟑𝟐𝐭𝟔 − 𝟒𝟏𝟒𝟕𝟐𝟎𝐭𝟓 + 𝟔𝟒𝐭𝟒 + 𝟔𝟓𝟓𝟑𝟔𝟎𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(
(𝐭 − 𝟐) (𝟔𝟓𝟔𝟏𝐭

𝟖 + 𝟐𝟔𝟐𝟒𝟒𝐭𝟕 + 𝟕𝟖𝟕𝟑𝟐𝐭𝟔 + 𝟐𝟎𝟗𝟗𝟓𝟐𝐭𝟓 + 𝟓𝟐𝟒𝟖𝟒𝟖𝐭𝟒

+𝟖𝟒𝟒𝟖𝟔𝟒𝐭𝟑 + 𝟏𝟐𝟖𝟎𝟏𝟐𝟖𝐭𝟐 + 𝟏𝟕𝟒𝟏𝟎𝟓𝟔𝐭 + 𝟏𝟖𝟒𝟑𝟕𝟏𝟐
)

+𝟒𝟏𝟎𝟔𝟐𝟒
) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

∴ (
√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

𝐀𝐠𝒂𝐢𝐧, (
√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≥
𝐡𝒂

𝐦𝐛
𝟐 +

𝐡𝐛
𝐦𝐜
𝟐
+
𝐡𝐜
𝐦𝒂
𝟐

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟐

∑
𝟏
𝐡𝒂

𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝐫 (
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟐

≥
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫

𝐫(
𝟗

𝟗𝐑
𝟐

)

𝟐

=
𝟒𝐫

𝐑𝟐
=

𝟒𝐫𝟓

𝐑𝟐𝐫𝟒
≥

𝐄𝐮𝐥𝐞𝐫 𝟒𝐫𝟓

𝐑𝟐 (
𝐑
𝟐
)
𝟒 =

𝟔𝟒𝐫𝟓

𝐑𝟔
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∴ (
√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≥
𝟔𝟒𝐫𝟓

𝐑𝟔
 𝒂𝐧𝐝 𝐬𝐨, 

𝟔𝟒𝐫𝟓

𝐑𝟔
≤ (

√𝐦𝒂

𝐰𝐛
)

𝟐

+ (
√𝐰𝐛

𝐡𝐜
)

𝟐

+ (
√𝐡𝐜
𝐦𝒂

)

𝟐

≤
𝟏

𝐫
. (
𝟖𝟏

𝟑𝟐
(
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1635. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒

𝟑𝐑𝟐
(
𝟐𝐫

𝐑
)
𝟏𝟎

≤
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐
+
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂
𝐦𝐜
𝟐𝐦𝒂

𝟐
≤

𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
(
𝐑

𝐫
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≤
𝐦𝒂𝐦𝐛

𝐡𝒂
𝟐𝐡𝐛

𝟐 +
𝐦𝐛𝐦𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+
𝐦𝐜𝐦𝒂

𝐡𝐜
𝟐𝐡𝒂

𝟐
 

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

(
𝐑

𝟐𝐫
)
𝟐

.∑
𝟏

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

= (
𝐑

𝟐𝐫
)
𝟐

.∑
𝟒𝐑𝟐. 𝐛𝐜

𝐜𝒂. 𝒂𝐛. 𝐛𝐜
𝐜𝐲𝐜

≤ (
𝐑

𝟐𝐫
)
𝟐

.
𝟒𝐑𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
.∑𝒂𝟐

𝐜𝐲𝐜

 

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝐑𝟐. 𝟗𝐑𝟐

𝟏𝟔𝐫𝟒. 𝟐𝟕𝐫𝟐
∴
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≤

𝐑𝟒

𝟒𝟖𝐫𝟔
→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧,
𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
(
𝐑

𝐫
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐) ≥
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
. 𝟔𝟒. (

𝐑

𝐫
)
𝟒

− 𝟏𝟗𝟔𝟖𝟐) 

=
𝟏𝟗𝟔𝟖𝟑𝐑𝟒 − 𝟏𝟗𝟔𝟖𝟐. 𝟏𝟔𝐫𝟒

𝟒𝟖𝐫𝟔
≥
? 𝐑𝟒

𝟒𝟖𝐫𝟔
⇔ 𝟏𝟗𝟔𝟖𝟐(𝐑𝟒 − 𝟏𝟔𝐫𝟒) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

∴
𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
(
𝐑

𝐫
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐) ≥
𝐑𝟒

𝟒𝟖𝐫𝟔
≥

𝐯𝐢𝒂 (𝟏) 𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
 

⇒
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≤

𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
(
𝐑

𝐫
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐) 

𝐀𝐥𝐬𝐨,
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≥

𝐡𝒂𝐡𝐛

𝐦𝒂
𝟐𝐦𝐛

𝟐 +
𝐡𝐛𝐡𝐜

𝐦𝐛
𝟐𝐦𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≥

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

 

𝟒𝐫𝟐

𝐑𝟐
.∑

𝟏

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟒𝐫𝟐

𝐑𝟐
.

𝟗

∑ 𝐦𝐛𝐦𝐜𝐜𝐲𝐜
≥
𝟒𝐫𝟐

𝐑𝟐
.

𝟗

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

=
𝟒𝐫𝟐

𝐑𝟐
.

𝟗

𝟑
𝟒
. ∑ 𝒂𝟐𝐜𝐲𝐜

 

≥
𝐄𝐮𝐥𝐞𝐫 𝟒𝐫𝟐

𝐑𝟐
.

𝟗

𝟑
𝟒
. 𝟗𝐑𝟐

=
𝟒

𝟑𝐑𝟐
. (
𝟐𝐫

𝐑
)
𝟐

≥
𝐄𝐮𝐥𝐞𝐫 𝟒

𝟑𝐑𝟐
. (
𝟐𝐫

𝐑
)
𝟐

. (
𝟐𝐫

𝐑
)
𝟖

 

∴
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≥

𝟒

𝟑𝐑𝟐
(
𝟐𝐫

𝐑
)
𝟏𝟎

 𝒂𝐧𝐝 𝐬𝐨, 
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𝟒

𝟑𝐑𝟐
(
𝟐𝐫

𝐑
)
𝟏𝟎

≤
𝐦𝒂𝐦𝐛

𝐰𝒂
𝟐𝐰𝐛

𝟐 +
𝐰𝐛𝐰𝐜

𝐡𝐛
𝟐𝐡𝐜

𝟐
+

𝐡𝐜𝐡𝒂

𝐦𝐜
𝟐𝐦𝒂

𝟐
≤

𝟏

𝟑𝐫𝟐
. (
𝟏𝟗𝟔𝟖𝟑

𝟏𝟎𝟐𝟒
(
𝐑

𝐫
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1636. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝟕𝐫𝟐. (
𝟐𝐫

𝐑
)
𝟔

≤
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≤
𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟔

− 𝟏𝟎𝟒𝐫𝟐) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≤
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐡𝒂𝐡𝐛
+
𝐦𝐛
𝟐𝐦𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐦𝐜
𝟐𝐦𝒂

𝟐

𝐡𝐜𝐡𝒂
≤

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

 

(
𝐑

𝟐𝐫
)
𝟐

∑𝐦𝐛𝐦𝐜

𝐜𝐲𝐜

≤
𝐑𝟐

𝟒𝐫𝟐
.∑𝐦𝒂

𝟐

𝐜𝐲𝐜

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐑𝟐

𝟒𝐫𝟐
.
𝟑

𝟒
. 𝟗𝐑𝟐 

∴
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≤
𝟐𝟕𝐑𝟒

𝟏𝟔𝐫𝟐
→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧,
𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟔

− 𝟏𝟎𝟒𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫 𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟐

− 𝟏𝟎𝟒𝐫𝟐) 

=
𝟐𝟕(𝟐𝟕𝐑𝟒 − 𝟒𝟏𝟔𝐫𝟒)

𝟏𝟔𝐫𝟐
≥
? 𝟐𝟕𝐑𝟒

𝟏𝟔𝐫𝟐
⇔ 𝟐𝟔(𝐑𝟒 − 𝟏𝟔𝐫𝟒) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

∴
𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟔

− 𝟏𝟎𝟒𝐫𝟐) ≥
𝟐𝟕𝐑𝟒

𝟏𝟔𝐫𝟐
≥

𝐯𝐢𝒂 (𝟏) 𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
 

∴
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≤
𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟔

− 𝟏𝟎𝟒𝐫𝟐) 

𝐀𝐥𝐬𝐨,
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≥

𝐡𝒂
𝟐𝐡𝐛

𝟐

𝐦𝒂𝐦𝐛
+
𝐡𝐛
𝟐𝐡𝐜

𝟐

𝐦𝐛𝐦𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≥

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝟒𝐫𝟐

𝐑𝟐
.∑𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

 

=
𝟒𝐫𝟐

𝐑𝟐
.∑

𝐜𝒂. 𝒂𝐛

𝟒𝐑𝟐
𝐜𝐲𝐜

=
𝟒𝐫𝟐. 𝟒𝐑𝐫𝐬. 𝟐𝐬

𝐑𝟐. 𝟒𝐑𝟐
=
𝟖𝐫𝟑

𝐑𝟑
. 𝐬𝟐 ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
(
𝟐𝐫

𝐑
)
𝟑

. 𝟐𝟕𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

 

(
𝟐𝐫

𝐑
)
𝟑

. 𝟐𝟕𝐫𝟐. (
𝟐𝐫

𝐑
)
𝟑

⇒
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≥ 𝟐𝟕𝐫𝟐. (

𝟐𝐫

𝐑
)
𝟔

 𝒂𝐧𝐝 𝐬𝐨, 

𝟐𝟕𝐫𝟐. (
𝟐𝐫

𝐑
)
𝟔

≤
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐰𝒂𝐰𝐛
+
𝐰𝐛
𝟐𝐰𝐜

𝟐

𝐡𝐛𝐡𝐜
+
𝐡𝐜
𝟐𝐡𝒂

𝟐

𝐦𝐜𝐦𝒂
≤
𝟐𝟕

𝟒
. (𝟐𝟕𝐑𝟐. (

𝐑

𝟐𝐫
)
𝟔

− 𝟏𝟎𝟒𝐫𝟐)  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1637. 𝐋𝐞𝐭 𝐀𝐁𝐂 𝐛𝐞 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 𝐉 𝐝𝐞𝐧𝐨𝐭𝐞 𝐭𝐡𝐞 𝐦𝐢𝐝𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐆𝐇. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 𝐭𝐡𝐞 𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐭𝐡𝐞 𝐄𝐮𝐥𝐞𝐫′𝒔 𝐜𝐢𝐫𝐜𝐥𝐞 𝐥𝐢𝐞𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐢𝐧𝐜𝐢𝐫𝐜𝐥𝐞 𝐢𝐟 𝒂𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 

 𝐈𝐉 =
√𝟐

𝟑
𝐈𝐇 

  Proposed by Mihaly Bencze, Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐇𝐈𝟐 = 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝐬𝟐 → (𝟏), 𝐆𝐇𝟐 =
𝟒

𝟗
(𝟗𝐑𝟐 −∑𝒂𝟐

𝐜𝐲𝐜

) → (𝟐), 

𝐆𝐈𝟐 =
𝟏

𝟗
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) → (𝟑) 

∵ 𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐭𝐡𝐞 𝐄𝐮𝐥𝐞𝐫 𝐜𝐢𝐫𝐜𝐥𝐞 𝐥𝐢𝐞𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐢𝐧𝐜𝐢𝐫𝐜𝐥𝐞, ∴ 𝐍𝐈 = 𝐫  

(𝐍 → 𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐄𝐮𝐥𝐞𝐫 𝐜𝐢𝐫𝐜𝐥𝐞) ⇒
𝟐𝐅.𝐎𝐈𝟐

𝒂𝐛𝐜
= 𝐫 ⇒

𝟐𝐫𝐬. 𝐑(𝐑 − 𝟐𝐫)

𝟒𝐑𝐫𝐬
= 𝐫 ⇒ 𝐑 = 𝟒𝐫 → (𝟒) 

𝐍𝐨𝐰, 𝐢𝐧 ∆ 𝐇𝐈𝐆, 𝐈𝐉 𝐢𝐬 𝒂 𝐦𝐞𝐝𝐢𝒂𝐧 ⇒ 𝟒𝐈𝐉𝟐 = 𝟐𝐇𝐈𝟐 + 𝟐𝐆𝐈𝟐 − 𝐆𝐇𝟐 =
? 𝟖

𝟗
𝐇𝐈𝟐 ⇔

𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑)

 

𝟏𝟎

𝟗
(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝐬𝟐) =

? 𝟒

𝟗
(𝟗𝐑𝟐 −∑𝒂𝟐

𝐜𝐲𝐜

) −
𝟐

𝟗
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

⇔ 𝟏𝟎(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝐬𝟐) =
?
𝟒 (𝟗𝐑𝟐 − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)) − 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

⇔ 𝐑𝟐 − 𝟔𝐑𝐫 + 𝟖𝐫𝟐 =
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝐑 − 𝟒𝐫) =

?
𝟎 ⇔
𝐯𝐢𝒂 (𝟒)

𝟐𝐫(𝐑 − 𝟒𝐫) =
?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝟒) ∴ 𝟒𝐈𝐉𝟐 =
𝟖

𝟗
𝐇𝐈𝟐 ⇒ 𝐈𝐉 =

√𝟐

𝟑
𝐈𝐇 (𝐐𝐄𝐃) 

1638. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

,∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

} +
𝐑𝐧

𝐫𝐧
≥ 𝟐𝐧 +∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

 
  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

=∑
∑ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 − (𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂)

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜
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= (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)∑
𝟏

𝟐𝐬𝐢𝐧
𝐀
𝟐
𝐜𝐨𝐬

𝐁 − 𝐂
𝟐𝐜𝐲𝐜

− 𝟑 ≥
𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏 +
𝐫
𝐑

𝟐
.∑

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

− 𝟑 

≥
𝐀−𝐆 𝟑 (𝟏 +

𝐫
𝐑
)

𝟐
. √∏

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

𝟑
− 𝟑 =

𝟑(𝟏 +
𝐫
𝐑
)

𝟐
. √
𝟒𝐑

𝐫

𝟑

− 𝟑 ≥
𝐄𝐮𝐥𝐞𝐫 𝟑 (𝟏 +

𝐫
𝐑
)

𝟐
. √𝟖
𝟑

− 𝟑 

⇒∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

≥
𝟑𝐫

𝐑
→ (𝟏) 

𝐍𝐨𝐰,∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
∑(

𝒂𝟐

𝐛𝟐
+
𝒂𝟐

𝐜𝟐
)

𝐜𝐲𝐜

=
𝟏

𝟒
∑((

𝐛

𝐜
+
𝐜

𝐛
)
𝟐

− 𝟐)

𝐜𝐲𝐜

 

≤
𝐁𝒂𝐧𝐝𝐢𝒍𝒂 𝟏

𝟒
∑((

𝐑

𝐫
)
𝟐

− 𝟐)

𝐜𝐲𝐜

⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
−
𝟑

𝟐
→ (𝟐) 

∴ 𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐), 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

+
𝐑𝟐

𝐫𝟐
− 𝟒 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

, 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟑𝐫

𝐑
+
𝐑𝟐

𝐫𝟐
− 𝟒 −

𝟑𝐑𝟐

𝟒𝐫𝟐
+
𝟑

𝟐
≥ 𝟎 ⇔ 𝐭𝟑 − 𝟏𝟎𝐭 + 𝟏𝟐 ≥ 𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭𝟐 − 𝟒) + 𝟐(𝐭 − 𝟐) + 𝟐) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

∴∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

+
𝐑𝟐

𝐫𝟐
− 𝟒 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

→ (𝐢) 

𝐀𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝒂𝐧𝐝 (𝟐), 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝐑𝟐

𝐫𝟐
− 𝟒 

≥∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟑

𝟐
+
𝐑𝟐

𝐫𝟐
− 𝟒 −

𝟑𝐑𝟐

𝟒𝐫𝟐
+
𝟑

𝟐
≥ 𝟎 ⇔ 𝐑𝟐 ≥ 𝟒𝐫𝟐 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴ ∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝐑𝟐

𝐫𝟐
− 𝟒 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

→ (𝐢𝐢) 

∴ (𝐢), (𝐢𝐢) ⇒ 𝐦𝐢𝐧{∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

,∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

} +
𝐑𝟐

𝐫𝟐
− 𝟒 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

⇒
𝐑𝟐

𝐫𝟐
− 𝟒 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

−𝐦𝐢𝐧{∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

,∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

} → (𝐢𝐢𝐢) 

𝐋𝐞𝐭 𝐅(𝐧) = 𝐭𝐧 − 𝟐𝐧 ∀ 𝐭 =
𝐑

𝐫
≥ 𝟐 (𝐭 → 𝐟𝐢𝒙𝐞𝐝) 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐅 ′(𝐧) = 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎  
(∵ 𝐭𝐧 ≥ 𝟐𝐧 𝒂𝐧𝐝 𝐥𝐧 𝐭 ≥ 𝐥𝐧𝟐 ⇒ 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎) 

∴ 𝐅(𝐧) 𝐢𝐬 ↑ ∀ 𝐧 ≥ 𝟐 ⇒  𝐅(𝐧) ≥  𝐅(𝟐) ⇒ 𝐰𝐡𝐞𝐧 𝐛𝐨𝐭𝐡 𝐭 =
𝐑

𝐫
 𝒂𝐧𝐝 𝐧 𝐯𝒂𝐫𝐲, 
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(
𝐑

𝐫
)
𝐧

− 𝟐𝐧 ≥
𝐑𝟐

𝐫𝟐
− 𝟒 ≥

𝐯𝐢𝒂 (𝐢𝐢𝐢)

∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

−𝐦𝐢𝐧{∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

,∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

} 

⇒ 𝐦𝐢𝐧{∑
𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

,∑
𝐜𝐨𝐬𝐀

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

} +
𝐑𝐧

𝐫𝐧
≥ 𝟐𝐧 +∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1639. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂 +𝐦𝐛

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛 +𝐰𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜 + 𝐡𝒂
(𝐦𝐜 +𝐦𝒂)

𝟐
≤
𝟏

𝟐𝐫
. (
𝟖𝟏

𝟑𝟐
. (
𝐑

𝐫
)
𝟓

− 𝟖𝟎) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂 +𝐦𝐛

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛 +𝐰𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜 + 𝐡𝒂
(𝐦𝐜 +𝐦𝒂)

𝟐
≤ 

𝐦𝒂 +𝐦𝐛

(𝐡𝒂 + 𝐡𝐛)
𝟐
+

𝐦𝐛 +𝐦𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐦𝐜 +𝐦𝒂

(𝐡𝐜 + 𝐡𝒂)
𝟐

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐑

𝟐𝐫
.∑

𝐡𝐛 + 𝐡𝐜
(𝐡𝐛 + 𝐡𝐜)

𝟐
𝐜𝐲𝐜

 

=
𝐑

𝟐𝐫
. 𝟐𝐑∑

𝟏

𝐜𝒂 + 𝒂𝐛
𝐜𝐲𝐜

≤
𝐀−𝐆 𝐑𝟐

𝟐𝐫
.∑

𝟏

𝒂√𝐛𝐜
𝐜𝐲𝐜

=
𝐑𝟐

𝟐𝐫
.∑(√

𝟏

𝒂𝐛
.√

𝟏

𝒂𝐜
)

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝐑𝟐

𝟐𝐫
.√∑

𝟏

𝒂𝐛
𝐜𝐲𝐜

. √∑
𝟏

𝒂𝐛
𝐜𝐲𝐜

=
𝐑𝟐

𝟐𝐫
.
𝟐𝐬

𝟒𝐑𝐫𝐬
 

∴
𝐦𝒂 +𝐦𝐛

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛 +𝐰𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜 + 𝐡𝒂
(𝐦𝐜 +𝐦𝒂)

𝟐
≤

𝐑

𝟒𝐫𝟐
→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧,
𝟏

𝟐𝐫
. (
𝟖𝟏

𝟑𝟐
. (
𝐑

𝐫
)
𝟓

− 𝟖𝟎) ≥
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟐𝐫
. (
𝟖𝟏

𝟑𝟐
. 𝟏𝟔 (

𝐑

𝐫
) − 𝟖𝟎) 

⇒
𝟏

𝟐𝐫
. (
𝟖𝟏

𝟑𝟐
. (
𝐑

𝐫
)
𝟓

− 𝟖𝟎) ≥
𝟖𝟏𝐑 − 𝟏𝟔𝟎𝐫

𝟒𝐫𝟐
=
𝟖𝟎(𝐑 − 𝟐𝐫)

𝟒𝐫𝟐
+

𝐑

𝟒𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝐑

𝟒𝐫𝟐
 

≥
𝐯𝐢𝒂 (𝟏) 𝐦𝒂 +𝐦𝐛

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛 +𝐰𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜 + 𝐡𝒂
(𝐦𝐜 +𝐦𝒂)

𝟐
 

∴
𝐦𝒂 +𝐦𝐛

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛 +𝐰𝐜

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜 + 𝐡𝒂
(𝐦𝐜 +𝐦𝒂)

𝟐
 

≤
𝟏

𝟐𝐫
. (
𝟖𝟏

𝟑𝟐
. (
𝐑

𝐫
)
𝟓

− 𝟖𝟎) ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1640. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖𝐫𝟐

𝐑𝟑
≤

𝟏

𝐦𝒂

+
𝟏

𝐰𝐛

+
𝟏

𝐡𝐜
≤
𝐑𝟐

𝟒𝐫𝟑
 𝒂𝐧𝐝  

𝟒

𝟑𝐑𝟐
. (
𝟐𝐫

𝐑
)
𝟒

≤
𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
≤
𝟏

𝐫𝟐
. ((

𝐑

𝟐𝐫
)
𝟒

−
𝟐

𝟑
) 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝐦𝒂
+
𝟏

𝐰𝐛
+
𝟏

𝐡𝐜
≤
𝟏

𝐡𝒂
+
𝟏

𝐡𝐛
+
𝟏

𝐡𝐜
=
𝟏

𝐫
=
𝟒𝐫𝟐

𝟒𝐫𝟑
≤

𝐄𝐮𝐥𝐞𝐫 𝐑𝟐

𝟒𝐫𝟑
 𝒂𝐧𝐝  

𝟏

𝐦𝒂
+

𝟏

𝐰𝐛
+
𝟏

𝐡𝐜
≥

𝟏

𝐦𝒂
+

𝟏

𝐦𝐛
+

𝟏

𝐦𝐜
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫 𝟗

𝟗𝐑
𝟐

=
𝟐. 𝟒𝐫𝟐

𝐑. 𝟒𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟖𝐫𝟐

𝐑𝟑
 

𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
≤∑

𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

=
∑ 𝒂𝟐𝐜𝐲𝐜

𝟒𝐫𝟐𝐬𝟐
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟗𝐑𝟐

𝟒𝐫𝟐. 𝟐𝟕𝐫𝟐
 

⇒
𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
≤

𝐑𝟐

𝟏𝟐𝐫𝟒
→ (𝟏) 𝒂𝐧𝐝 

𝟏

𝐫𝟐
. ((

𝐑

𝟐𝐫
)
𝟒

−
𝟐

𝟑
) ≥
𝐄𝐮𝐥𝐞𝐫 𝟑𝐑𝟐 − 𝟖𝐫𝟐

𝟏𝟐𝐫𝟒
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟑𝐑𝟐 − 𝟐𝐑𝟐

𝟏𝟐𝐫𝟒
≥

𝐯𝐢𝒂 (𝟏) 𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
 𝒂𝐧𝐝,

𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
≥∑

𝟏

𝐦𝒂
𝟐

𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
 

𝟗

𝟑
𝟒
. 𝟗𝐑𝟐

=
𝟒

𝟑𝐑𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟒

𝟑𝐑𝟐
. (
𝟐𝐫

𝐑
)
𝟒

∴
𝟖𝐫𝟐

𝐑𝟑
≤

𝟏

𝐦𝒂
+

𝟏

𝐰𝐛
+
𝟏

𝐡𝐜
≤
𝐑𝟐

𝟒𝐫𝟑
 𝒂𝐧𝐝  

𝟒

𝟑𝐑𝟐
. (
𝟐𝐫

𝐑
)
𝟒

≤
𝟏

𝐦𝒂
𝟐
+

𝟏

𝐰𝐛
𝟐 +

𝟏

𝐡𝐜
𝟐
≤
𝟏

𝐫𝟐
. ((

𝐑

𝟐𝐫
)
𝟒

−
𝟐

𝟑
)  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1641. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑𝒂 + 𝐛

𝟐𝒂 + 𝐜
+
𝟑𝐛 + 𝐜

𝟐𝐛 + 𝒂
+
𝟑𝐜 + 𝒂

𝟐𝐜 + 𝐛
≥ 𝟒 

 
  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝟑𝒂 + 𝐛

𝟐𝒂 + 𝐜
+
𝟑𝐛 + 𝐜

𝟐𝐛 + 𝒂
+
𝟑𝐜 + 𝒂

𝟐𝐜 + 𝐛
≥ 𝟒 

 
⇔ (𝟑𝒂 + 𝐛)(𝟐𝐛 + 𝒂)(𝟐𝐜 + 𝐛) + (𝟑𝐛 + 𝐜)(𝟐𝐜 + 𝐛)(𝟐𝒂 + 𝐜) 
+(𝟑𝐜 + 𝒂)(𝟐𝒂 + 𝐜)(𝟐𝐛 + 𝒂) ≥ 𝟒(𝟐𝒂 + 𝐜)(𝟐𝐛 + 𝒂)(𝟐𝐜 + 𝐛) 

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝐛𝐜 ≥∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛𝟐

𝐜𝐲𝐜

  

⇔ 𝟐∑(𝐲 + 𝐳)𝟑

𝐜𝐲𝐜

+ 𝟔(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) 

≥∑((𝐲 + 𝐳)𝟐(𝐳 + 𝒙))

𝐜𝐲𝐜

+ 𝟑∑((𝐲 + 𝐳)(𝐳 + 𝒙)𝟐)

𝐜𝐲𝐜

 

(𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲) ⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

 

∑𝒙𝟐𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙𝐲𝟐

𝐜𝐲𝐜

≥ 𝟏𝟐𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 ∵∑𝒙𝟐𝐲

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑𝒙𝐲𝐳 𝒂𝐧𝐝 ∑𝒙𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑𝒙𝐲𝐳 

∴
𝟑𝒂 + 𝐛

𝟐𝒂 + 𝐜
+
𝟑𝐛 + 𝐜

𝟐𝐛 + 𝒂
+
𝟑𝐜 + 𝒂

𝟐𝐜 + 𝐛
≥ 𝟒∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1642. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏 +
𝐫

𝐑
≤ 𝐬𝐢𝐧

𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
≤ √𝟐 +

𝐫

𝟐𝐑
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐜𝐨𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

= √
𝐛𝐜(𝐬 − 𝒂)

(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)
=

𝟏

𝐫. √𝐬
.∑√𝐛𝐜(𝐬 − 𝒂)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

 

𝟏

𝐫. √𝐬
. √𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐. √∑(𝐬 − 𝒂)

𝐜𝐲𝐜

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 √𝐬

𝐫. √𝐬
. √𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐 =

√𝟒(𝐑 + 𝐫)𝟐

𝐫
 

∴∑𝐜𝐨𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≤
𝟐𝐑 + 𝟐𝐫

𝐫
→ (𝟏) 

𝐍𝐨𝐰, (𝐬𝐢𝐧
𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
)
𝟐

=∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐∑𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐲𝐜

 

=
𝟐𝐑 − 𝐫

𝟐𝐑
+
𝟐𝐫

𝟒𝐑
.∑𝐜𝐨𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (𝟏) 𝟐𝐑 − 𝐫

𝟐𝐑
+
𝟐𝐫

𝟒𝐑
.
𝟐𝐑 + 𝟐𝐫

𝐫
=
𝟒𝐑 + 𝐫

𝟐𝐑
= 𝟐 +

𝐫

𝟐𝐑
 

⇒ 𝐬𝐢𝐧
𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
≤ √𝟐 +

𝐫

𝟐𝐑
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𝐀𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧
𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
=∑

𝟐𝐜𝐨𝐬
𝐁 + 𝐂
𝟐

. 𝐜𝐨𝐬
𝐁 − 𝐂
𝟐

𝟐 𝐜𝐨𝐬
𝐁 − 𝐂
𝟐𝐜𝐲𝐜

≥
∵𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

 

∑
𝟐𝐜𝐨𝐬

𝐁 + 𝐂
𝟐

. 𝐜𝐨𝐬
𝐁 − 𝐂
𝟐

𝟐
𝐜𝐲𝐜

=∑
𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂

𝟐
𝐜𝐲𝐜

=∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

= 𝟏 +
𝐫

𝐑
∴∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

≥ 𝟏 +
𝐫

𝐑
 

𝒂𝐧𝐝 𝐬𝐨, 𝟏 +
𝐫

𝐑
≤ 𝐬𝐢𝐧

𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
≤ √𝟐 +

𝐫

𝟐𝐑
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1643. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐈 → 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐√
𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝟐(𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 + 𝐫) − 𝟒𝐑
≥ √

𝐬𝐢𝐧
𝐁
𝟐

𝐬𝐢𝐧
𝐂
𝟐

+ √
𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐁
𝟐

 

  Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐√
𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝟐(𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 + 𝐫) − 𝟒𝐑
=

√
  
  
  
  
  𝟒∑

𝐫

𝐬𝐢𝐧
𝐀
𝟐

𝐜𝐲𝐜

𝟐∑
𝐫

𝐬𝐢𝐧
𝐀
𝟐

𝐜𝐲𝐜 − (𝟒𝐑 − 𝟐𝐫)
= 

√
  
  
  
  
  𝟐

𝟐𝐑 .
∑

𝐫

𝐬𝐢𝐧
𝐀
𝟐

𝐜𝐲𝐜

𝟏
𝟐𝐑

∑
𝐫

𝐬𝐢𝐧
𝐀
𝟐

𝐜𝐲𝐜 −
𝟐𝐑 − 𝐫
𝟐𝐑

=

√
  
  
  
  
  
  
  

𝟒(∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜 ) .

∑ 𝐬𝐢𝐧
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

𝟐(∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜 ) . (

∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

) − ∑ 𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

= √
𝟒∑ 𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

𝟐∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜 − ∑ 𝐬𝐢𝐧𝟐

𝐀
𝟐𝐜𝐲𝐜

≥
?
√
𝐬𝐢𝐧

𝐁
𝟐

𝐬𝐢𝐧
𝐂
𝟐

+ √
𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐁
𝟐

 

⇔
𝟒∑ 𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

𝟐∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜 − ∑ 𝐬𝐢𝐧𝟐

𝐀
𝟐𝐜𝐲𝐜

− 𝟐 ≥
? 𝐬𝐢𝐧

𝐁
𝟐

𝐬𝐢𝐧
𝐂
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐁
𝟐

 

⇔
𝟐∑ 𝐬𝐢𝐧𝟐

𝐀
𝟐𝐜𝐲𝐜

𝟐∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜 − ∑ 𝐬𝐢𝐧𝟐

𝐀
𝟐𝐜𝐲𝐜

≥
? 𝐬𝐢𝐧𝟐

𝐁
𝟐
+ 𝐬𝐢𝐧𝟐

𝐂
𝟐

𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
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⇔ 𝟐𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

≥
?
(𝐲𝟐 + 𝐳𝟐) (𝟐∑𝒙𝐲

𝐜𝐲𝐜

−∑𝒙𝟐

𝐜𝐲𝐜

) (𝒙 = 𝐬𝐢𝐧
𝐀

𝟐
, 𝐲 = 𝐬𝐢𝐧

𝐁

𝟐
, 𝐳 = 𝐬𝐢𝐧

𝐂

𝟐
) 

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝒙𝟐(𝐲 + 𝐳)𝟐 + (𝐲𝟐 + 𝐳𝟐)𝟐 ≥
?
𝟐𝒙𝐲𝐳(𝐲 + 𝐳) + 𝟐𝒙(𝐲𝟑 + 𝐳𝟑) 

⇔ 𝒙𝟐(𝐲 + 𝐳)𝟐 + (𝐲𝟐 + 𝐳𝟐)𝟐 ≥
?
𝟐𝒙𝐲𝐳(𝐲 + 𝐳) + 𝟐𝒙(𝐲 + 𝐳)(𝐲𝟐 + 𝐳𝟐 − 𝐲𝐳) 

= 𝟐𝒙(𝐲 + 𝐳)(𝐲𝐳 + 𝐲𝟐 + 𝐳𝟐 − 𝐲𝐳) ⇔ 𝒙𝟐(𝐲 + 𝐳)𝟐 + (𝐲𝟐 + 𝐳𝟐)𝟐 ≥
?
𝟐𝒙(𝐲 + 𝐳)(𝐲𝟐 + 𝐳𝟐) 

⇔ (𝒙(𝐲 + 𝐳) − (𝐲𝟐 + 𝐳𝟐))
𝟐
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∴ 𝟐√
𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝟐(𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 + 𝐫) − 𝟒𝐑
≥ √

𝐬𝐢𝐧
𝐁
𝟐

𝐬𝐢𝐧
𝐂
𝟐

+ √
𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐁
𝟐

 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

1644. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐑

𝟐𝐫
∑

𝒂𝟐𝟎𝟐𝟒

𝐛𝟐𝟎𝟐𝟒 + 𝐜𝟐𝟎𝟐𝟒
𝐜𝐲𝐜

+
𝐑𝟐𝟎𝟐𝟓

𝐫𝟐𝟎𝟐𝟓
≥ 𝟐𝟐𝟎𝟐𝟓 +∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

 

𝐋𝐞𝐭 𝐅(𝐧) = 𝐭𝐧 − 𝟐𝐧 ∀ 𝐭 =
𝐑

𝐫
≥ 𝟐 (𝐭 → 𝐟𝐢𝒙𝐞𝐝) 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐅 ′(𝐧) = 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎 (
∵ 𝐭𝐧 ≥ 𝟐𝐧 𝒂𝐧𝐝 𝐥𝐧 𝐭 ≥ 𝐥𝐧𝟐
⇒ 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧 𝟐) ≥ 𝟎

) 

∴ 𝐅(𝐧) 𝐢𝐬 ↑ ∀ 𝐧 ≥ 𝟐 ⇒  𝐅(𝐧) ≥  𝐅(𝟐) ⇒ 𝐰𝐡𝐞𝐧 𝐛𝐨𝐭𝐡 𝐭 =
𝐑

𝐫
 𝒂𝐧𝐝 𝐧 𝐯𝒂𝐫𝐲, (

𝐑

𝐫
)
𝐧

− 𝟐𝐧 ≥ 

𝐑𝟐

𝐫𝟐
− 𝟒 ⇒

𝐑

𝟐𝐫
∑

𝒂𝟐𝟎𝟐𝟒

𝐛𝟐𝟎𝟐𝟒 + 𝐜𝟐𝟎𝟐𝟒
𝐜𝐲𝐜

+
𝐑𝟐𝟎𝟐𝟓

𝐫𝟐𝟎𝟐𝟓
− 𝟐𝟐𝟎𝟐𝟓 ≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝐑

𝟐𝐫
.
𝟑

𝟐
+
𝐑𝟐

𝐫𝟐
− 𝟒 → (𝟏) 

𝐀𝐥𝐬𝐨,∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=
𝟏

𝟒
∑

𝟒𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
∑(

𝒂𝟐

𝐛𝟐
+
𝒂𝟐

𝐜𝟐
)

𝐜𝐲𝐜

 

=
𝟏

𝟒
∑((

𝐛

𝐜
+
𝐜

𝐛
)
𝟐

− 𝟐)

𝐜𝐲𝐜

≤
𝐁𝒂𝐧𝐝𝐢𝒍𝒂 𝟏

𝟒
∑((

𝐑

𝐫
)
𝟐

− 𝟐)

𝐜𝐲𝐜

⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
−
𝟑

𝟐
→ (𝟐) 

∴ 𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐), 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐑

𝟐𝐫
∑

𝒂𝟐𝟎𝟐𝟒

𝐛𝟐𝟎𝟐𝟒 + 𝐜𝟐𝟎𝟐𝟒
𝐜𝐲𝐜

+
𝐑𝟐𝟎𝟐𝟓

𝐫𝟐𝟎𝟐𝟓
− 𝟐𝟐𝟎𝟐𝟓 ≥ 

∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐑

𝟐𝐫
.
𝟑

𝟐
+
𝐑𝟐

𝐫𝟐
− 𝟒 ≥

𝟑𝐑𝟐

𝟒𝐫𝟐
−
𝟑

𝟐
⇔ 

𝟒𝐑𝟐 − 𝟏𝟔𝐫𝟐 + 𝟑𝐑𝐫

𝟒𝐫𝟐
≥
𝟑𝐑𝟐 − 𝟔𝐫𝟐

𝟒𝐫𝟐
⇔ 𝐑𝟐 + 𝟑𝐑𝐫 − 𝟏𝟎𝐫𝟐 ≥ 𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝐑 + 𝟓𝐫) ≥ 𝟎 
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→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴
𝐑

𝟐𝐫
∑

𝒂𝟐𝟎𝟐𝟒

𝐛𝟐𝟎𝟐𝟒 + 𝐜𝟐𝟎𝟐𝟒
𝐜𝐲𝐜

+
𝐑𝟐𝟎𝟐𝟓

𝐫𝟐𝟎𝟐𝟓
− 𝟐𝟐𝟎𝟐𝟓 ≥∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1645. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
𝟐
≤

𝟑

𝟏𝟔
. (
𝟏𝟖𝟐𝟑

𝟔𝟒
. (
𝐑

𝐫
)
𝟔

− 𝟏𝟖𝟏𝟓) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
≤∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟐

𝐜𝐲𝐜

≤

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥
𝒂𝐧𝐝
𝐀−𝐆

 

𝐑𝟐

𝟒𝐫𝟐
.∑

𝐡𝐛
𝟐 + 𝐡𝐜

𝟐

𝟒𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

=
𝐑𝟐

𝟏𝟔𝐫𝟐
∑(

𝐜

𝐛
+
𝐛

𝐜
)

𝐜𝐲𝐜

≤
𝐁𝒂𝐧𝐝𝐢𝒍𝒂 𝟑𝐑𝟐

𝟏𝟔𝐫𝟑
 𝒂𝐧𝐝 

𝟑

𝟏𝟔
. (
𝟏𝟖𝟐𝟑

𝟔𝟒
. (
𝐑

𝐫
)
𝟔

− 𝟏𝟖𝟏𝟓) 

≥
𝐄𝐮𝐥𝐞𝐫 𝟑

𝟏𝟔
. (
𝟏𝟖𝟐𝟑

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟏𝟖𝟏𝟓) ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑

𝟏𝟔
. (
𝟏𝟖𝟐𝟑𝐑𝟑 − 𝟖. 𝟏𝟖𝟏𝟓𝐫𝟑

𝟖𝐫𝟑
) ≥

𝟑𝐑𝟐

𝟏𝟔𝐫𝟑
⇔ 𝟏𝟖𝟏𝟓(𝐑𝟑 − 𝟖𝐫𝟑) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

∴
𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟐
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟐
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
𝟐
≤

𝟑

𝟏𝟔
. (
𝟏𝟖𝟐𝟑

𝟔𝟒
. (
𝐑

𝐫
)
𝟔

− 𝟏𝟖𝟏𝟓)  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1646. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟑
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟑
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
𝟑
≤
𝟏

𝟒𝐫
. (𝟐𝟕. (

𝐑

𝟐𝐫
)
𝟖

− 𝟐𝟔) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟑
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟑
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
𝟑
≤∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟑

𝐜𝐲𝐜

 

≤∑
(𝐡𝐛 + 𝐡𝐜)(𝐦𝐛

𝟐 +𝐦𝐜
𝟐)

𝟖𝐡𝐛𝐡𝐜(𝐡𝐛
𝟐 + 𝐡𝐜

𝟐)
𝐜𝐲𝐜
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(

 
∵ ∀ 𝒙, 𝐲 > 0, (𝒙 + 𝐲)𝟒 = ((𝒙𝟐 + 𝐲𝟐) + 𝟐𝒙𝐲)

𝟐
≥
𝐀−𝐆

𝟖𝒙𝐲(𝒙𝟐 + 𝐲𝟐)

⇒ (𝒙 + 𝐲)𝟑 ≥
𝟖𝒙𝐲(𝒙𝟐 + 𝐲𝟐)

𝒙 + 𝐲 )

  

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

∑
(𝐡𝐛 + 𝐡𝐜).

𝐑𝟐

𝟒𝐫𝟐
(𝐡𝐛

𝟐 + 𝐡𝐜
𝟐)

𝟖𝐡𝐛𝐡𝐜(𝐡𝐛
𝟐 + 𝐡𝐜

𝟐)
𝐜𝐲𝐜

=
𝐑𝟐

𝟑𝟐𝐫𝟐
.∑(

𝟏

𝐡𝐛
+
𝟏

𝐡𝐜
)

𝐜𝐲𝐜

=
𝐑𝟐

𝟑𝟐𝐫𝟐
.
𝟐

𝐫
=

𝐑𝟐

𝟏𝟔𝐫𝟑
 

𝒂𝐧𝐝 
𝟏

𝟒𝐫
. (𝟐𝟕. (

𝐑

𝟐𝐫
)
𝟖

− 𝟐𝟔) ≥
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟒𝐫
. (𝟐𝟕. (

𝐑

𝟐𝐫
)
𝟐

− 𝟐𝟔) =
𝟐𝟕𝐑𝟐 − 𝟐𝟔. 𝟒𝐫𝟐

𝟏𝟔𝐫𝟑
 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟐𝟕𝐑𝟐 − 𝟐𝟔. 𝟒𝐫𝟐

𝟏𝟔𝐫𝟑
≥

𝐑𝟐

𝟏𝟔𝐫𝟑
⇔ 𝟐𝟔(𝐑𝟐 − 𝟒𝐫𝟐) ≥ 𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴
𝐦𝒂
𝟐 +𝐦𝐛

𝟐

(𝐰𝒂 +𝐰𝐛)
𝟑
+

𝐰𝐛
𝟐 +𝐰𝐜

𝟐

(𝐡𝐛 + 𝐡𝐜)
𝟑
+

𝐡𝐜
𝟐 + 𝐡𝒂

𝟐

(𝐦𝐜 +𝐦𝒂)
𝟑

 

≤
𝟏

𝟒𝐫
. (𝟐𝟕. (

𝐑

𝟐𝐫
)
𝟖

− 𝟐𝟔) ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1647. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧,𝐦 ≥ 𝟎, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝𝐬 ∶ 

 
𝐫𝒂
𝐧

𝐦𝒂
𝐦
+
𝐫𝐛
𝐧

𝐰𝐛
𝐦 +

𝐫𝐜
𝐧

𝐡𝐜
𝐦
≥
𝟑𝐧−𝐦+𝟏. 𝟐𝐦. 𝐫𝐧

𝐑𝐦
 𝒂𝐧𝐝 

𝐦𝒂
𝐧

𝐫𝒂
𝐦
+
𝐰𝐛
𝐧

𝐫𝐛
𝐦 +

𝐡𝐜
𝐧

𝐫𝐜
𝐦
≥
𝟑𝐧−𝐦+𝟏. 𝟐𝐦. 𝐫𝐧

𝐑𝐦
  

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

𝐫𝒂
𝐧

𝐦𝒂
𝐦
+
𝐫𝐛
𝐧

𝐰𝐛
𝐦 +

𝐫𝐜
𝐧

𝐡𝐜
𝐦
≥

𝐫𝒂
𝐧

𝐦𝒂
𝐦
+
𝐫𝐛
𝐧

𝐦𝐛
𝐦 +

𝐫𝐜
𝐧

𝐦𝐜
𝐦

≥
𝐀−𝐆

𝟑. √
(∏ 𝐫𝒂𝐜𝐲𝐜 )

𝐧

(∏ 𝐦𝒂𝐜𝐲𝐜 )
𝐦

𝟑

≥
𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 

𝐑𝐬𝟐

𝟐
 

𝟑.
√

(𝐫𝐬𝟐)𝐧

(
𝐑𝐬𝟐

𝟐 )
𝐦

𝟑 ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑.
√

(𝐫. 𝟐𝟕𝐫𝟐)𝐧

(
𝐑
𝟐
.
𝟐𝟕𝐑𝟐

𝟒 )
𝐦

𝟑 =
𝟑𝐧−𝐦+𝟏. 𝟐𝐦. 𝐫𝐧

𝐑𝐦
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 

𝐦𝒂
𝐧

𝐫𝒂
𝐦
+
𝐰𝐛
𝐧

𝐫𝐛
𝐦 +

𝐡𝐜
𝐧

𝐫𝐜
𝐦
≥
𝐡𝒂
𝐧

𝐫𝒂
𝐦
+
𝐡𝐛
𝐧

𝐫𝐛
𝐦 +

𝐡𝐜
𝐧

𝐫𝐜
𝐦

≥
𝐀−𝐆

𝟑. √
(∏ 𝐡𝒂𝐜𝐲𝐜 )

𝐧

(∏ 𝐫𝒂𝐜𝐲𝐜 )
𝐦

𝟑

= 𝟑.
√
(
𝟐𝐫𝟐𝐬𝟐

𝐑 )
𝐧

(𝐫𝐬𝟐)𝐦

𝟑

 

≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 + 𝐄𝐮𝐥𝐞𝐫
𝟑. √

(
𝐫𝟐. 𝟐𝟕𝐑𝐫

𝐑 )
𝐧

(
𝐑
𝟐
.
𝟐𝟕𝐑𝟐

𝟒 )
𝐦

𝟑

=
𝟑𝐧−𝐦+𝟏. 𝟐𝐦. 𝐫𝐧

𝐑𝐦
  



 
www.ssmrmh.ro 

67 RMM-GEOMETRY MARATHON 1601-1700 

 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜 ≤
𝐑𝐬𝟐

𝟐
  

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐) → (𝟏) 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∴∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) → (𝟐) 

𝐀𝐥𝐬𝐨,∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑(𝒂𝟐𝐛𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

= 

(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 → (𝟑) ∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 

=
𝟏

𝟔𝟒

(

 
 
 
 −𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)

+𝟔(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

)

 
 
 
 

 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 
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=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

 

=
𝟏

𝟔𝟒
(
−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟑 + 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐

−𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐
) 

=
𝟏

𝟏𝟔
(𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑) 

≤
𝐑𝟐𝐬𝟒

𝟒
⇔ 

𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
(⦁)

𝟎 
 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) 

−𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
?
𝟎 

⇔ 𝐬𝟒(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) 

+𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 𝒂𝐧𝐝  

𝐑𝐇𝐒 𝐨𝐟 (⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 
≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 
⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟎 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
(⦁⦁⦁)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  ≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭 − 𝟔𝟎 ≥ 𝟎 (𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐐𝐄𝐃) 
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1648. İn ∆𝐀𝐁𝐂,𝐦(𝐁𝐀𝐂) = 𝟗𝟎°, 𝐀𝐃⟘𝐁𝐂,𝐃 ∈ (𝐁𝐂), 𝐑, 𝐑𝟏, 𝐑𝟐 – circumradii 
and 𝐫, 𝐫𝟏, 𝐫𝟐 – inradii of  ∆𝐀𝐁𝐂, ∆𝐀𝐁𝐃, ∆𝐀𝐂𝐃 . Prove that 

𝐑 − 𝐑𝟏
𝐑 + 𝐑𝟏

+
𝐑 − 𝐑𝟐
𝐑 + 𝐑𝟐

=
𝐫 − 𝐫𝟏
𝐫 + 𝐫𝟏

+
𝐫 − 𝐫𝟐
𝐫 + 𝐫𝟐

 

Proposed by Marin Chirciu-Romania 
Solution by Togrul Ehmedov-Azerbaijan 

 

|𝐀𝐁| = 𝐛, |𝐀𝐂| = 𝐜, |𝐁𝐂| = 𝐚, |𝐁𝐃| =
𝐛𝟐

𝐚
, |𝐂𝐃| =

𝐜𝟐

𝐚
, |𝐀𝐃| =

𝐛𝐜

𝐚
 

𝐖𝐞 𝐤𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝐑 =
𝐚

𝟐
, 𝐑𝟏 =

𝐛

𝟐
,𝐑𝟐 =

𝐜

𝟐
 𝐚𝐧𝐝 

𝐫 =
𝐛 + 𝐜 − 𝐚

𝟐
, 𝐫𝟏 =

𝐛

𝐚
𝐫, 𝐫𝟐 =

𝐜

𝐚
𝐫 

𝐑 − 𝐑𝟏
𝐑 + 𝐑𝟏

+
𝐑 − 𝐑𝟐
𝐑 + 𝐑𝟐

=
𝐫 − 𝐫𝟏
𝐫 + 𝐫𝟏

+
𝐫 − 𝐫𝟐
𝐫 + 𝐫𝟐

⇒

𝐚
𝟐
−
𝐛
𝟐

𝐚
𝟐
+
𝐛
𝟐

+

𝐚
𝟐
−
𝐜
𝟐

𝐚
𝟐
+
𝐜
𝟐

=
𝐫 −

𝐛
𝐚 𝐫

𝐫 +
𝐛
𝐚
𝐫
+
𝐫 −

𝐜
𝐚 𝐫

𝐫 +
𝐜
𝐚
𝐫
⇒ 

⇒
𝐚 − 𝐛

𝐚 + 𝐛
+
𝐚 − 𝐜

𝐚 + 𝐜
=
𝐚 − 𝐛

𝐚 + 𝐛
+
𝐚 − 𝐜

𝐚 + 𝐜
 

 

1649. 𝐈𝐧 ∆ 𝐀𝐁𝐂,𝐦(𝐁𝐀𝐂) = 𝟗𝟎°, 𝐀𝐃 ⊥ 𝐁𝐂. 𝐑𝟏, 𝐑𝟐 →

𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐢 𝒂𝐧𝐝 𝐫𝟏, 𝐫𝟐 → 

𝐢𝐧𝐫𝒂𝐝𝐢𝐢 𝐨𝐟 ∆ 𝐀𝐁𝐃, ∆ 𝐀𝐂𝐃. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐫 + 𝐫𝟏 + 𝐫𝟐

≥ (√𝟐 + 𝟏)
𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐑 + 𝐑𝟏 + 𝐑𝟐

 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐𝐑 𝐬𝐢𝐧𝐀 = 𝒂, 𝟐𝐑𝟏 𝐬𝐢𝐧𝐀𝐃𝐁̂ = 𝐜, 𝟐𝐑𝟐 𝐬𝐢𝐧𝐀𝐃𝐂̂ = 𝐛 
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∴ 𝐑 =
𝒂

𝟐
, 𝐑𝟏 =

𝐜

𝟐
, 𝐑𝟐 =

𝐛

𝟐
→ (𝟏) 

𝐍𝐨𝐰, 𝐫𝟏 = 𝟒𝐑𝟏 𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
= 𝐜.

𝟏

√𝟐
. (𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) 

= 𝐜.
𝟏

√𝟐
. (
𝐛 + 𝐜

𝒂
.
𝟏

√𝟐
−

𝟏

√𝟐
) =

𝐜

𝟐
.
𝟐(𝐬 − 𝒂)

𝒂
=

𝐯𝐢𝒂 (𝟏) 𝐜

𝒂
. (𝟐𝐑 + 𝐫 − 𝟐𝐑) 

⇒ 𝐫𝟏 =
𝐜

𝒂
. 𝐫 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 𝐫𝟐 =

𝐛

𝒂
. 𝐫 → (𝟐) 

𝐀𝐠𝒂𝐢𝐧,
𝐑

𝐫
=

𝐑

𝟒𝐑 𝐬𝐢𝐧
𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐

=
𝟏

𝟐

√𝟐
. (𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

− 𝐬𝐢𝐧
𝐀
𝟐
)

≥
𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏 𝟏

√𝟐 (𝟏 −
𝟏

√𝟐
)

 

=
𝟏

√𝟐 − 𝟏
⇒
𝐑

𝐫
≥ √𝟐 + 𝟏 → (𝐢) 

𝐀𝐥𝐬𝐨, 𝐫 = 𝟒𝐑 𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
=
𝟐𝐑

√𝟐
. (𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) =
𝐯𝐢𝒂 (𝟏) 𝒂

√𝟐
. (
𝐛 + 𝐜

𝒂
.
𝟏

√𝟐
−

𝟏

√𝟐
) 

=
𝒂

𝟐
.
𝟐(𝐬 − 𝒂)

𝒂
=

𝐯𝐢𝒂 (𝟏)
𝟐𝐑 + 𝐫 − 𝟐𝐑 ⇒ 𝐫 = 𝐬 → (𝟑) 

∴
(
𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐫 + 𝐫𝟏 + 𝐫𝟐

)

(
𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐑 + 𝐑𝟏 + 𝐑𝟐

)
=

𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)
𝒂
𝟐
+
𝐜
𝟐
+
𝐛
𝟐

𝐬 +
𝐜
𝒂
. 𝐬 +

𝐛
𝒂
. 𝐬
=

𝐬

𝐬 (𝟏 +
𝐛
𝒂
+
𝐜
𝒂
)
=

𝒂

𝒂 + 𝐛 + 𝐜
 

=
𝐯𝐢𝒂 (𝟏) 𝟐𝐑

𝟐𝐬
=

𝐯𝐢𝒂 (𝟑) 𝐑

𝐫
≥

𝐯𝐢𝒂 (𝟏)

√𝟐 + 𝟏,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐢𝐬𝐨𝐬𝐜𝐞𝐥𝐞𝐬 𝐫𝐢𝐠𝐡𝐭 − 𝒂𝐧𝐠𝐥𝐞𝐝 (𝐐𝐄𝐃) 

 

1650. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝒂

𝐫𝒂 + 𝛌𝐫𝐛
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
.
𝟒(𝛌 + 𝟏)𝐑 + (𝟏 − 𝟖𝛌)𝐫

𝟒𝐑 + 𝐫
 𝐟𝐨𝐫

𝟏

𝟐
≤ 𝛌 ≤

𝟕

𝟐
 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐫𝒂

𝐫𝒂 + 𝛌𝐫𝐛
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
.
𝟒(𝛌 + 𝟏)𝐑 + (𝟏 − 𝟖𝛌)𝐫

𝟒𝐑 + 𝐫
 

⇔∑
𝐫𝒂 + 𝛌𝐫𝐛 − 𝛌𝐫𝐛

𝐫𝒂 + 𝛌𝐫𝐛
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
.
𝟒𝐑 + 𝐫 + 𝛌(𝟒𝐑 − 𝟖𝐫)

𝟒𝐑 + 𝐫
 

⇔ 𝟑−
𝟑

𝛌 + 𝟏
− 𝛌∑

𝐫𝐛
𝟐

𝐫𝒂𝐫𝐛 + 𝛌𝐫𝐛
𝟐

𝐜𝐲𝐜

≤
𝟑𝛌(𝟒𝐑 − 𝟖𝐫)

(𝛌 + 𝟏)(𝟒𝐑 + 𝐫)
 

⇔
𝟑𝛌

𝛌 + 𝟏
− 𝛌∑

𝐫𝐛
𝟐

𝐫𝒂𝐫𝐛 + 𝛌𝐫𝐛
𝟐

𝐜𝐲𝐜

−
𝟑𝛌(𝟒𝐑 − 𝟖𝐫)

(𝛌 + 𝟏)(𝟒𝐑 + 𝐫)
≤ 𝟎 

⇔∑
𝐫𝐛
𝟐

𝐫𝒂𝐫𝐛 + 𝛌𝐫𝐛
𝟐

𝐜𝐲𝐜

−
𝟑

𝛌 + 𝟏
+

𝟑(𝟒𝐑 − 𝟖𝐫)

(𝛌 + 𝟏)(𝟒𝐑 + 𝐫)
≥
(∗)

𝟎 (∵ 𝛌 > 0) 
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𝐍𝐨𝐰,∑
𝐫𝐛
𝟐

𝐫𝒂𝐫𝐛 + 𝛌𝐫𝐛
𝟐

𝐜𝐲𝐜

−
𝟑

𝛌 + 𝟏
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐 + 𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)
−

𝟑

𝛌 + 𝟏
 

=
𝛌(𝟒𝐑 + 𝐫)𝟐 + (𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐 − 𝟑𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)

(𝛌 + 𝟏)(𝐬𝟐 + 𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐))
 

=
(𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐 − 𝟐𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐)

(𝛌 + 𝟏)(𝐬𝟐 + 𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐))
 

=
(𝟏 − 𝟐𝛌)((𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐)

(𝛌 + 𝟏)(𝐬𝟐 + 𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐))
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟐𝛌 − 𝟏)((𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐)

(𝛌 + 𝟏)(𝐬𝟐 + 𝛌((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐))
≤

𝟑(𝟒𝐑 − 𝟖𝐫)

(𝛌 + 𝟏)(𝟒𝐑 + 𝐫)
 

⇔ 𝟑(𝟒𝐑 − 𝟖𝐫)(𝛌(𝟒𝐑 + 𝐫)𝟐 − (𝟐𝛌 − 𝟏)𝐬𝟐) ≥ (𝟐𝛌 − 𝟏)(𝟒𝐑 + 𝐫)((𝟒𝐑 + 𝐫)𝟐 − 𝟑𝐬𝟐) 

⇔ 𝟑𝛌(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 ≥ (𝟐𝛌 − 𝟏)((𝟒𝐑 + 𝐫)𝟑 − 𝟑𝐬𝟐(𝟒𝐑 + 𝐫) + 𝟑(𝟒𝐑 − 𝟖𝐫)𝐬𝟐) 

⇔ 𝟑𝛌(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 ≥ (𝟐𝛌 − 𝟏)((𝟒𝐑 + 𝐫)𝟑 − 𝟐𝟕𝐫𝐬𝟐) 

⇔ (𝟒𝐑 + 𝐫)𝟑 − 𝟐𝟕𝐫𝐬𝟐 + 𝛌(𝟑(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟒𝐑 + 𝐫)𝟑 + 𝟓𝟒𝐫𝐬𝟐) ≥
(∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟑(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟒𝐑 + 𝐫)𝟑 + 𝟓𝟒𝐫𝐬𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 

(𝟒𝐑 + 𝐫)𝟑 − 𝟐𝟕𝐫𝐬𝟐 ≥
𝐓𝐫𝐮𝐜𝐡𝐭

𝟑𝐬𝟐(𝟒𝐑 + 𝐫 − 𝟗𝐫) = 𝟑𝐬𝟐(𝟒𝐑 − 𝟖𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟑(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟒𝐑 + 𝐫)𝟑 + 𝟓𝟒𝐫𝐬𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) = 

(𝟒𝐑 + 𝐫)𝟑 − 𝟐𝟕𝐫𝐬𝟐 − 𝛌(−(𝟑(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟒𝐑 + 𝐫)𝟑 + 𝟓𝟒𝐫𝐬𝟐)) ≥
𝟎 < 𝜆 ≤ 

𝟕
𝟐
 

(𝟒𝐑 + 𝐫)𝟑 − 𝟐𝟕𝐫𝐬𝟐 −
𝟕

𝟐
(−(𝟑(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟒𝐑 + 𝐫)𝟑 + 𝟓𝟒𝐫𝐬𝟐)) ≥

?
𝟎 

⇔ 𝟐(𝟒𝐑 + 𝐫)𝟑 − 𝟓𝟒𝐫𝐬𝟐 + 𝟐𝟏(𝟒𝐑 − 𝟖𝐫)(𝟒𝐑 + 𝐫)𝟐 − 𝟏𝟒(𝟒𝐑 + 𝐫)𝟑 + 𝟕. 𝟓𝟒𝐫𝐬𝟐 ≥
?
𝟎 

⇔ (𝟒𝐑 + 𝐫)𝟐(𝟖𝟒𝐑 − 𝟏𝟔𝟖𝐫 − 𝟒𝟖𝐑 − 𝟏𝟐𝐫) + 𝟔. 𝟓𝟒𝐫𝐬𝟐 ≥
?
𝟎 

⇔ (𝐑 − 𝟓𝐫)(𝟒𝐑 + 𝐫)𝟐 + 𝟗𝐫𝐬𝟐 ≥
?
⏟

(∗∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 − 𝟓𝐫)(𝟒𝐑 + 𝐫)𝟐 + 𝟗𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝟎 ⇔ 

𝟏𝟔𝐭𝟑 − 𝟕𝟐𝐭𝟐 + 𝟏𝟎𝟓𝐭 − 𝟓𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭 − 𝟓)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡  
𝟏

𝟐
≤ 𝛌 ≤

𝟕

𝟐
∴∑

𝐫𝒂
𝐫𝒂 + 𝛌𝐫𝐛

𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
.
𝟒(𝛌 + 𝟏)𝐑 + (𝟏 − 𝟖𝛌)𝐫

𝟒𝐑 + 𝐫
 ∀ ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡

𝟏

𝟐
≤ 𝛌 ≤

𝟕

𝟐
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝒂𝐧𝐝 𝛌 =
𝟕

𝟐
 (𝐐𝐄𝐃) 

1651. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧,𝐦 ≥ 𝟎, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝐧

(𝐦𝒂 +𝐰𝐛)
𝐦
+

𝐫𝐛
𝐧

(𝐰𝐛 + 𝐡𝐜)
𝐦
+

𝐫𝐜
𝐧

(𝐡𝐜 +𝐦𝒂)
𝐦
≥
𝟑𝐧−𝐦+𝟏. 𝐫𝐧

𝐑𝐦
 

 
  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝒂
𝐧

(𝐦𝒂 +𝐰𝐛)
𝐦
+

𝐫𝐛
𝐧

(𝐰𝐛 + 𝐡𝐜)
𝐦
+

𝐫𝐜
𝐧

(𝐡𝐜 +𝐦𝒂)
𝐦
≥ 

 

𝐫𝒂
𝐧

(𝐦𝒂 +𝐦𝐛)
𝐦
+

𝐫𝐛
𝐧

(𝐦𝐛 +𝐦𝐜)
𝐦
+

𝐫𝐜
𝐧

(𝐦𝐜 +𝐦𝒂)
𝐦

≥
𝐀−𝐆

𝟑. √
(∏ 𝐫𝒂𝐜𝐲𝐜 )

𝐧

(∏ (𝐦𝒂 +𝐦𝐛)𝐜𝐲𝐜 )
𝐦

𝟑

 

= 𝟑.
(√𝐫𝐬𝟐
𝟑

)
𝐧

(√(𝐦𝒂 +𝐦𝐛)
𝟑

)
𝐦 ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
𝒂𝐧𝐝
𝐀−𝐆

𝟑.
(√𝐫. 𝟐𝟕𝐫𝟐
𝟑

)
𝐧

(
∑ (𝐦𝒂 +𝐦𝐛)𝐜𝐲𝐜

𝟑
)

𝐦 = 𝟑.
(𝟑𝐫)𝐧

(
𝟐
𝟑
(∑ 𝐦𝒂𝐜𝐲𝐜 ))

𝐦 

≥
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫

𝟑.
(𝟑𝐫)𝐧

(
𝟐
𝟑
(
𝟗𝐑
𝟐
))

𝐦 =
𝟑𝐧−𝐦+𝟏. 𝐫𝐧

𝐑𝐦
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1652.𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐∑
𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

≥
𝟐𝐬

√𝒂𝐛𝐜
𝟑 +

𝟏

√𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

∑𝐡𝒂
𝐜𝐲𝐜

 

                                                                           Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐∑
𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

−
𝟏

√𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

∑𝐡𝒂
𝐜𝐲𝐜

≥
𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧

𝟐∑
𝐛𝟐 + 𝐜𝟐

𝟒𝐑.
𝐛𝐜
𝟐𝐑𝐜𝐲𝐜

−
𝟏

√𝟐𝐫
𝟐𝐬𝟐

𝐑

𝟑
.
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟑𝒂𝐛𝐜

𝒂𝐛𝐜
−

𝟏

√𝐫
𝟐(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝐑

𝟑

.
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
−

𝟏

√𝐫
𝟐(𝟐𝟕𝐑𝐫)
𝐑

𝟑
.
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
 

=
𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

𝟐𝐑𝐫
−
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟔𝐑𝐫
=
𝐬𝟐 − 𝟓𝐑𝐫 + 𝐫𝟐

𝟑𝐑𝐫
≥
? 𝟐𝐬

√𝒂𝐛𝐜
𝟑 =

𝟐𝐬

√𝟒𝐑𝐫𝐬
𝟑  

⇔
(𝐬𝟐 − 𝟓𝐑𝐫 + 𝐫𝟐)

𝟑

𝟐𝟕𝐑𝟑𝐫𝟑
≥
? 𝟖𝐬𝟑

𝟒𝐑𝐫𝐬
⇔ (𝐬𝟐 − 𝟓𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟓𝟒𝐑𝟐𝐫𝟐𝐬𝟐 ≥

?
⏟
(∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
⇔ (𝟑𝟑𝐑 − 𝟏𝟐𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟕𝟒𝟕𝐑𝟐 − 𝟒𝟓𝟎𝐑𝐫 + 𝟕𝟐𝐫𝟐) 
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+𝐫𝟐(𝟑𝟗𝟕𝟏𝐑𝟑 − 𝟑𝟕𝟔𝟓𝐑𝟐𝐫 + 𝟏𝟏𝟖𝟓𝐑𝐫𝟐 − 𝟏𝟐𝟒𝐫𝟑) ≥
(∗∗)

𝟎 𝒂𝐧𝐝  

∵ (𝟑𝟑𝐑 − 𝟏𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟑𝟑𝐑 − 𝟏𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟑𝟎𝟗𝐑𝟐 − 𝟐𝟔𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐)𝐬𝟐 ≥
(∗∗∗)

𝐫(𝟒𝟒𝟕𝟕𝐑𝟑 − 𝟒𝟓𝟖𝟕𝐑𝟐𝐫 + 𝟏𝟓𝟔𝟎𝐑𝐫𝟐 − 𝟏𝟕𝟔𝐫𝟑) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝟎𝟗𝐑𝟐 − 𝟐𝟔𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟒𝟒𝟕𝟕𝐑𝟑 − 𝟒𝟓𝟖𝟕𝐑𝟐𝐫 + 𝟏𝟓𝟔𝟎𝐑𝐫𝟐 − 𝟏𝟕𝟔𝐫𝟑) ⇔ 𝟒𝟔𝟕𝐭𝟑 − 𝟏𝟏𝟖𝟐𝐭𝟐 + 𝟓𝟐𝟖𝐭 − 𝟔𝟒 ≥
?
𝟎  

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟑𝟒𝟑𝐭𝟐 + 𝟏𝟐𝟒𝐭(𝐭 − 𝟐) + 𝟑𝟐) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐∑
𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

−
𝟏

√𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

∑𝐡𝒂
𝐜𝐲𝐜

≥
𝟐𝐬

√𝒂𝐛𝐜
𝟑 ⇒ 

𝟐∑
𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

≥
𝟐𝐬

√𝒂𝐛𝐜
𝟑 +

𝟏

√𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

∑𝐡𝒂
𝐜𝐲𝐜

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1653. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

≥ 𝟗𝐑 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬 𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬 𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)

= 𝟒𝐑 𝐜𝐨𝐬𝟐
𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑 𝐜𝐨𝐬𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴ 𝐯𝐢𝒂 (𝐢),∑
(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

=∑
𝟒𝐑𝐜𝐨𝐬𝟐

𝐂
𝟐
. 𝟒𝐑 𝐜𝐨𝐬𝟐

𝐁
𝟐

𝐜𝒂 + 𝒂𝐛
𝟐𝐑𝐜𝐲𝐜

 

=∑
𝟒𝐑𝐜𝐨𝐬𝟐

𝐂
𝟐
. 𝟒𝐑 𝐜𝐨𝐬𝟐

𝐁
𝟐

𝟐 𝐬𝐢𝐧
𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐
. 𝟒𝐑 𝐜𝐨𝐬

𝐀
𝟐
𝐜𝐨𝐬

𝐁 − 𝐂
𝟐𝐜𝐲𝐜

≥
𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏

𝟐𝐑∑
𝐜𝐨𝐬𝟐

𝐁
𝟐
𝐜𝐨𝐬𝟐

𝐂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐𝐜𝐲𝐜

≥
𝐀−𝐆

𝟔𝐑. √
∏ 𝐜𝐨𝐬𝟐

𝐀
𝟐𝐜𝐲𝐜

∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

𝟑

 

= 𝟔𝐑. √

𝐬𝟐

𝟏𝟔𝐑𝟐
𝐫
𝟒𝐑

𝟑

= 𝟔𝐑. √
𝟐𝐬𝟐

𝟖𝐑𝐫

𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟔𝐑. √
𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫)

𝟖𝐑𝐫

𝟑

≥
𝐄𝐮𝐥𝐞𝐫

𝟔𝐑. √
𝟐𝟕𝐑𝐫

𝟖𝐑𝐫

𝟑

= 𝟗𝐑 
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∴∑
(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

≥ 𝟗𝐑 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1654. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐈 → 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫 𝒂𝐧𝐝 𝐑𝒂, 𝐑𝐛, 𝐑𝐜 → 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐢 𝐨𝐟  

∆ 𝐁𝐈𝐂, ∆ 𝐂𝐈𝐀 𝒂𝐧𝐝 ∆ 𝐀𝐈𝐁, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝐫

𝐑
≤∑

𝐑𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≤ (
𝐑

𝟐𝐫
)
𝟐

 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬 𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬 𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)

= 𝟒𝐑 𝐜𝐨𝐬𝟐
𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑 𝐜𝐨𝐬𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∢𝐁𝐈𝐂 = 𝛑 −
𝐁 + 𝐂

𝟐
= 𝛑 −

𝛑 − 𝐀

𝟐
=
𝛑 + 𝐀

𝟐
∴ 𝐑𝒂 =

𝒂

𝟐 𝐬𝐢𝐧
𝛑 + 𝐀
𝟐

=
𝟒𝐑 𝐬𝐢𝐧

𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐

𝟐 𝐜𝐨𝐬
𝐀
𝟐

⇒ 

𝐑𝒂 = 𝟐𝐑𝐬𝐢𝐧
𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑

𝐑𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢)

∑
𝟐𝐑𝐬𝐢𝐧

𝐀
𝟐

𝟒𝐑 𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

=
𝟏

𝟐
∑(𝐭𝒂𝐧

𝐀

𝟐
𝐬𝐞𝐜

𝐀

𝟐
)

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝟏

𝟐
.√∑𝐭𝒂𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

. √∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

=
𝟏

𝟐
.√

𝟏

𝐬𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

. √𝟑 +
𝟏

𝐬𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

 

=
𝟏

𝟐
.√
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
. √𝟑 +

(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
 

=
𝟏

𝟐
(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝐬𝟐
− 𝟐)(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝐬𝟐
+ 𝟏) 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟏

𝟐
(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫)
− 𝟐)(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫)
+ 𝟏) 

≤
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟐
(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝟕𝐑𝐫
− 𝟐)(√

𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐𝟕𝐑𝐫
+ 𝟏) 

=
√(𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟓𝟒𝐑𝐫)(𝟐(𝟒𝐑 + 𝐫)𝟐 + 𝟐𝟕𝐑𝐫)

𝟐. 𝟐𝟕𝐑𝐫
≤
?
(
𝐑

𝟐𝐫
)
𝟐

 

⇔
(𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟓𝟒𝐑𝐫)(𝟐(𝟒𝐑 + 𝐫)𝟐 + 𝟐𝟕𝐑𝐫)

𝟒. 𝟕𝟐𝟗𝐑𝟐𝐫𝟐
≤
? 𝐑𝟒

𝟏𝟔𝐫𝟒
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⇔ 𝟕𝟐𝟗𝐑𝟔 ≥
?
𝟒𝐫𝟐(𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟓𝟒𝐑𝐫)(𝟐(𝟒𝐑 + 𝐫)𝟐 + 𝟐𝟕𝐑𝐫) 

⇔ 𝟕𝟐𝟗𝐭𝟔 − 𝟒𝟎𝟗𝟔𝐭𝟒 − 𝟔𝟒𝟎𝐭𝟑 + 𝟔𝟎𝟐𝟒𝐭𝟐 − 𝟒𝟎𝐭 − 𝟏𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟕𝟐𝟗𝐭𝟒 + 𝟐𝟗𝟏𝟔𝐭𝟑 + 𝟒𝟔𝟓𝟐𝐭𝟐 + 𝟔𝟑𝟎𝟒𝐭 + 𝟏𝟐𝟔𝟑𝟐) + 𝟐𝟓𝟐𝟕𝟐) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴∑
𝐑𝒂

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

≤ (
𝐑

𝟐𝐫
)
𝟐

 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑
𝐑𝒂

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

=
𝟏

𝟐
∑

𝐬𝐢𝐧
𝐀
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

 

𝟑

𝟐
.
𝐬𝐢𝐧

𝛑
𝟔

𝐜𝐨𝐬𝟐
𝛑
𝟔

 (
∵ 𝐟(𝒙) =

𝐬𝐢𝐧
𝒙
𝟐

𝐜𝐨𝐬𝟐
𝒙
𝟐

 ∀ 𝒙 ∈ (𝟎, 𝛑) ⇒ 𝐟 ′′(𝒙) =
𝟔 𝐬𝐢𝐧𝟑

𝒙
𝟐
+ 𝟓 𝐬𝐢𝐧

𝒙
𝟐
𝐜𝐨𝐬𝟐

𝒙
𝟐

𝟒 𝐜𝐨𝐬𝟒
𝒙
𝟐

> 0

⇒ 𝐟 ′′(𝒙) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙

) 

=
𝟑

𝟐
.
(
𝟏
𝟐
)

(
𝟑
𝟒
)
= 𝟏 ≥

𝐄𝐮𝐥𝐞𝐫 𝟐𝐫

𝐑
∴∑

𝐑𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
 𝒂𝐧𝐝 𝐬𝐨,

𝟐𝐫

𝐑
≤∑

𝐑𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≤ (
𝐑

𝟐𝐫
)
𝟐

  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1655. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝟐

𝐫𝒂 + 𝐫𝐛
+

𝐫𝐛
𝟐

𝐫𝐛 + 𝐫𝐜
≥
𝟏

𝟖𝐫
(𝒂𝟐 − 𝟑𝐜𝟐 − 𝒂𝐛 + 𝟐𝒂𝐜 + 𝟑𝐛𝐜) 

                                                                             Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝒂
𝟐

𝐫𝒂 + 𝐫𝐛
+

𝐫𝐛
𝟐

𝐫𝐛 + 𝐫𝐜
=

𝐅𝟐

(𝐬 − 𝒂)𝟐

𝐅
𝐬 − 𝒂

+
𝐅

𝐬 − 𝐛

+

𝐅𝟐

(𝐬 − 𝐛)𝟐

𝐅
𝐬 − 𝐛

+
𝐅

𝐬 − 𝐜

=
𝐅(𝐬 − 𝐛)

𝐜(𝐬 − 𝒂)
+
𝐅(𝐬 − 𝐜)

𝒂(𝐬 − 𝐛)
 

⇒ 𝟖𝐫(
𝐫𝒂
𝟐

𝐫𝒂 + 𝐫𝐛
+

𝐫𝐛
𝟐

𝐫𝐛 + 𝐫𝐜
) = 𝟖(

𝐅𝟐(𝐬 − 𝐛)

𝐬𝐜(𝐬 − 𝒂)
+
𝐅𝟐(𝐬 − 𝐜)

𝐬𝒂(𝐬 − 𝐛)
) 

= 𝟖(
𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝐛)

𝐬𝐜(𝐬 − 𝒂)
+
𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝐜)

𝐬𝒂(𝐬 − 𝐛)
)  

= 𝟖(
(𝐬 − 𝐛)𝟐(𝐬 − 𝐜)

𝐜
+
(𝐬 − 𝐜)𝟐(𝐬 − 𝒂)

𝒂
) =

𝟖𝐲𝟐𝐳

𝒙 + 𝐲
+
𝟖𝐳𝟐𝒙

𝐲 + 𝐳
 

(𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲) 

=
𝟖𝐲𝟐𝐳(𝐲 + 𝐳) + 𝟖𝐳𝟐𝒙(𝒙 + 𝐲)

(𝒙 + 𝐲)(𝐲 + 𝐳)
≥ 𝒂𝟐 − 𝟑𝐜𝟐 − 𝒂𝐛 + 𝟐𝒂𝐜 + 𝟑𝐛𝐜 

⇔
𝟖𝐲𝟐𝐳(𝐲 + 𝐳) + 𝟖𝐳𝟐𝒙(𝒙 + 𝐲)

(𝒙 + 𝐲)(𝐲 + 𝐳)
≥ 

(𝐲 + 𝐳)𝟐 − 𝟑(𝒙 + 𝐲)𝟐 − (𝐲 + 𝐳)(𝐳 + 𝒙) + 𝟐(𝐲 + 𝐳)(𝒙 + 𝐲) + 𝟑(𝐳 + 𝒙)(𝒙 + 𝐲) 

⇔ 𝒙𝟐𝐲𝟐 + 𝟐𝐳𝟐𝒙𝟐 + 𝒙𝐲𝟑 + 𝐲𝟑𝐳 + 𝐲𝟐𝐳𝟐 ≥
(∗)

𝒙𝟐𝐲𝐳 + 𝟒𝒙𝐲𝟐𝐳 + 𝒙𝐲𝐳𝟐 
𝐍𝐨𝐰, 𝒙𝟐𝐲𝟐 + 𝐲𝟐𝐳𝟐 + 𝐳𝟐𝒙𝟐 ≥ 𝒙𝟐𝐲𝐳 + 𝒙𝐲𝟐𝐳 + 𝒙𝐲𝐳𝟐 → (𝟏) 𝒂𝐧𝐝  

𝐳𝟐𝒙𝟐 + 𝒙𝐲𝟑 + 𝐲𝟑𝐳 ≥
𝐀−𝐆

𝟑𝒙𝐲𝟐𝐳 → (𝟐) 𝒂𝐧𝐝 (𝟏) + (𝟐) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴
𝐫𝒂
𝟐

𝐫𝒂 + 𝐫𝐛
+

𝐫𝐛
𝟐

𝐫𝐛 + 𝐫𝐜
≥
𝟏

𝟖𝐫
(𝒂𝟐 − 𝟑𝐜𝟐 − 𝒂𝐛 + 𝟐𝒂𝐜 + 𝟑𝐛𝐜) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1656. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑. √
𝐫𝟐

𝟐𝐑𝟐

𝟑

≤∑
𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

≤
𝟒𝐑 + 𝐫

𝟔𝐫
 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬 𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬 𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)

= 𝟒𝐑 𝐜𝐨𝐬𝟐
𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑 𝐜𝐨𝐬𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

𝐍𝐨𝐰,∑
𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢)

∑

𝟐𝐫𝐬
𝒂
. 𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑 𝐜𝐨𝐬
𝐂
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐀
𝟐𝐜𝐲𝐜

=∑

𝟐𝐫𝐬 𝐜𝐨𝐬
𝐀
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐

𝟒𝐑.
𝐬
𝟒𝐑𝐜𝐲𝐜

 

=
𝐫

𝟐𝐑
∑

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

=
𝐫

𝟐𝐑
∑√

𝐛𝐜(𝐬 − 𝒂)

𝐫𝟐𝐬
𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝟐𝐑. √𝐬
.√∑(𝐬 − 𝒂)

𝐜𝐲𝐜

. √𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟏

𝟐𝐑
.√𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐 =

𝐑 + 𝐫

𝐑
≤
? 𝟒𝐑 + 𝐫

𝟔𝐫
⇔ 𝟒𝐑𝟐 − 𝟓𝐑𝐫 − 𝟔𝐫𝟐 ≥

?
𝟎 

⇔ (𝟒𝐑 + 𝟑𝐫)(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ∴∑

𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

≤
𝟒𝐑 + 𝐫

𝟔𝐫
 

𝐀𝐠𝒂𝐢𝐧,∑
𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

=
𝐫

𝟐𝐑
∑

𝟏

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝐀−𝐆 𝟑𝐫

𝟐𝐑
. √
𝟒𝐑

𝐫

𝟑

=
𝟑

𝟐𝐑
. √
𝐫𝟑. 𝟒𝐑. 𝟐𝐑𝟐

𝐫. 𝟐𝐑𝟐

𝟑

 

=
𝟑. 𝟐𝐑

𝟐𝐑
. √

𝐫𝟐

𝟐𝐑𝟐

𝟑

∴∑
𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

≥ 𝟑. √
𝐫𝟐

𝟐𝐑𝟐

𝟑

 𝒂𝐧𝐝 𝐬𝐨, 

𝟑. √
𝐫𝟐

𝟐𝐑𝟐

𝟑

≤∑
𝐡𝒂

√(𝐫𝒂 + 𝐫𝐛)(𝐫𝒂 + 𝐫𝐜)𝐜𝐲𝐜

≤
𝟒𝐑 + 𝐫

𝟔𝐫
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1657. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝐛𝐫𝐜

𝐫𝐩𝟐 + 𝐫𝒂
𝟑

𝐜𝐲𝐜

≥
𝟏

𝟐𝐫
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐫𝐛𝐫𝐜

𝐫𝐩𝟐 + 𝐫𝒂
𝟑

𝐜𝐲𝐜

=∑
𝐫𝐛𝐫𝐜 + 𝐫𝒂

𝟐 − 𝐫𝒂
𝟐

𝐫𝒂𝐫𝐛𝐫𝐜 + 𝐫𝒂
𝟑

𝐜𝐲𝐜

=∑
𝐫𝐛𝐫𝐜 + 𝐫𝒂

𝟐 − 𝐫𝒂
𝟐

𝐫𝒂(𝐫𝐛𝐫𝐜 + 𝐫𝒂
𝟐)

𝐜𝐲𝐜

 

 

=∑
𝟏

𝐫𝒂
𝐜𝐲𝐜

−∑
𝐫𝒂

𝐫𝐛𝐫𝐜 + 𝐫𝒂
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆 𝟏

𝐫
−∑

𝐫𝒂

𝟐𝐫𝒂. √𝐫𝐛𝐫𝐜𝐜𝐲𝐜

≥
𝟏

𝐫
−
𝟏

𝟐
∑

𝟏

𝐰𝒂
𝐜𝐲𝐜

≥
𝟏

𝐫
−
𝟏

𝟐
∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

 

 

=
𝟏

𝐫
−
𝟏

𝟐𝐫
=
𝟏

𝟐𝐫
∴∑

𝐫𝐛𝐫𝐜

𝐫𝐩𝟐 + 𝐫𝒂
𝟑

𝐜𝐲𝐜

≥
𝟏

𝟐𝐫
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1658.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
𝐜𝐨𝐬𝟐𝟎𝟐𝟒𝐀

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐁

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐𝐀
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐂

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁
≥
𝟑

𝟖
 

 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐀

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐁

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐂

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁
 

=∑
𝐜𝐨𝐬𝟐 𝐀(∑ 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀𝐜𝐲𝐜 − (𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂))

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
𝐜𝐲𝐜

 

= (∑𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀

𝐜𝐲𝐜

)(∑
𝐜𝐨𝐬𝟐 𝐀

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
𝐜𝐲𝐜

) −∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

 

𝟏

𝟑
(∑𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜

)(∑
𝟏

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
𝐜𝐲𝐜

) −∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜

 

(
∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐜𝐨𝐬𝟐 𝐀 ≤ 𝐜𝐨𝐬𝟐 𝐁 ≤ 𝐜𝐨𝐬𝟐 𝐂  𝒂𝐧𝐝 

𝟏

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
≤

𝟏

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀
≤

𝟏

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁

) 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟑
(∑𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜

)(
𝟗

𝟐∑ 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀𝐜𝐲𝐜
) −∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜
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(

 
 
𝐰𝐞 𝐧𝐨𝐭𝐞 𝐭𝐡𝒂𝐭 ∶ 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂 ≥

𝟏

𝟐𝟐𝟎𝟐𝟏
(𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂)𝟐𝟎𝟐𝟐

=
𝟏

𝟐𝟐𝟎𝟐𝟏
(𝟐 𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
)
𝟐𝟎𝟐𝟐

>
𝟎 < 𝐜𝐨𝐬

𝐁−𝐂
𝟐

 ≤ 𝟏

𝟎
)

 
 

 

=
𝟏

𝟐
∑𝐜𝐨𝐬𝟐 𝐀

𝐜𝐲𝐜

=
𝟏

𝟐
(𝟑 −

∑ 𝒂𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
) ≥
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟏

𝟐
(𝟑 −

𝟗𝐑𝟐

𝟒𝐑𝟐
) 

⇒
𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐀

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐁

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐂 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀
+

𝐜𝐨𝐬𝟐𝟎𝟐𝟒 𝐂

𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐀 + 𝐜𝐨𝐬𝟐𝟎𝟐𝟐 𝐁
≥
𝟑

𝟖
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1659. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(
𝐦𝐛𝐡𝐛
𝐬𝐢𝐧𝐀

)
𝟐

+ (
𝐦𝐜𝐡𝐜
𝐬𝐢𝐧𝐁

)
𝟐

+ (
𝐦𝒂𝐡𝒂
𝐬𝐢𝐧 𝐂

)
𝟐

≥
𝟏𝟔𝐅𝟑

√𝟑
(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) 

  Proposed by Yusif Abbaszade-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 

(
𝐦𝐛𝐡𝐛
𝐬𝐢𝐧𝐀

)
𝟐

+ (
𝐦𝐜𝐡𝐜
𝐬𝐢𝐧𝐁

)
𝟐

+ (
𝐦𝒂𝐡𝒂
𝐬𝐢𝐧 𝐂

)
𝟐

=∑(
𝐦𝒂𝐡𝒂
𝐬𝐢𝐧 𝐂

)
𝟐

𝐜𝐲𝐜

 

=∑
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)𝐛𝟐𝐜𝟐

𝟏𝟔𝐑𝟐.
𝐜𝟐

𝟒𝐑𝟐
𝐜𝐲𝐜

=∑
𝟐𝐛𝟒 + 𝟐𝐛𝟐𝐜𝟐 − 𝒂𝟐𝐛𝟐

𝟒
𝐜𝐲𝐜

=
𝟏

𝟒
(𝟐∑𝒂𝟒

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) 

⇒ 𝐋𝐇𝐒 =
𝟏

𝟒
(𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑𝟐𝐫𝟐𝐬𝟐) → (𝟏) 

𝐀𝐠𝒂𝐢𝐧,
𝟏𝟔𝐅𝟑

√𝟑
(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) =

𝟏𝟔𝐫𝟑𝐬𝟑(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )

√𝟑. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
=
𝐫𝐬(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )

√𝟑. 𝐑𝟐
≤

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

𝐫. 𝟑√𝟑. 𝐑(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )

𝟐. √𝟑. 𝐑𝟐
=
𝟑𝐫∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟐𝐑
≤
? 𝟏

𝟒
(𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑𝟐𝐫𝟐𝐬𝟐) 

⇔ 𝐑(𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑𝟐𝐫𝟐𝐬𝟐) ≥
?
𝟔𝐫∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇔ (𝟓𝐑 − 𝟔𝐫)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑𝟐𝐑𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, (𝟓𝐑 − 𝟔𝐫)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥ (𝟓𝐑 − 𝟔𝐫)𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

= 𝟖𝐑𝐫𝐬𝟐(𝟓𝐑 − 𝟔𝐫) ≥
?
𝟑𝟐𝐑𝐫𝟐𝐬𝟐 

⇔ 𝟓𝐑 − 𝟔𝐫 ≥
?
𝟒𝐫 ⇔ 𝟓(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴
𝟏𝟔𝐅𝟑

√𝟑
(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) ≤

𝟏

𝟒
(𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑𝟐𝐫𝟐𝐬𝟐) =
𝐯𝐢𝒂 (𝟏)

 

(
𝐦𝐛𝐡𝐛
𝐬𝐢𝐧𝐀

)
𝟐

+ (
𝐦𝐜𝐡𝐜
𝐬𝐢𝐧𝐁

)
𝟐

+ (
𝐦𝒂𝐡𝒂
𝐬𝐢𝐧 𝐂

)
𝟐

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by proposer 

∑(
𝒎𝒃𝒉𝒃
𝐬𝐢𝐧 < 𝐴

)
𝟐

𝒄𝒚𝒄

=∑(
𝟒𝑭𝑹𝒎𝒃

𝒂𝒃
)
𝟐

𝒄𝒚𝒄

≥∑(
𝟒𝑭𝑹

𝒂𝒃
×
𝒂𝟐 + 𝒄𝟐

𝟒𝑹
)

𝟐

𝒄𝒚𝒄

= 𝑭𝟐∑(
𝒂𝟐 + 𝒄𝟐

𝒂𝒃
)

𝟐

𝒄𝒚𝒄

 

𝑭𝟐∑(
𝒂𝟐 + 𝒄𝟐

𝒂𝒃
)

𝟐

𝒄𝒚𝒄

≥𝑨𝑴−𝑮𝑴 𝑭𝟐∑(
𝟐𝒂𝒄

𝒂𝒃
)
𝟐

𝒄𝒚𝒄

= 𝟒𝑭𝟐∑
𝒄𝟐

𝒃𝟐
𝒄𝒚𝒄

 

𝟒𝑭𝟐∑
𝒄𝟐

𝒃𝟐
𝒄𝒚𝒄

= 𝟒𝑭𝟐∑(

𝒄𝟐

𝒃𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒄𝟐

𝟑
)

𝒄𝒚𝒄

≥𝑨𝑴−𝑮𝑴 𝟒𝑭𝟐∑√
𝒂𝟐𝒄𝟐

𝒃𝟒

𝟑

𝒄𝒚𝒄

= 𝟒𝑭𝟐∑√
(𝒂𝒃𝒄)𝟐

𝒃𝟔

𝟑

𝒄𝒚𝒄

 

𝟒𝑭𝟐√(𝒂𝒃𝒄)𝟐
𝟑

∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

≥ 𝟒𝑭𝟐 ×
𝟒𝑭

√𝟑
∑

𝟏

𝒂𝟐
𝒄𝒚𝒄

=
𝟏𝟔𝑭𝟑

√𝟑
∑

𝟏

𝒂𝟐
𝒄𝒚𝒄

 

(
𝒎𝒃𝒉𝒃
𝒔𝒊𝒏 < 𝐴

)
𝟐

+ (
𝒎𝒄𝒉𝒄
𝒔𝒊𝒏 < 𝐵

)
𝟐

+ (
𝒎𝒂𝒉𝒂
𝒔𝒊𝒏 < 𝐶

)
𝟐

≥
𝟏𝟔𝑭𝟑

√𝟑
(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) 

𝑵𝒐𝒕𝒆 𝑺𝒆𝒄𝒕𝒊𝒐𝒏 ∶  

𝒔𝒊𝒏 < 𝐴 =
𝒂

𝟐𝑹
           𝒉𝒃 =

𝟐𝑭

𝒃
 

𝒎𝒂 ≥
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
     √(𝒂𝒃𝒄)𝟐

𝟑
≥
𝟒𝑭

√𝟑
 

 

1660. If 𝒙, 𝒚, 𝒛 > 0 then in ∆𝑨𝑩𝑪 holds: 

∑
𝒚+ 𝒛

𝒙
 𝒔𝒂
𝟐 ≥ (𝟏𝟐√𝟑) 𝒓

𝑭

𝑹
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝑳𝑯𝑺 ≥
𝑨𝑴−𝑮𝑴

 ∑
𝟐√𝒚𝒛

𝒙
𝒔𝒂
𝟐

𝒄𝒚𝒄

≥
𝑨𝑮−𝑮𝑴

 𝟔√(𝒔𝒂 𝒔𝒃 𝒔𝒄)
𝟐𝟑

≥
𝒔𝒂≥𝒉𝒂

 𝟔√(𝒉𝒂 𝒉𝒃 𝒉𝒄)
𝟐𝟑
= 

= 𝟔√(
𝟒𝑭𝟒

𝑹𝟐
)

𝟑

= 𝟔𝑭√(
𝟒𝑹𝒓𝒔

𝑹𝟑
)

𝟑

≥
𝑬𝒖𝒍𝒆𝒓

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

= 𝟏𝟐𝑭 √𝟑
𝒓

𝑹
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1661. In ∆𝑨𝑩𝑪 holds: 

∑𝐜𝐨𝐬𝟑
𝑩 − 𝑪

𝟐
≥
𝟏𝟔𝒓

√𝟑 𝑹
𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

∏𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
=
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
∏𝐬𝐢𝐧

𝑨

𝟐
=
𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝟖𝑹𝟐
  

 

∑𝐜𝐨𝐬𝟑
𝑩 − 𝑪

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑∏𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
 

 

    
𝟏𝟔𝒓

√𝟑 𝑹
𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
=
𝟏𝟔𝒓

√𝟑 𝑹

𝒔

𝟒𝑹
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟒𝟖𝑹𝒓

𝟖𝑹𝟐
   

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

𝟑(𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)

𝟖𝑹𝟐
≥
𝟒𝟖𝑹𝒓

𝟖𝑹𝟐
,           𝒔𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐 

 

  𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏)𝒐𝒓 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

1662. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂. 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
) ≥ 𝟐√𝟑(𝐦𝒂 +𝐦𝐛 +𝐦𝐜) 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐√𝟑(𝐦𝒂 +𝐦𝐛 +𝐦𝐜) ≤
𝐂𝐡𝐮 𝒂𝐧𝐝 𝐘𝒂𝐧𝐠

𝟐√𝟑(𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≤
?
  

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
) =

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

𝟒𝐑𝐫𝐬
 

⇔ (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟒
− 𝟏𝟗𝟐𝐑𝟐𝐫𝟐𝐬𝟐(𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥

?
⏟
(∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟  (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒
⇔ (𝟓𝐑 − 𝟔𝐫)𝐬𝟔 − 𝐫(𝟏𝟑𝟖𝐑𝟐 − 𝟔𝟑𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟒 

+𝐫𝟐(𝟏𝟐𝟑𝟐𝐑𝟑 − 𝟏𝟎𝟎𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟑𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑)𝐬𝟐 

−𝐫𝟑(𝟒𝟎𝟖𝟎𝐑𝟒 − 𝟓𝟏𝟑𝟔𝐑𝟑𝐫 + 𝟐𝟑𝟗𝟒𝐑𝟐𝐫𝟐 − 𝟓𝟎𝟏𝐑𝐫𝟑 + 𝟑𝟗𝐫𝟒) ≥
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟓𝐑 − 𝟔𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 
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𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟  (∗∗) ≥ (𝟓𝐑 − 𝟔𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟓𝟏𝐑𝟐 − 𝟑𝟎𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟒 − 𝐫(𝟏𝟑𝟎𝟒𝐑𝟑 − 𝟏𝟎𝟖𝟎𝐑𝟐𝐫 + 𝟐𝟕𝟔𝐑𝐫𝟐 − 𝟐𝟐𝐫𝟑)𝐬𝟐 

+𝐫𝟐(𝟖𝟐𝟎𝟎𝐑𝟒 − 𝟗𝟎𝟖𝟎𝐑𝟑𝐫 + 𝟑𝟕𝟐𝟑𝐑𝟐𝐫𝟐 − 𝟔𝟔𝟐𝐑𝐫𝟑 + 𝟒𝟑𝐫𝟒) ≥
(∗∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

(𝟓𝟏𝐑𝟐 − 𝟑𝟎𝐑𝐫 + 𝟑𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟  (∗∗∗) ≥ (𝟓𝟏𝐑𝟐 − 𝟑𝟎𝐑𝐫 + 𝟑𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟏𝟔𝟒𝐑𝟑 − 𝟏𝟗𝟓𝐑𝟐𝐫 + 𝟔𝟎𝐑𝐫𝟐 − 𝟒𝐫𝟑)𝐬𝟐 ≥
(∗∗∗∗)

 

𝐫(𝟐𝟒𝟐𝟖𝐑𝟒 − 𝟑𝟑𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟓𝟔𝟎𝐑𝟐𝐫𝟐 − 𝟐𝟖𝟒𝐑𝐫𝟑 + 𝟏𝟔𝐫𝟒) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟  (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝟒𝐑𝟑 − 𝟏𝟗𝟓𝐑𝟐𝐫 + 𝟔𝟎𝐑𝐫𝟐 − 𝟒𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)  

≥
?
𝐫(𝟐𝟒𝟐𝟖𝐑𝟒 − 𝟑𝟑𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟓𝟔𝟎𝐑𝟐𝐫𝟐 − 𝟐𝟖𝟒𝐑𝐫𝟑 + 𝟏𝟔𝐫𝟒) 

⇔ 𝟏𝟗𝟔𝐭𝟒 − 𝟓𝟔𝟎𝐭𝟑 + 𝟑𝟕𝟓𝐭𝟐 − 𝟖𝟎𝐭 + 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟏𝟐𝐭𝟑 + 𝟖𝟒𝐭𝟐(𝐭 − 𝟐) + 𝟑𝟗𝐭 − 𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
) 

≥ 𝟐√𝟑(𝐦𝒂 +𝐦𝐛 +𝐦𝐜) ∀ ∆ 𝐀𝐁𝐂,
′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1663. In ∆𝑨𝑩𝑪 holds: 
𝒂

𝒉𝒂
+
𝒃

𝒉𝒃
+
𝒄

𝒉𝒄
≥ 𝟐(𝐭𝐚𝐧

𝑨

𝟐
 + 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

 

∑
𝒂

𝒉𝒂
=
∑𝒂𝟐

𝟐𝑭
=
𝟐(𝒔𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐)

𝟐𝒓𝒔
≥  

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐

𝟐𝒓𝒔
      

𝟐∑𝐭𝐚𝐧 
𝑨

𝟐
=
𝟐(𝟒𝑹 + 𝒓)

𝒔
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐

𝟐𝒓𝒔
≥
𝟐(𝟒𝑹 + 𝒓)

𝒔
 𝒐𝒓 𝟒𝑹𝒓 − 𝟖𝒓𝟐 ≥ 𝟎 𝒐𝒓 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

1664. In all acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒄𝒂 + 𝒄𝒃

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐
+

𝒂𝒃 + 𝒂𝒄

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
+

𝒃𝒄 + 𝒃𝒂

𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐
≥ 𝟔 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 
 

𝒄𝒂 + 𝒄𝒃

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐
+

𝒂𝒃 + 𝒂𝒄

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
+

𝒃𝒄 + 𝒃𝒂

𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐
=∑

𝒄𝒂 + 𝒄𝒃

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐
=

𝒄𝒚𝒄

 

 

=∑
𝒄(𝒂 + 𝒃)

𝟐𝒂𝒃𝒄𝒐𝒔𝑪
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

∑
𝒄 ∙ 𝟐√𝒂𝒃

𝟐𝒂𝒃𝒄𝒐𝒔𝑪
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

 

≥ 𝟑 ∙ √
𝒂𝒃𝒄 ∙ √𝒂𝒃 ∙ √𝒃𝒄 ∙ √𝒄𝒂

𝒂𝒃 ∙ 𝒃𝒄 ∙ 𝒄𝒂 ∙ 𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪

𝟑

= 𝟑√
𝟏

𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪

𝟑

≥ 

 

≥ 𝟑 ∙ √
𝟏

𝟏
𝟖

𝟑 = 𝟑 ∙ √𝟖
𝟑

= 𝟔 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
1665. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝟐

𝟑
.∑

𝒂𝟑

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

𝟑
+
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≥
𝟐

𝟑
.∑

𝒂𝟒

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝟐

𝟑
.∑

𝒂𝟒

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟐

𝟑
.∑

𝒂𝟒

𝐛𝐜(𝐛𝟐 + 𝐜𝟐)
𝐜𝐲𝐜

=
𝟐

𝟑
.∑

𝒂𝟐 (∑ 𝒂𝟐𝐜𝐲𝐜 − (𝐛𝟐 + 𝐜𝟐))

𝐛𝐜(𝐛𝟐 + 𝐜𝟐)
𝐜𝐲𝐜

 

=
𝟐

𝟑
.((∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝒂𝟐

𝐛𝐜(𝐛𝟐 + 𝐜𝟐)
𝐜𝐲𝐜

) −
𝟏

𝟒𝐑𝐫𝐬
.∑𝒂𝟑

𝐜𝐲𝐜

) 

≤
𝐀−𝐆 𝟐

𝟑
.((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(∑

𝒂𝟐

𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

) −
𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟒𝐑𝐫𝐬
) 

=
𝟐

𝟑
.((

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
)(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐)−
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑𝐫
) 

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 𝟐

𝟑
. ((

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
) (𝟖𝐑𝟐𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐) −

𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑𝐫
) 
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=
𝟏

𝟑
. (
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐑𝟐 − 𝟐𝐫𝟐) − 𝐑𝐫(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝐑𝟐𝐫𝟐
) 

=
(𝐑𝟐 − 𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐)(𝐑𝟐 − 𝟐𝐫𝟐) + 𝐑𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐)

𝟑𝐑𝟐𝐫𝟐
  

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (𝐑𝟐 − 𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − (𝟒𝐑𝐫 + 𝐫𝟐)(𝐑𝟐 − 𝟐𝐫𝟐) + 𝐑𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐)

𝟑𝐑𝟐𝐫𝟐
 

(∵ 𝐑𝟐 − 𝐑𝐫 − 𝟐𝐫𝟐 = (𝐑 − 𝟐𝐫)(𝐑 + 𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) ≤
? 𝐑𝟑 − 𝟕𝐫𝟑

𝐫𝟑
 

⇔ 𝟑𝐭𝟓 − 𝟒𝐭𝟒 + 𝟒𝐭𝟑 − 𝟏𝟕𝐭𝟐 + 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (𝟑𝐭𝟒 + 𝟐𝐭𝟑 + 𝟕𝐭𝟐 +
𝐭(𝐭 − 𝟐) + 𝐭𝟐 − 𝟒

𝟐
) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝟐

𝟑
.∑

𝒂𝟒

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

≤
𝐑𝟑 − 𝟕𝐫𝟑

𝐫𝟑
→ (𝟏) 

𝐍𝐨𝐰, √
𝟐

𝟑
.∑

𝒂𝟑

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

𝟑
≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
√
𝟐

𝟑
.
𝟑

𝟐

𝟑

= 𝟏 ∴ √
𝟐

𝟑
.∑

𝒂𝟑

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

𝟑
+
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≥
𝐑𝟑 − 𝟕𝐫𝟑

𝐫𝟑
 

≥
𝐯𝐢𝒂 (𝟏) 𝟐

𝟑
.∑

𝒂𝟒

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1666. In ∆𝑨𝑩𝑪 the following relationship holds: 

√∏(𝒄 + 𝒂 − 𝒃)

𝒄𝒚𝒄

𝟔 ∙ √
𝒂 + 𝒃 + 𝒄

𝟑
≤ √𝒂𝒃𝒄

𝟑
 

Proposed by Pavlos Trifon-Greece 
Solution by Tapas Das-India 

 

√∏(𝒄 + 𝒂 − 𝒃)

𝒄𝒚𝒄

𝟔 ∙ √
𝒂 + 𝒃 + 𝒄

𝟑
≤ √𝒂𝒃𝒄

𝟑
 

√∏(𝟐𝒔 − 𝟐𝒃)

𝒄𝒚𝒄

𝟔 ∙ √
𝟐𝒔

𝟑
≤ √𝟒𝑹𝒓𝒔

𝟑
 

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) ∙
𝟖𝒔𝟑

𝟐𝟕
≤ 𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐 

 

𝟏

𝒔
∙ 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) ∙

𝟖𝒔𝟑

𝟐𝟕
≤ 𝟐𝑹𝟐𝒓𝟐𝒔𝟐 

𝑭𝟐

𝒔
∙ 𝟒𝒔 ≤ 𝟐𝟕𝑹𝟐𝒓𝟐 
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𝟒𝒓𝟐𝒔𝟐 ≤ 𝟐𝟕𝑹𝟐𝒓𝟐, 𝒔𝟐 ≤
𝟐𝟕𝑹𝟐

𝟒
, 𝒔 ≤

𝟑√𝟑

𝟐
∙ 𝑹 (𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪) 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1667. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

 

𝟔. (𝟑𝐫)𝟔 ≤
𝐫𝒂
𝟔 + 𝐫𝐛

𝟔

𝐫𝐜
+
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
+
𝐫𝐜
𝟔 + 𝐫𝒂

𝟔

𝐫𝐛
≤ 𝟐. (

𝟗

𝐫
)
𝟑

(𝟐𝟏𝟖𝟕 (
𝐑

𝟐
)
𝟖

− 𝟐𝟏𝟖𝟔𝐫𝟖) 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐫𝒂
𝟐

𝐜𝐲𝐜

= (𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐 ≤

𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫 𝟖𝟏𝐑𝟐

𝟒
− 𝟐𝟕𝐑𝐫 ⇒∑𝐫𝒂

𝟐

𝐜𝐲𝐜

≤
𝟐𝟕𝐑(𝟑𝐑 − 𝟒𝐫)

𝟒
→ (𝟏) 

∑𝐫𝒂
𝟒

𝐜𝐲𝐜

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐𝐫𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) ≤

𝐯𝐢𝒂 (𝟏),𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫 𝟕𝟐𝟗𝐑𝟐(𝟑𝐑 − 𝟒𝐫)𝟐

𝟏𝟔

− 𝐫. 𝟐𝟕𝐑𝐫(𝟖𝐑𝐫 − 𝟕𝐫𝟐) ⇒∑𝐫𝒂
𝟒

𝐜𝐲𝐜

≤
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟏𝟐𝐫𝟑)

𝟏𝟔

→ (𝟐) 

𝐍𝐨𝐰,∑
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
𝐜𝐲𝐜

=
(∑ 𝐫𝒂

𝟐
𝐜𝐲𝐜 − 𝐫𝒂

𝟐)(𝐫𝐛
𝟒 + 𝐫𝐜

𝟒 − 𝐫𝐛
𝟐𝐫𝐜

𝟐)

𝐫𝒂

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)∑
∑ 𝐫𝒂

𝟒
𝐜𝐲𝐜 − 𝐫𝒂

𝟒 − 𝐫𝐛
𝟐𝐫𝐜

𝟐

𝐫𝒂
𝐜𝐲𝐜

−∑𝐫𝒂(𝐫𝐛
𝟒 + 𝐫𝐜

𝟒 − 𝐫𝐛
𝟐𝐫𝐜

𝟐)

𝐜𝐲𝐜

 

≤

𝐯𝐢𝒂 (𝟐)
𝒂𝐧𝐝
𝐀−𝐆

(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)(
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟏𝟐𝐫𝟑)

𝟏𝟔𝐫
− 𝟐∑

𝐫𝒂
𝟐𝐫𝐛𝐫𝐜
𝐫𝒂

𝐲𝐜

) −∑𝐫𝒂𝐫𝐛
𝟐𝐫𝐜

𝟐

𝐲𝐜

 

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)(
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟏𝟐𝐫𝟑)

𝟏𝟔𝐫
− 𝟔𝐫𝐬𝟐)

− 𝐫𝐬𝟒 ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

)(
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟏𝟐𝐫𝟑)

𝟏𝟔𝐫

− 𝟔𝐫.
𝟐𝟕𝐑𝐫

𝟐
) − 𝐫. 𝟕𝟐𝟗𝐫𝟒 
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= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

) .
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑)

𝟏𝟔𝐫
≤

𝐯𝐢𝒂 (𝟏) 𝟐𝟕𝐑(𝟑𝐑 − 𝟒𝐫)

𝟒
.
𝟐𝟕𝐑(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑)

𝟏𝟔𝐫

− 𝟕𝟐𝟗𝐫𝟓 

(∵ 𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟐𝟒𝟑𝐑𝟐 − 𝟏𝟔𝟐𝐑𝐫 − 𝟐𝟎𝐫𝟐) + 𝟐𝟒𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟒𝐫𝟑 > 0) 

=
𝟕𝟐𝟗(𝐑𝟐(𝟑𝐑 − 𝟒𝐫)(𝟐𝟒𝟑𝐑𝟑 − 𝟔𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟒𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑) − 𝟔𝟒𝐫𝟔)

𝟔𝟒𝐫
≤
?
𝟐. (

𝟗

𝐫
)
𝟑

(𝟐𝟏𝟖𝟕 (
𝐑

𝟐
)
𝟖

− 𝟐𝟏𝟖𝟔𝐫𝟖) =
𝟕𝟐𝟗 (𝟐𝟏𝟖𝟕𝐑𝟖 − 𝟐𝟏𝟖𝟔(𝟐𝟓𝟔𝐫𝟖))

𝟏𝟐𝟖𝐫𝟑
 

⇔ 𝟐𝟏𝟖𝟕𝐭𝟖 − 𝟏𝟒𝟓𝟖𝐭𝟔 + 𝟓𝟖𝟑𝟐𝐭𝟓 − 𝟕𝟎𝟎𝟖𝐭𝟒 + 𝟐𝟎𝟒𝟖𝐭𝟑 + 𝟓𝟏𝟐𝐭𝟐 − 𝟓𝟓𝟗𝟒𝟖𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝟏𝟖𝟕𝐭𝟕 + 𝟒𝟑𝟕𝟒𝐭𝟔 + 𝟕𝟐𝟗𝟎𝐭𝟓 + 𝟐𝟎𝟒𝟏𝟐𝐭𝟒 + 𝟑𝟑𝟖𝟏𝟔𝐭𝟑 + 𝟔𝟗𝟔𝟖𝟎𝐭𝟐 + 𝟏𝟑𝟗𝟖𝟕𝟐𝐭

+ 𝟐𝟕𝟗𝟕𝟒𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝐫𝒂
𝟔 + 𝐫𝐛

𝟔

𝐫𝐜
+
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
+
𝐫𝐜
𝟔 + 𝐫𝒂

𝟔

𝐫𝐛
≤ 𝟐. (

𝟗

𝐫
)
𝟑

(𝟐𝟏𝟖𝟕 (
𝐑

𝟐
)
𝟖

− 𝟐𝟏𝟖𝟔𝐫𝟖) 

𝐀𝐠𝒂𝐢𝐧,∑
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑(𝐫𝐛

𝟔 + 𝐫𝐜
𝟔)

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝒂
𝐜𝐲𝐜

) (∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜

⇒ 𝐫𝐛
𝟔 + 𝐫𝐜

𝟔 ≤ 𝐫𝐜
𝟔 + 𝐫𝒂

𝟔 ≤ 𝐫𝒂
𝟔 + 𝐫𝐛

𝟔 𝒂𝐧𝐝 
𝟏

𝐫𝒂
≤
𝟏

𝐫𝐛
≤
𝟏

𝐫𝐜
) =

𝟐

𝟑
∑𝐫𝒂

𝟔

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐𝐫𝐬𝟒 

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟐𝐫(𝟕𝟐𝟗𝐫𝟒) ∴
𝐫𝒂
𝟔 + 𝐫𝐛

𝟔

𝐫𝐜
+
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
+
𝐫𝐜
𝟔 + 𝐫𝒂

𝟔

𝐫𝐛
≥ 𝟔. (𝟑𝐫)𝟔 𝒂𝐧𝐝 𝐬𝐨, 𝟔. (𝟑𝐫)𝟔

≤
𝐫𝒂
𝟔 + 𝐫𝐛

𝟔

𝐫𝐜
+
𝐫𝐛
𝟔 + 𝐫𝐜

𝟔

𝐫𝒂
+
𝐫𝐜
𝟔 + 𝐫𝒂

𝟔

𝐫𝐛
≤ 𝟐. (

𝟗

𝐫
)
𝟑

(𝟐𝟏𝟖𝟕 (
𝐑

𝟐
)
𝟖

− 𝟐𝟏𝟖𝟔𝐫𝟖) (𝐐𝐄𝐃) 

1668.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
 

𝟏𝟖𝐫 ≤
𝐫𝒂
𝟒 + 𝐫𝐛

𝟒

𝐫𝐜
𝟑

+
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

+
𝐫𝐜
𝟒 + 𝐫𝒂

𝟒

𝐫𝐛
𝟑

≤
𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑 (

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝟏

𝐫𝒂
𝟑

𝐜𝐲𝐜

=∑
(𝐬 − 𝒂)𝟑

𝐫𝟑𝐬𝟑
𝐜𝐲𝐜

=
𝟏

𝐫𝟑𝐬𝟑
((∑(𝐬 − 𝒂)

𝐜𝐲𝐜

)

𝟑

− 𝟑∏(𝐬 − 𝐛 + 𝐬 − 𝐜)

𝐜𝐲𝐜

) 

=
𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬

𝐫𝟑𝐬𝟑
≤

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
𝟐𝟕𝐑𝟐

𝟒
− 𝟏𝟐𝐑𝐫

𝐫𝟑. 𝟐𝟕𝐫𝟐
⇒∑

𝟏

𝐫𝒂
𝟑

𝐜𝐲𝐜

≤
𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫

𝟑𝟔𝐫𝟓
→ (𝟏) 
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∑𝐫𝒂
𝟒

𝐜𝐲𝐜

= ((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)𝟐 − 𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

= (𝟒𝐑 + 𝐫)𝟒 + 𝟐𝐬𝟒 − 𝟒𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 + 𝟒𝐫𝐬𝟐(𝟒𝐑 + 𝐫) ≤

𝐓𝐫𝐮𝐜𝐡𝐭
𝒂𝐧𝐝

∵ 𝐬𝟐 ≥ 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐

 

(𝟒𝐑 + 𝐫)𝟒 +
𝟐(𝟒𝐑 + 𝐫)𝟒

𝟗
− 𝟏𝟐𝐫(𝟒𝐑 + 𝐫)𝟑 +

𝟒𝐫(𝟒𝐑 + 𝐫)𝟑

𝟑
 

=
(𝟒𝟒𝐑 − 𝟖𝟓𝐫)(𝟒𝐑 + 𝐫)𝟑

𝟗
≤

𝐄𝐮𝐥𝐞𝐫 (𝟒𝟒𝐑 − 𝟖𝟓𝐫) (
𝟗𝐑
𝟐
)
𝟑

𝟗
 

∴∑
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

𝐜𝐲𝐜

= (∑𝐫𝒂
𝟒

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝒂
𝟑

𝐜𝐲𝐜

) −∑𝐫𝒂
𝐜𝐲𝐜

≤ 

(𝟒𝟒𝐑 − 𝟖𝟓𝐫) (
𝟗𝐑
𝟐
)
𝟑

𝟗
. (∑

𝟏

𝐫𝒂
𝟑

𝐜𝐲𝐜

) − (𝟒𝐑 + 𝐫) ≤

𝐯𝐢𝒂 (𝟏)
𝒂𝐧𝐝

𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫
 

(𝟒𝟒𝐑 − 𝟖𝟓𝐫)(𝟖𝟏𝐑𝟑)

𝟖
.
𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫

𝟑𝟔𝐫𝟓
− 𝟗𝐫 

∴
𝐫𝒂
𝟒 + 𝐫𝐛

𝟒

𝐫𝐜
𝟑

+
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

+
𝐫𝐜
𝟒 + 𝐫𝒂

𝟒

𝐫𝐛
𝟑 ≤ 𝟗.

𝐑𝟑(𝟒𝟒𝐑 − 𝟖𝟓𝐫)(𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫) − 𝟑𝟐𝐫𝟔

𝟑𝟐𝐫𝟓
→ (𝟐) 

𝐀𝐠𝒂𝐢𝐧,
𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑(

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) ≥
𝐄𝐮𝐥𝐞𝐫 𝟏𝟖

𝐫𝟗
(
𝟏𝟗𝟔𝟖𝟑𝐑𝟔. 𝟏𝟔𝐫𝟒 − 𝟏𝟎𝟐𝟒. 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎

𝟏𝟎𝟐𝟒
) 

⇒
𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑(

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) ≥ 𝟗.
𝟏𝟗𝟔𝟖𝟑𝐑𝟔 − 𝟔𝟒. 𝟏𝟗𝟔𝟖𝟐𝐫𝟔

𝟑𝟐𝐫𝟓
→ (𝟑) ∴ (𝟐), (𝟑) ⇒ 

𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

𝐜𝐲𝐜

≤
𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑(

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) , 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟏𝟗𝟔𝟖𝟑𝐑𝟔 − 𝟔𝟒. 𝟏𝟗𝟔𝟖𝟐𝐫𝟔

𝟑𝟐𝐫𝟓
≥
𝐑𝟑(𝟒𝟒𝐑 − 𝟖𝟓𝐫)(𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫) − 𝟑𝟐𝐫𝟔

𝟑𝟐𝐫𝟓
 

⇔ 𝟏𝟗𝟐𝟖𝟕𝐭𝟔 + 𝟏𝟒𝟔𝟗𝐭𝟓 − 𝟏𝟑𝟔𝟎𝐭𝟒 − 𝟏𝟐𝟓𝟗𝟔𝟏𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟗𝟐𝟖𝟕𝐭𝟓 + 𝟒𝟎𝟎𝟒𝟑𝐭𝟒 + 𝟕𝟖𝟕𝟐𝟔𝐭𝟑 + 𝟏𝟓𝟕𝟒𝟓𝟐𝐭𝟐 + 𝟑𝟏𝟒𝟗𝟎𝟒𝐭 + 𝟔𝟐𝟗𝟖𝟎𝟖) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
𝐫𝒂
𝟒 + 𝐫𝐛

𝟒

𝐫𝐜
𝟑

+
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

+
𝐫𝐜
𝟒 + 𝐫𝒂

𝟒

𝐫𝐛
𝟑 ≤

𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑(

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) 

𝐀𝐥𝐬𝐨,
𝐫𝒂
𝟒 + 𝐫𝐛

𝟒

𝐫𝐜
𝟑

+
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

+
𝐫𝐜
𝟒 + 𝐫𝒂

𝟒

𝐫𝐛
𝟑 ≥

𝐑𝒂𝐝𝐨𝐧 (𝟐∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟒

(𝟐∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟑 = 𝟐(𝟒𝐑 + 𝐫) ≥

𝐄𝐮𝐥𝐞𝐫
𝟏𝟖𝐫  

𝒂𝐧𝐝 𝐬𝐨, 𝟏𝟖𝐫 ≤
𝐫𝒂
𝟒 + 𝐫𝐛

𝟒

𝐫𝐜
𝟑

+
𝐫𝐛
𝟒 + 𝐫𝐜

𝟒

𝐫𝒂
𝟑

+
𝐫𝐜
𝟒 + 𝐫𝒂

𝟒

𝐫𝐛
𝟑 ≤

𝟏𝟖

𝐫𝟗
(𝟏𝟗𝟔𝟖𝟑(

𝐑

𝟐
)
𝟏𝟎

− 𝟏𝟗𝟔𝟖𝟐𝐫𝟏𝟎) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1669. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒃 (𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) ≥ 𝟏𝟐𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 

𝒂(𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒃(𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) = 

 

=∑𝒂(𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

=∑𝒂(
𝒔𝒊𝒏

𝑩
𝟐

𝒄𝒐𝒔
𝑩
𝟐

+
𝒔𝒊𝒏

𝑪
𝟐

𝒄𝒐𝒔
𝑪
𝟐

)

𝒄𝒚𝒄

= 

 

=∑𝒂(
𝒔𝒊𝒏

𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐
+ 𝒔𝒊𝒏

𝑪
𝟐
𝒄𝒐𝒔

𝑩
𝟐

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐

) =

𝒄𝒚𝒄

∑𝒂(
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐

) =

𝒄𝒚𝒄

 

 

=∑𝒂(
𝒔𝒊𝒏 (

𝝅 − 𝑨
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐

) =

𝒄𝒚𝒄

∑𝒂(
𝒄𝒐𝒔 (

𝑨
𝟐
)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐

) ≥⏞
𝑨𝑴−𝑮𝑴

𝒄𝒚𝒄

𝟑√
𝒂𝒃𝒄

𝒄𝒐𝒔
𝑨
𝟐
𝒄𝒐𝒔

𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐

𝟑
= 

 

= 𝟑√
𝟒𝑹𝒓𝒔
𝒔
𝟒𝑹

𝟑
= 𝟑√𝟏𝟔𝑹𝟐𝒓

𝟑
≥⏞

𝑬𝑼𝑳𝑬𝑹

𝟑√𝟏𝟔 ∙ 𝟒𝒓𝟐 ∙ 𝒓
𝟑

= 𝟏𝟐𝒓 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1670. In ∆𝑨𝑩𝑪 the following relationship holds: 

(𝒃 + 𝒄)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄 + 𝒂)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒂 + 𝒃)𝒕𝒂𝒏

𝑪

𝟐
≥ 𝟏𝟐𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 
 

(𝒃 + 𝒄)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄 + 𝒂)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒂 + 𝒃)𝒕𝒂𝒏

𝑪

𝟐
= 

 

=∑(𝒃 + 𝒄)𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

= 𝟐𝑹∑(𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪)𝒕𝒂𝒏
𝑨

𝟐
=

𝒄𝒚𝒄
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= 𝟒𝑹∑𝒔𝒊𝒏
𝑩 + 𝑪

𝟐
𝒄𝒐𝒔

𝑩 − 𝑪

𝟐
𝒕𝒂𝒏

𝑨

𝟐
𝒄𝒚𝒄

= 𝟒𝑹∑𝒔𝒊𝒏
𝝅 − 𝑨

𝟐
𝒄𝒐𝒔

𝑩 − 𝑪

𝟐
𝒕𝒂𝒏

𝑨

𝟐
𝒄𝒚𝒄

= 

 

= 𝟒𝑹∑𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒐𝒔

𝑩 − 𝑪

𝟐
∙
𝒔𝒊𝒏

𝑨
𝟐

𝒄𝒐𝒔
𝑨
𝟐𝒄𝒚𝒄

= 𝟒𝑹∑𝒔𝒊𝒏
𝑨

𝟐
𝒄𝒐𝒔

𝑩 − 𝑪

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟏𝟐𝑹 ∙ √∏𝒔𝒊𝒏
𝑨

𝟐
∙∏𝒄𝒐𝒔

𝑩 − 𝑪

𝟐
𝒄𝒚𝒄𝒄𝒚𝒄

𝟑
= 𝟏𝟐𝑹√

𝒓

𝟒𝑹
∙
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐

𝟑

≥ 

≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟏𝟐𝑹√
𝒓

𝟒𝑹
∙
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐

𝟑

= 𝟏𝟐𝑹√
𝒓(𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐)

𝟑𝟐𝑹𝟑

𝟑

≥ 

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟏𝟐√
𝒓(𝟑𝟔𝒓𝟐 − 𝟒𝒓𝟐)

𝟑𝟐

𝟑

= 𝟏𝟐𝒓 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1671. In all acute triangles 𝑨𝑩𝑪 the following relationship holds: 
 

𝒂(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪) + 𝒃(𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨) + 𝒄(𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩) ≥ 𝟏𝟐𝒓 
 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 

𝒂(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪) + 𝒃(𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨) + 𝒄(𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩) =∑𝒂(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪)

𝒄𝒚𝒄

= 

=∑𝒂(
𝒄𝒐𝒔𝑩

𝒔𝒊𝒏𝑩
+
𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
)

𝒄𝒚𝒄

=∑𝒂 ∙
𝒄𝒐𝒔𝑩𝒔𝒊𝒏𝑪 + 𝒄𝒐𝒔𝑪𝒔𝒊𝒏𝑩

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

= 

 

=∑𝒂 ∙
𝒔𝒊𝒏(𝑩 + 𝑪)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

=∑𝒂 ∙
𝒔𝒊𝒏(𝝅 − 𝑨)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

=∑𝒂 ∙
𝒔𝒊𝒏𝑨

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

 

≥ 𝟑 ∙ √𝒂𝒃𝒄 ∙
𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪 ∙ 𝒔𝒊𝒏𝑪𝒔𝒊𝒏𝑨 ∙ 𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩

𝟑

= 
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= 𝟑√
𝒂𝒃𝒄

𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪

𝟑

= 𝟑√
𝒂𝒃𝒄

𝒂
𝟐𝑹

∙
𝒃
𝟐𝑹

∙
𝒄
𝟐𝑹

𝟑
= 𝟑√𝟖𝑹𝟑

𝟑
= 𝟔𝑹 ≥⏞

𝑬𝑼𝑳𝑬𝑹

𝟔 ∙ 𝟐𝒓 = 𝟏𝟐𝒓 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

1672. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟒

(𝐛 + 𝐜)𝐦𝐛
𝟐𝐦𝐜

𝟐
+

𝒃𝟒

(𝐜 + 𝐚)𝐦𝐜
𝟐𝐦𝐚

𝟐
+

𝒄𝟒

(𝐚 + 𝐛)𝐦𝐚
𝟐𝐦𝐛

𝟐
≥
𝟖√𝟑

𝟗𝐑
 

  Proposed by Daniel Sitaru-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂
𝟐

𝐛𝐜
𝐜𝐲𝐜

≥
? 𝟗

𝟒
⇔

𝟏

𝟏𝟔𝐑𝐫𝐬
.∑𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

≥
? 𝟗

𝟒
 

⇔
𝟏

𝟒𝐑𝐫𝐬
.∑𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝟑𝒂𝟐)

𝐜𝐲𝐜

≥
?
𝟗 

⇔ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) − 𝟑∑𝒂𝟑

𝐜𝐲𝐜

≥
?
𝟑𝟔𝐑𝐫𝐬 

⇔ 𝟖𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) ≥
?
𝟑𝟔𝐑𝐫𝐬 ⇔ 𝐬𝟐 ≥

?
𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐  

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 ∴∑
𝐦𝒂
𝟐

𝐛𝐜
𝐜𝐲𝐜

≥
𝟗

𝟒
 𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 ∶ ∑

𝐦𝒂
𝟐

𝐛𝐜
𝐜𝐲𝐜

≥
𝟗

𝟒
 𝐨𝐧  

𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
 𝐰𝐡𝐨𝐬𝐞 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 𝒂𝐬 𝒂 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 𝐨𝐟 

𝐀𝐩𝐨𝐥𝐥𝐨𝐧𝐢𝐮𝐬′ 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 =
𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ ∑

𝟏
𝟒
. 𝒂𝟐

𝟒
𝟗
𝐦𝐛𝐦𝐜𝐜𝐲𝐜

≥
𝟗

𝟒
 

⇒∑
𝒂𝟐

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥ 𝟒 → (𝟏) 

𝐍𝐨𝐰,∑
𝒂𝟒

(𝐛 + 𝐜)𝐦𝐛
𝟐𝐦𝐜

𝟐
𝐜𝐲𝐜

=∑
(

𝒂𝟐

𝐦𝐛𝐦𝐜
)
𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝒂𝟐

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜 )

𝟐

𝟒𝐬
≥

𝐯𝐢𝒂 (𝟏)
𝒂𝐧𝐝 𝐯𝐢𝒂 𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏𝟔

𝟒𝐑.
𝟑√𝟑
𝟐

 

=
𝟖√𝟑

𝟗𝐑
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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Solution 2 by Tapas Das-India 

𝒂𝟒

(𝐛 + 𝐜)𝐦𝐛
𝟐𝐦𝐜

𝟐
+

𝒃𝟒

(𝐜 + 𝐚)𝐦𝐜
𝟐𝐦𝐚

𝟐
+

𝒄𝟒

(𝐚 + 𝐛)𝐦𝐚
𝟐𝐦𝐛

𝟐 ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

 

≥
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

∑(𝒃 + 𝒄)𝒎𝒃
𝟐𝒎𝒄

𝟐
≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 
𝟏𝟔
𝟗
(∑𝒎𝒂

𝟐)𝟐

𝟏
𝟑
(𝟒𝒔)(∑𝒎𝒃

𝟐𝒎𝒄
𝟐)
≥ 

 

=

𝟏𝟔
𝟗 𝟑(∑𝒎𝒃

𝟐𝒎𝒄
𝟐)

𝟏
𝟑
(𝟒𝒔)(∑𝒎𝒃

𝟐𝒎𝒄
𝟐)
=
𝟏𝟐

𝟑𝒔
≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟏𝟐

𝟗√𝟑
𝑹
𝟐

=
𝟖√𝟑

𝟗𝑹
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

1673. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟒

(𝐛 + 𝐜)𝐛𝟐𝐜𝟐
+

𝐦𝒃
𝟒

(𝐜 + 𝐚)𝐜𝟐𝐚𝟐
+

𝐦𝒄
𝟒

(𝐚 + 𝐛)𝐚𝟐𝐛𝟐
≥
𝟗√𝟑

𝟑𝟐𝐑
 

  Proposed by Daniel Sitaru-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐦𝒂
𝟒

(𝐛 + 𝐜)𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

=∑
(
𝐦𝒂
𝟐

𝐛𝐜
)
𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝐦𝒂
𝟐

𝐛𝐜𝐜𝐲𝐜 )
𝟐

𝟒𝐬
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

≥
(∑

𝐦𝒂
𝟐

𝐛𝐜𝐜𝐲𝐜 )
𝟐

𝟒𝐑.
𝟑√𝟑
𝟐

≥
? 𝟗√𝟑

𝟑𝟐𝐑
⇔∑

𝐦𝒂
𝟐

𝐛𝐜
𝐜𝐲𝐜

≥
? 𝟗

𝟒
⇔

𝟏

𝟏𝟔𝐑𝐫𝐬
.∑𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

≥
? 𝟗

𝟒
 

⇔
𝟏

𝟒𝐑𝐫𝐬
.∑𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝟑𝒂𝟐)

𝐜𝐲𝐜

≥
?
𝟗 

⇔ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) − 𝟑∑𝒂𝟑

𝐜𝐲𝐜

≥
?
𝟑𝟔𝐑𝐫𝐬 

⇔ 𝟖𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) ≥
?
𝟑𝟔𝐑𝐫𝐬 ⇔ 𝐬𝟐 ≥

?
𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 ∴∑
𝐦𝒂
𝟒

(𝐛 + 𝐜)𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

≥
𝟗√𝟑

𝟑𝟐𝐑
  

 
∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1674. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐𝐦𝐛

𝟐

(𝒂 + 𝐛)𝒂𝟐𝐛𝟐
+

𝐦𝒃
𝟐𝐦𝐜

𝟐

(𝒃 + 𝐜)𝒃𝟐𝐜𝟐
+

𝐦𝒄
𝟐𝐦𝐚

𝟐

(𝒄 + 𝐚)𝒄𝟐𝐚𝟐
≥
𝟗√𝟑

𝟑𝟐𝐑
 

  Proposed by Daniel Sitaru-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐦𝒂
𝟐𝐦𝐛

𝟐

(𝒂 + 𝐛)𝒂𝟐𝐛𝟐
𝐜𝐲𝐜

=
𝟖𝟏

𝟏𝟔
∑

(
𝟐
𝟑
𝒎𝒂)

𝟐

(
𝟐
𝟑
𝒎𝒃)

𝟐

(𝒂 + 𝐛)𝒂𝟐𝐛𝟐
=

𝒄𝒚𝒄

𝟖𝟏

𝟏𝟔
.∑

𝐀𝐆𝟐. 𝐁𝐆𝟐

𝒂𝟐𝐛𝟐

𝒂 + 𝐛
𝐜𝐲𝐜

≥
𝐁𝐄𝐑𝐆𝐒𝐓𝐑𝐎𝐌

 

 

≥
𝟖𝟏

𝟏𝟔
.

(∑
𝐀𝐆. 𝐁𝐆
𝒂𝐛𝐜𝐲𝐜 )

𝟐

𝒂 + 𝒃 + 𝒃 + 𝒄 + 𝒄 + 𝒂
≥

𝑯𝑨𝒀𝑨𝑺𝑯𝑰 𝟖𝟏

𝟏𝟔
.
𝟏

𝟒𝒔
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

 

 

≥
𝟖𝟏

𝟏𝟔
.

𝟏

𝟒𝐑.
𝟑√𝟑
𝟐

=
𝟗√𝟑

𝟑𝟐𝐑
  

 
" =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1675. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂𝐫𝐛𝒂
𝟐𝐛𝟐

(𝐫𝒂 + 𝐫𝐛)𝐦𝒂
𝟐𝐦𝐛

𝟐
+

𝐫𝒃𝐫𝐜𝒃
𝟐𝐜𝟐

(𝐫𝒃 + 𝐫𝐜)𝐦𝒃
𝟐𝐦𝐜

𝟐
+

𝐫𝒄𝐫𝐚𝒄
𝟐𝐚𝟐

(𝐫𝒄 + 𝐫𝐚)𝐦𝒄
𝟐𝐦𝐚

𝟐
≥ 𝟖𝐫 

  Proposed by Daniel Sitaru-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐦𝒂𝐦𝐛

𝒂𝐛
𝐜𝐲𝐜

=
𝟗

𝟒
∑

𝐀𝐆.𝐁𝐆

𝒂𝐛
𝐜𝐲𝐜

≥
𝐇𝒂𝐲𝒂𝐬𝐡𝐢 𝟗

𝟒
  

𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 ∶ ∑
𝐦𝒂𝐦𝐛

𝒂𝐛
𝐜𝐲𝐜

≥
𝟗

𝟒
 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 

𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
  

𝐰𝐡𝐨𝐬𝐞 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 𝒂𝐬 𝒂 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 𝐨𝐟 𝐀𝐩𝐨𝐥𝐥𝐨𝐧𝐢𝐮𝐬′𝐭𝐡𝐞𝐨𝐫𝐞𝐦

=
𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

∑

𝟏
𝟒
.𝒂𝐛

𝟒
𝟗
.𝐦𝒂𝐦𝐛𝐜𝐲𝐜

≥
𝟗

𝟒
⇒∑

𝒂𝐛

𝐦𝒂𝐦𝐛
𝐜𝐲𝐜

≥ 𝟒 → (𝟏) 
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𝐍𝐨𝐰,∑
𝐫𝒂𝐫𝐛𝒂

𝟐𝐛𝟐

(𝐫𝒂 + 𝐫𝐛)𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐜𝐲𝐜

=∑
(
𝒂𝐛

𝐦𝒂𝐦𝐛
)
𝟐

𝟏
𝐫𝒂
+
𝟏
𝐫𝐛

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

≥
(∑

𝒂𝐛
𝐦𝒂𝐦𝐛

𝐜𝐲𝐜 )
𝟐

𝟐∑
𝟏
𝐫𝒂

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝟏𝟔

𝟐
𝐫

= 𝟖𝐫 

∴∑
𝐫𝒂𝐫𝐛𝒂

𝟐𝐛𝟐

(𝐫𝒂 + 𝐫𝐛)𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐜𝐲𝐜

≥ 𝟖𝐫 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1676. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟏

(𝒂 + 𝒃)(𝒎𝒂 +𝒎𝒃 −𝒎𝒄)
𝟐
+

𝟏

(𝒃 + 𝒄)(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)
𝟐
+

𝟏

(𝒄 + 𝒂)(𝒎𝒄 +𝒎𝒂 −𝒎𝒃)
𝟐
≥
𝟐√𝟑 

𝟗𝑹𝟑
 

 
Proposed by Daniel Sitaru-Romania 

Solution by Tapas Das-India 
 

𝟏

(𝒂 + 𝒃)(𝒎𝒂 +𝒎𝒃 −𝒎𝒄)
𝟐
+

𝟏

(𝒃 + 𝒄)(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)
𝟐
+

𝟏

(𝒄 + 𝒂)(𝒎𝒄 +𝒎𝒂 −𝒎𝒃)
𝟐
= 

 

=∑
(

𝟏
𝒎𝒂 +𝒎𝒃 −𝒎𝒄

)
𝟐

𝒂 + 𝒃
≥

𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (
𝟏

𝒎𝒂 +𝒎𝒃 −𝒎𝒄
+

𝟏
𝒎𝒃 +𝒎𝒄 −𝒎𝒂

+
𝟏

𝒎𝒄 +𝒎𝒂 −𝒎𝒃
)
𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
≥ 
 

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 𝟖𝟏

𝟒𝒔(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝟐

≥⏞
𝑳𝑬𝑼𝑬𝑵𝑩𝑬𝑹𝑮𝑬𝑹 𝟖𝟏

𝟒𝒔(𝟒𝑹 + 𝒓)𝟐
≥ 

 

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟖𝟏

𝟒. 𝟑√𝟑𝑹
𝟐

.

(𝟒𝑹 + 𝒓)𝟐 ≥⏞
𝑬𝑼𝑳𝑬𝑹 𝟖𝟏

𝟒. 𝟑√𝟑𝑹
𝟐

.
𝟖𝟏𝑹𝟐

𝟒

=
𝟐√𝟑

𝟗𝑹𝟑
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1677. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑𝐭𝒂𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

≥
𝟐𝟔

𝟐𝟕
+ 𝟐𝟕(∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

−𝟑

 

  Proposed by Daniel Sitaru-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐭𝒂𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

=
𝟏

𝐬𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

=
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
≥

𝐓𝐫𝐮𝐜𝐡𝐭 𝟑𝐬𝟐 − 𝟐𝐬𝟐

𝐬𝟐
 

⇒∑𝐭𝒂𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

≥ 𝟏 → (𝟏) 

𝐀𝐠𝒂𝐢𝐧,∑𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐲𝐜

=∑
𝐬𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

=
𝐬𝟐

𝐫𝟐𝐬𝟒
.∑𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

=
𝟏

𝐫𝟐𝐬𝟐
. ((∑𝐫𝐛𝐫𝐜

𝐜𝐲𝐜

)

𝟐

− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜∑𝐫𝒂
𝐜𝐲𝐜

) 

=
𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑 + 𝐫)

𝐫𝟐𝐬𝟐
=
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

𝐫𝟐
⇒
𝟐𝟔

𝟐𝟕
+ 𝟐𝟕(∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

−𝟑

 

=
𝟐𝟔

𝟐𝟕
+

𝟐𝟕𝐫𝟔

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟑
≤
?
𝟏 ⇔

𝟕𝟐𝟗𝐫𝟔

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟑
≤
?
𝟏 ⇔ 𝟗𝐫𝟐 ≤

?
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 

⇔ 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐 ≥
?
𝟎 ⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟖𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟖𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎  

∴
𝟐𝟔

𝟐𝟕
+ 𝟐𝟕(∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

−𝟑

≤ 𝟏 ≤
𝐯𝐢𝒂 (𝟏)

∑𝐭𝒂𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

⇒ 

∑𝐭𝒂𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

≥
𝟐𝟔

𝟐𝟕
+ 𝟐𝟕(∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

−𝟑

 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1678. If in 𝚫𝑨𝑩𝑪, 𝒂 ≠ 𝒃 ≠ 𝒄 ≠ 𝒂 then: 

(
𝒂𝟑(𝒄 − 𝒃) + 𝒃𝟑(𝒂 − 𝒄) + 𝒄𝟑(𝒃 − 𝒂)

𝒂𝟐(𝒄 − 𝒃) + 𝒃𝟐(𝒂 − 𝒄) + 𝒄𝟐(𝒃 − 𝒂)
)

𝟐

< 25𝑹𝟐 +
𝟖√𝟑 𝑭

𝟗
 

Proposed by Daniel Sitaru – Romania  

Solution by Tapas Das-India 

𝒂𝟑(𝒃 − 𝒄) + 𝒃𝟑(𝒄 − 𝒂) + 𝒄𝟑(𝒂 − 𝒃) = 𝒂𝟑(𝒃 − 𝒄) + 𝒃𝟑𝒄 − 𝒄𝟑𝒃 + 𝒃𝟑𝒂 + 𝒄𝟑𝒂 

= 𝒂𝟐(𝒃 − 𝒄) + 𝒃𝒄(𝒃𝟐 − 𝒄𝟐) − 𝒂(𝒃𝟑 − 𝒄𝟑) 

= 𝒂𝟑(𝒃 − 𝒄) + 𝒃𝒄(𝒃 + 𝒄)(𝒃 − 𝒄) − 𝒂(𝒃 − 𝒄)(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐) 

= (𝒃 − 𝒄){𝒂𝟑 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 − 𝒂𝒃𝟐 − 𝒂𝒃𝒄 − 𝒂𝒄𝟐} 
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= (𝒃 − 𝒄){𝒂(𝒂𝟐 − 𝒃𝟐) + 𝒃𝒄(𝒃 − 𝒂) + 𝒄𝟐(𝒃 − 𝒂)} 

= (𝒃 − 𝒄)(𝒂 − 𝒃){𝒂(𝒂 + 𝒃) − 𝒃𝒄 − 𝒄𝟐} = (𝒃 − 𝒄)(𝒂 − 𝒃){𝒂𝟐 + 𝒂𝒃 − 𝒃𝒄 − 𝒄𝟐} 

= (𝒃 − 𝒄)(𝒂 − 𝒃){(𝒂 − 𝒄)(𝒂 + 𝒄) + 𝒃(𝒂 − 𝒄)} = −(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)(𝒂 + 𝒃 + 𝒄) 

∴ 𝒂𝟑(𝒄 − 𝒃) + 𝒃𝟑(𝒂 − 𝒄) + 𝒄𝟑(𝒃 − 𝒂) = −{−(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)(𝒂 + 𝒃 + 𝒄)} 

= (𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)(𝒂 + 𝒃 + 𝒄)       (1) 

𝒂𝟐(𝒃 − 𝒄) + 𝒃𝟐(𝒄 − 𝒂) + 𝒄𝟐(𝒂 − 𝒃) 

= 𝒂𝟐𝒃 − 𝒂𝟐𝒄 + 𝒃𝟐𝒄 − 𝒃𝟐𝒂 + 𝒂𝒄𝟐 − 𝒃𝒄𝟐 + 𝒂𝒃𝒄 − 𝒂𝒃𝒄 

= 𝒂𝒃(𝒂 − 𝒃 + 𝒄) − 𝒂𝒄(𝒂 − 𝒄) + 𝒃𝒄(−𝒂 + 𝒃 − 𝒄) 

= (𝒂𝒃 − 𝒃𝒄)(𝒂 − 𝒃 + 𝒄) − 𝒂𝒄(𝒂 − 𝒄) = (𝒂 − 𝒄){𝒃(𝒂 − 𝒃) + 𝒄(𝒃 − 𝒂)}  

= (𝒂 − 𝒄)(𝒂 − 𝒃)(𝒃 − 𝒄) = −(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂) 

∴ 𝒂𝟐(𝒄 − 𝒃) + 𝒃𝟐(𝒂 − 𝒄) + 𝒄𝟐(𝒃 − 𝒂) 

= −{−(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)} = (𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)    (2) 

∴ (
𝒂𝟑(𝒄−𝒃)+𝒃𝟑(𝒂−𝒄)+𝒄𝟑(𝒃−𝒂)

𝒂𝟐(𝒄−𝒃)+𝒃𝟐(𝒂−𝒄)+𝒄𝟐(𝒃−𝒂)
)
𝟐

= (𝒂 + 𝒃 + 𝒄)𝟐 = 𝟒𝒔𝟐  (using (1) and (2) ) 

We need to show: 

𝟒𝒔𝟐 < 25𝑹𝟐 +
𝟖√𝟑𝑭

𝟗
 

or 𝟒(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) < 25𝑹𝟐 +
𝟖√𝟑

𝟗
⋅ 𝒓 ⋅ 𝟑√𝟑𝒓 

(Gerretsen and Mitrinovic)  or 𝟗𝑹𝟐 − 𝟏𝟔𝑹𝒓 − 𝟒𝒓𝟐 > 0 

or (𝑹 − 𝟐𝒓)(𝟗𝑹 + 𝟐𝒓) > 0   True (Euler) 

Conclusion: 

(
𝒂𝟑(𝒄 − 𝒃) + 𝒃𝟑(𝒂 − 𝒄) + 𝒄𝟑(𝒃 − 𝒂)

𝒂𝟐(𝒄 − 𝒃) + 𝒃𝟐(𝒂 − 𝒄) + 𝒄𝟐(𝒃 − 𝒂)
)

𝟐

= 𝟒𝒔𝟐 < 25𝑹𝟐 +
𝟖√𝟑𝑭

𝟗
 

or, (
𝒂𝟑(𝒄−𝒃)+𝒃𝟑(𝒂−𝒄)+𝒄𝟑(𝒃−𝒂)

𝒂𝟐(𝒄−𝒃)+𝒃𝟐(𝒂−𝒄)+𝒄𝟐(𝒃−𝒂)
)
𝟐

< 25𝑹𝟐 +
𝟖√𝟑𝑭

𝟗
 

1679. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

(𝒃𝟐 + 𝒄𝟐)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄𝟐 + 𝒂𝟐)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒂𝟐 + 𝒃𝟐)𝒕𝒂𝒏

𝑪

𝟐
≥ 𝟐𝟒√𝟑𝒓𝟐 

Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Daniel Sitaru-Romania 
 

(𝒃𝟐 + 𝒄𝟐)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄𝟐 + 𝒂𝟐)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒂𝟐 + 𝒃𝟐)𝒕𝒂𝒏

𝑪

𝟐
=∑(𝒃𝟐 + 𝒄𝟐)𝒕𝒂𝒏

𝑨

𝟐
𝒄𝒚𝒄

≥ 

≥⏞
𝑨𝑴−𝑮𝑴

𝟐∑𝒃𝒄 ∙ 𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐 ∙ 𝟑√(𝒂𝒃𝒄)
𝟐∏𝒕𝒂𝒏

𝑨

𝟐
𝒄𝒚𝒄

𝟑
= 

= 𝟔 ∙ √(𝟒𝑹𝒓𝒔)𝟐 ∙
𝒓

𝒔

𝟑
= 𝟔 ∙ √𝟏𝟔𝑹𝟐𝒓𝟑𝒔

𝟑
= 𝟔𝒓 ∙ √𝟏𝟔𝑹𝟐𝒔

𝟑
≥⏞

𝑬𝑼𝑳𝑬𝑹

 

 

≥ 𝟔𝒓 ∙ √𝟔𝟒𝒓𝟐𝒔
𝟑

= 𝟐𝟒𝒓 ∙ √𝒓𝟐𝒔
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟐𝟒𝒓 ∙ √𝟑√𝟑 ∙ 𝒓𝟑
𝟑

= 

 

= 𝟐𝟒𝒓𝟐 ∙ √(√𝟑)
𝟑𝟑

= 𝟐𝟒√𝟑𝒓𝟐 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

1680. In ∆𝑨𝑩𝑪, 𝒏 ∈ ℕ  the following relationship holds: 
 

𝒎𝒊𝒏(∑(𝒃𝒏 + 𝒄𝒏)𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

,∑𝒂𝒏 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

 ) ≥ 𝟐𝒏+𝟏 ∙ 𝟑
𝒏+𝟏
𝟐 ∙ 𝒓𝒏 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 

∑(𝒃𝒏 + 𝒄𝒏)𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐∑√𝒃𝒏𝒄𝒏 ∙ 𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟐 ∙ 𝟑 ∙ √√𝒃𝒏𝒄𝒏 ∙ √𝒄𝒏𝒂𝒏 ∙ √𝒂𝒏𝒃𝒏 ∙ 𝒕𝒂𝒏
𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
𝒕𝒂𝒏

𝑪

𝟐

𝟑

= 

= 𝟔 ∙ √(𝒂𝒃𝒄)𝒏 ∙
𝒓

𝒔

𝟑
= 𝟔 ∙ √𝟒𝒏 ∙ 𝑹𝒏 ∙ 𝒓𝒏 ∙ 𝒔𝒏 ∙

𝒓

𝒔

𝟑
= 

= 𝟔 ∙ √𝟒𝒏 ∙ 𝑹𝒏 ∙ 𝒓𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟔 ∙ √𝟐𝟐𝒏 ∙ 𝟐𝒏 ∙ 𝒓𝒏 ∙ 𝒓𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

= 

= 𝟔 ∙ 𝟐𝒏 ∙ √𝒓𝟐𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟑 ∙ 𝟐𝒏+𝟏 ∙ √𝒓𝟐𝒏+𝟏 ∙ (𝟑√𝟑𝒓)𝒏−𝟏
𝟑

= 

= 𝟐𝒏+𝟏 ∙ 𝟑 ∙ 𝟑
𝒏
𝟐 ∙ √𝒓𝟐𝒏+𝟏+𝒏−𝟏

𝟑
= 𝟐𝒏+𝟏 ∙ 𝟑

𝒏+𝟏
𝟐 ∙ 𝒓𝒏 
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∑𝒂𝒏 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐∑𝒂𝒏

𝒄𝒚𝒄

√𝒕𝒂𝒏
𝑩

𝟐
𝒕𝒂𝒏

𝑪

𝟐
≥⏞

𝑨𝑴−𝑮𝑴

 

≥ 𝟐 ∙ 𝟑 ∙ √(𝒂𝒃𝒄)𝒏 ∙∏√𝒕𝒂𝒏
𝑩

𝟐
𝒕𝒂𝒏

𝑪

𝟐
𝒄𝒚𝒄

𝟑

= 𝟔 ∙ √(𝟒𝑹𝒓𝒔)𝒏 ∙
𝒓

𝒔

𝟑
= 𝟔 ∙ √𝟒𝒏 ∙ 𝑹𝒏 ∙ 𝒓𝒏 ∙ 𝒔𝒏 ∙

𝒓

𝒔

𝟑
= 

= 𝟔 ∙ √𝟒𝒏 ∙ 𝑹𝒏 ∙ 𝒓𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟔 ∙ √𝟐𝟐𝒏 ∙ 𝟐𝒏 ∙ 𝒓𝒏 ∙ 𝒓𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

= 

= 𝟔 ∙ 𝟐𝒏 ∙ √𝒓𝟐𝒏+𝟏 ∙ 𝒔𝒏−𝟏
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟑 ∙ 𝟐𝒏+𝟏 ∙ √𝒓𝟐𝒏+𝟏 ∙ (𝟑√𝟑𝒓)𝒏−𝟏
𝟑

= 

= 𝟐𝒏+𝟏 ∙ 𝟑 ∙ 𝟑
𝒏
𝟐 ∙ √𝒓𝟐𝒏+𝟏+𝒏−𝟏

𝟑
= 𝟐𝒏+𝟏 ∙ 𝟑

𝒏+𝟏
𝟐 ∙ 𝒓𝒏 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

1681. In all acute triangles 𝑨𝑩𝑪, 𝒏 ∈ ℕ the following relationship holds: 
 

𝒂𝒏(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪) + 𝒃𝒏(𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨) + 𝒄𝒏(𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩)

≥ 𝟐𝒏+𝟏 ∙ 𝟑
𝒏+𝟏
𝟐 ∙ 𝒓𝒏 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 

 
𝒂𝒏(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪) + 𝒃𝒏(𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨) + 𝒄𝒏(𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩) = 

 

=∑𝒂𝒏 (
𝒄𝒐𝒔𝑩

𝒔𝒊𝒏𝑩
+
𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
)

𝒄𝒚𝒄

=∑𝒂𝒏 ∙
𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑩 + 𝒔𝒊𝒏𝑩𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

= 

=∑𝒂𝒏 ∙
𝒔𝒊𝒏(𝑩 + 𝑪)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

=∑𝒂𝒏 ∙
𝒔𝒊𝒏(𝝅 − 𝑨)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

=∑𝒂𝒏 ∙
𝒔𝒊𝒏𝑨

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑 ∙ √(𝒂𝒃𝒄)𝒏 ∙
𝒔𝒊𝒏𝑨

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
∙

𝒔𝒊𝒏𝑩

𝒔𝒊𝒏𝑪𝒔𝒊𝒏𝑨
∙

𝒔𝒊𝒏𝑪

𝒔𝒊𝒏𝑪𝒔𝒊𝒏𝑩

𝟑

= 

= 𝟑 ∙ √(𝟒𝑹𝑭)𝒏 ∙
𝟏

𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪

𝟑

= 𝟑 ∙ √(𝟒𝑹𝒓𝒔)𝒏 ∙
𝟐𝑹 ∙ 𝟐𝑹 ∙ 𝟐𝑹

𝒂𝒃𝒄

𝟑

= 

= 𝟔𝑹 ∙ √(𝟒𝑹𝒓𝒔)𝒏−𝟏
𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟏𝟐𝒓√(𝟖𝒓𝟐𝒔)𝒏−𝟏
𝟑

≥ 
 

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟏𝟐𝒓√(𝟖𝒓𝟑 ∙ 𝟑√𝟑)
𝒏−𝟏𝟑

= 𝟏𝟐𝒓(𝟐√𝟑𝒓)
𝒏−𝟏

= 
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= 𝟑𝒓 ∙ 𝟐𝟐 ∙ 𝟐𝒏−𝟏 ∙ 𝟑
𝒏−𝟏
𝟐 ∙ 𝒓𝒏−𝟏 = 𝟐𝒏+𝟏 ∙ 𝟑

𝒏+𝟏
𝟐 ∙ 𝒓𝒏 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
1682. In all acute triangles 𝑨𝑩𝑪 the following relationship holds: 

 

(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩)𝒕𝒂𝒏

𝑪

𝟐
≥ 𝟐 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 
 

(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪)𝒕𝒂𝒏
𝑨

𝟐
+ (𝒄𝒐𝒕𝑪 + 𝒄𝒐𝒕𝑨)𝒕𝒂𝒏

𝑩

𝟐
+ (𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩)𝒕𝒂𝒏

𝑪

𝟐
= 

=∑(𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪)𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

=∑(
𝒄𝒐𝒔𝑩

𝒔𝒊𝒏𝑩
+
𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
) 𝒕𝒂𝒏

𝑨

𝟐
𝒄𝒚𝒄

= 

=∑
𝒄𝒐𝒔𝑩𝒔𝒊𝒏𝑪 + 𝒄𝒐𝒔𝑪𝒔𝒊𝒏𝑩

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

∙ 𝒕𝒂𝒏
𝑨

𝟐
=∑

𝒔𝒊𝒏(𝑩 + 𝑪)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

∙ 𝒕𝒂𝒏
𝑨

𝟐
= 

=∑
𝒔𝒊𝒏(𝝅 − 𝑨)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

∙ 𝒕𝒂𝒏
𝑨

𝟐
=∑

𝒔𝒊𝒏𝑨

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

∙ 𝒕𝒂𝒏
𝑨

𝟐
≥⏞

𝑨𝑴−𝑮𝑴

 

≥ 𝟑√∏
𝟏

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

∙∏𝒕𝒂𝒏
𝑨

𝟐
𝒄𝒚𝒄

𝟑
= 𝟑√

𝟐𝑹𝟐

𝒔𝒓
∙
𝒓

𝒔

𝟑

= 𝟑√𝟐 ∙
𝑹𝟐

𝒔𝟐

𝟑

≥ 

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟑√
𝟐𝑹𝟐

𝟐𝟕𝑹𝟐

𝟒

𝟑
= 𝟑√

𝟖

𝟐𝟕

𝟑

= 𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1683. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒉𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒉𝒃 (𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒉𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) ≥ 𝟔√𝟑𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Daniel Sitaru-Romania 
 

𝒉𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒉𝒃 (𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒉𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) = 

=∑𝒉𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

=∑𝒉𝒂 ∙
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

= 

= 𝟐𝑭∑
𝒄𝒐𝒔

𝑨
𝟐

𝒂𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐𝑭 ∙ 𝟑√
𝟏

𝒂𝒃𝒄
∙∏

𝟏

𝒄𝒐𝒔
𝑨
𝟐𝒄𝒚𝒄

𝟑 = 

= 𝟔𝑭 ∙ √
𝟏

𝟒𝑹𝑭
∙
𝟒𝑹

𝒔

𝟑

= 𝟔𝒓𝒔 ∙ √
𝟏

𝑭𝒔

𝟑

= 𝟔𝒓 ∙ √
𝒔𝟑

𝒓𝒔𝟐

𝟑

= 

= 𝟔𝒓 ∙ √
𝒔

𝒓

𝟑
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟔𝒓 ∙ √
𝟑√𝟑𝒓

𝒓

𝟑

= 𝟔𝒓√(√𝟑)
𝟑𝟑

= 𝟔√𝟑𝒓 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1684. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒊𝒏(∑𝒘𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) ,∑𝒎𝒂 (𝒕𝒂𝒏

𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄𝒄𝒚𝒄

 ) ≥ 𝟔√𝟑𝒓 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 
 
Lemma: In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑𝒉𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

≥ 𝟔√𝟑𝒓 

Proof: 

∑𝒉𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

=∑𝒉𝒂 ∙
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

= 
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= 𝟐𝑭∑
𝒄𝒐𝒔

𝑨
𝟐

𝒂𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐𝑭 ∙ 𝟑√
𝟏

𝒂𝒃𝒄
∙∏

𝟏

𝒄𝒐𝒔
𝑨
𝟐𝒄𝒚𝒄

𝟑 = 𝟔𝑭 ∙ √
𝟏

𝟒𝑹𝑭
∙
𝟒𝑹

𝒔

𝟑

= 𝟔𝒓𝒔 ∙ √
𝟏

𝑭𝒔

𝟑

=

= 𝟔𝒓 ∙ √
𝒔𝟑

𝒓𝒔𝟐

𝟑

= 𝟔𝒓 ∙ √
𝒔

𝒓

𝟑
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟔𝒓 ∙ √
𝟑√𝟑𝒓

𝒓

𝟑

= 𝟔𝒓√(√𝟑)
𝟑𝟑

= 𝟔√𝟑𝒓 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
Back to the problem: 

𝒘𝒂 ≥ 𝒉𝒂 ⟹∑𝒘𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) ≥∑𝒉𝒂 (𝒕𝒂𝒏

𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄𝒄𝒚𝒄

⟹⏞
𝑳𝒆𝒎𝒎𝒂

≥ 𝟔√𝟑𝒓 

𝒎𝒂 ≥ 𝒉𝒂 ⟹∑𝒎𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) ≥∑𝒉𝒂 (𝒕𝒂𝒏

𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄𝒄𝒚𝒄

⟹⏞
𝑳𝒆𝒎𝒎𝒂

≥ 𝟔√𝟑𝒓 

𝒎𝒊𝒏(∑𝒘𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) ,∑𝒎𝒂 (𝒕𝒂𝒏

𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄𝒄𝒚𝒄

 ) ≥ 𝟔√𝟑𝒓 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

1685. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒉𝒃 + 𝒉𝒄) ⋅ 𝐭𝐚𝐧
𝑨

𝟐
+ (𝒉𝒄 + 𝒉𝒂) ⋅ 𝐭𝐚𝐧

𝑩

𝟐
+ (𝒉𝒂 + 𝒉𝒃) ⋅ 𝐭𝐚𝐧

𝑪

𝟐
≥ 𝟔√𝟑𝒓 

Proposed by Zaza Mzhavanadze-Georgia 

Solution by Ertan Yildirim-Turkiye 

Lemma: 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥ 𝟗𝒓 

Let 𝒂 ≥ 𝒃 ≥ 𝒄 then 𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 and 𝒉𝒂 + 𝒉𝒃 ≤ 𝒉𝒂 + 𝒉𝒄 ≤ 𝒉𝒃 + 𝒉𝒄 

𝐭𝐚𝐧
𝑨

𝟐
≥ 𝐭𝐚𝐧

𝑩

𝟐
≥ 𝐭𝐚𝐧

𝑪

𝟐
 

∴∑(𝒉𝒃 + 𝒉𝒄) 𝐭𝐚𝐧
𝑨

𝟐
≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
⋅ 𝟐(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) ⋅ (𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

≥
𝑳𝒆𝒎𝒎𝒂 𝟏

𝟑
⋅ 𝟐 ⋅ 𝟗𝒓 (𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) = 𝟔𝒓 ⋅ (𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

𝒇(𝒙) = 𝐭𝐚𝐧𝒙 ⇒ 𝒇′(𝒙) = 𝐬𝐞𝐜𝟐 𝒙 ⇒ 𝒇′′(𝒙) = 𝟐 𝐬𝐞𝐜𝟐 𝒙 ⋅ 𝐭𝐚𝐧𝒙 > 0 where 𝒙 ∈ (𝟎,
𝝅

𝟐
) 

Therefore 𝒇(𝒙) is convex 
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𝒇 (
𝑨
𝟐
) + 𝒇 (

𝑩
𝟐
) + 𝒇 (

𝑪
𝟐
)

𝟑
≥ 𝒇 (

𝑨 + 𝑩 + 𝑪

𝟔
) 

𝐭𝐚𝐧
𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
≥ 𝟑 ⋅ 𝒇 (

𝝅

𝟔
) = 𝟑 ⋅ 𝐭𝐚𝐧

𝝅

𝟔
= 𝟑

√𝟑

𝟑
= √𝟑 

∴∑(𝒉𝒃 + 𝒉𝒄) 𝐭𝐚𝐧
𝑨

𝟐
≥ 𝟔𝒓 ⋅∑𝐭𝐚𝐧

𝑨

𝟐
≥ 𝟔𝒓 ⋅ √𝟑 = 𝟔√𝟑𝒓 

1686. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 (𝒄𝒐𝒕
𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
) + 𝒃(𝒄𝒐𝒕

𝑪

𝟐
+ 𝒄𝒐𝒕

𝑨

𝟐
) + 𝒄 (𝒄𝒐𝒕

𝑨

𝟐
+ 𝒄𝒐𝒕

𝑩

𝟐
) ≥ 𝟑𝟔𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 
 

𝒂(𝒄𝒐𝒕
𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
) + 𝒃(𝒄𝒐𝒕

𝑪

𝟐
+ 𝒄𝒐𝒕

𝑨

𝟐
) + 𝒄 (𝒄𝒐𝒕

𝑨

𝟐
+ 𝒄𝒐𝒕

𝑩

𝟐
) =∑𝒂(𝒄𝒐𝒕

𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
)

𝒄𝒚𝒄

= 

=∑𝒂(
𝒄𝒐𝒔

𝑩
𝟐

𝒔𝒊𝒏
𝑩
𝟐

+
𝒄𝒐𝒔

𝑪
𝟐

𝒔𝒊𝒏
𝑪
𝟐

)

𝒄𝒚𝒄

=∑𝒂 ∙
𝒄𝒐𝒔

𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐
+ 𝒄𝒐𝒔

𝑪
𝟐
𝒔𝒊𝒏

𝑩
𝟐

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐𝒄𝒚𝒄

= 

=∑𝒂 ∙
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐𝒄𝒚𝒄

=∑𝒂 ∙
𝒔𝒊𝒏 (

𝝅 − 𝑨
𝟐

)

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐𝒄𝒚𝒄

=∑𝒂 ∙
𝒄𝒐𝒔

𝑨
𝟐

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

 

≥ 𝟑 ∙ √𝒂𝒃𝒄 ∙∏𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒚𝒄

∙ (∏𝒔𝒊𝒏
𝑨

𝟐
𝒄𝒚𝒄

)

−𝟐
𝟑

= 𝟑 ∙ √𝒂𝒃𝒄 ∙
𝒔

𝟒𝑹
∙ (

𝒓

𝟒𝑹
)
−𝟐𝟑

= 

 

= 𝟑 ∙ √𝒂𝒃𝒄 ∙
𝟏𝟔𝑹𝟐𝒔

𝟒𝑹𝒓𝟐

𝟑

= 𝟑 ∙ √𝟒𝑹𝒓𝒔 ∙
𝟏𝟔𝑹𝟐𝒔

𝟒𝑹𝒓𝟐

𝟑

= 𝟑 ∙ √𝟒𝑹𝒓𝒔 ∙
𝟒𝑹𝒔

𝒓𝟐

𝟑

= 

 

= 𝟑 ∙ √
𝟏𝟔𝑹𝟐𝒔𝟐

𝒓

𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟑 ∙ √
𝟔𝟒𝒓𝟐𝒔𝟐

𝒓

𝟑

= 𝟏𝟐 ∙ √𝒓𝒔𝟐
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟏𝟐 ∙ √𝟐𝟕𝒓𝟑
𝟑

= 𝟑𝟔𝒓 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

1687. In ∆𝑨𝑩𝑪 the following relationship holds: 
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𝒓𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒓𝒃 (𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒓𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) ≥ 𝟔√𝟑𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 

 
 
Solution by Daniel Sitaru-Romania 

𝒓𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
) + 𝒓𝒃 (𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑨

𝟐
) + 𝒓𝒄 (𝒕𝒂𝒏

𝑨

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
) = 

 

=∑𝒓𝒂 (𝒕𝒂𝒏
𝑩

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
)

𝒄𝒚𝒄

=∑𝒓𝒂 (
𝒔𝒊𝒏

𝑩
𝟐

𝒄𝒐𝒔
𝑩
𝟐

+
𝒔𝒊𝒏

𝑪
𝟐

𝒄𝒐𝒔
𝑪
𝟐

)

𝒄𝒚𝒄

=∑𝒓𝒂 ∙
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

= 

 

=∑𝒓𝒂 ∙
𝒔𝒊𝒏 (

𝝅 − 𝑨
𝟐

)

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

=∑𝒓𝒂 ∙
𝒄𝒐𝒔

𝑨
𝟐

𝒄𝒐𝒔
𝑩
𝟐
𝒄𝒐𝒔

𝑪
𝟐𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

 

= 𝟑 ∙ √∏𝒓𝒂
𝒄𝒚𝒄

∙∏
𝟏

𝒄𝒐𝒔
𝑨
𝟐𝒄𝒚𝒄

𝟑 = 𝟑 ∙ √𝒓𝒔𝟐 ∙
𝟒𝑹

𝒔

𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟑 ∙ √𝟖𝒓𝟐𝒔
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

 

 

≥ 𝟔 ∙ √𝒓𝟐 ∙ 𝟑√𝟑𝒓
𝟑

= 𝟔 ∙ √(√𝟑 ∙ 𝒓)
𝟑𝟑

= 𝟔√𝟑𝒓 

 
Equality holds for 𝐚 = 𝐛 = 𝐜. 

1688. In ∆𝑨𝑩𝑪 the following relationship holds: 

(𝒃 + 𝒄)𝒄𝒐𝒕
𝑨

𝟐
+ (𝒄 + 𝒂)𝒄𝒐𝒕

𝑩

𝟐
+ (𝒂 + 𝒃)𝒄𝒐𝒕

𝑪

𝟐
≥ 𝟑𝟔𝒓 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 

(𝒃 + 𝒄)𝒄𝒐𝒕
𝑨

𝟐
+ (𝒄 + 𝒂)𝒄𝒐𝒕

𝑩

𝟐
+ (𝒂 + 𝒃)𝒄𝒐𝒕

𝑪

𝟐
=∑(𝒂 + 𝒃)𝒄𝒐𝒕

𝑪

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑 ∙ √∏(𝒂 + 𝒃)

𝒄𝒚𝒄

∙∏𝒄𝒐𝒕
𝑨

𝟐
𝒄𝒚𝒄

𝟑
≥⏞

𝑪𝑬𝑺𝑨𝑹𝑶

𝟑 ∙ √𝟖𝒂𝒃𝒄 ∙
𝒔

𝒓

𝟑
= 

= 𝟑 ∙ √𝟑𝟐𝑹𝒓𝒔 ∙
𝒔

𝒓

𝟑
≥⏞

𝑬𝑼𝑳𝑬𝑹

𝟑 ∙ √𝟔𝟒𝒓𝒔𝟐
𝟑

= 𝟏𝟐√𝒓𝒔𝟐
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟏𝟐√𝟐𝟕𝒓𝟑
𝟑

= 𝟑𝟔𝒓 
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Equality holds for 𝒂 = 𝒃 = 𝒄. 

1689. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒉𝒂 (𝒄𝒐𝒕
𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
) + 𝒉𝒃 (𝒄𝒐𝒕

𝑪

𝟐
+ 𝒄𝒐𝒕

𝑨

𝟐
) + 𝒉𝒄 (𝒄𝒐𝒕

𝑨

𝟐
+ 𝒄𝒐𝒕

𝑩

𝟐
) ≥  𝟏𝟖√𝟑𝒓 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 

𝒉𝒂 (𝒄𝒐𝒕
𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
) + 𝒉𝒃 (𝒄𝒐𝒕

𝑪

𝟐
+ 𝒄𝒐𝒕

𝑨

𝟐
) + 𝒉𝒄 (𝒄𝒐𝒕

𝑨

𝟐
+ 𝒄𝒐𝒕

𝑩

𝟐
) = 

=∑𝒉𝒂 (𝒄𝒐𝒕
𝑩

𝟐
+ 𝒄𝒐𝒕

𝑪

𝟐
)

𝒄𝒚𝒄

=∑
𝟐𝑭

𝒂
𝒄𝒚𝒄

(
𝒄𝒐𝒔

𝑩
𝟐

𝒔𝒊𝒏
𝑩
𝟐

+
𝒄𝒐𝒔

𝑪
𝟐

𝒔𝒊𝒏
𝑪
𝟐

) = 

= 𝟐𝑭∑
𝟏

𝒂
𝒄𝒚𝒄

∙
𝒔𝒊𝒏 (

𝑩 + 𝑪
𝟐

)

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐

= 𝟐𝑭∑
𝟏

𝒂
𝒄𝒚𝒄

∙
𝒔𝒊𝒏 (

𝝅 − 𝑨
𝟐

)

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐

= 𝟐𝑭∑
𝟏

𝒂
𝒄𝒚𝒄

∙
𝒄𝒐𝒔

𝑨
𝟐

𝒔𝒊𝒏
𝑩
𝟐
𝒔𝒊𝒏

𝑪
𝟐

≥ 

≥⏞
𝑨𝑴−𝑮𝑴

𝟐𝑭 ∙ 𝟑√
𝟏

𝒂𝒃𝒄
∙∏𝒄𝒐𝒔

𝑨

𝟐
𝒄𝒚𝒄

∙ (∏𝒔𝒊𝒏
𝑨

𝟐
𝒄𝒚𝒄

)

−𝟐
𝟑

= 

= 𝟔𝑭√
𝟏

𝟒𝑹𝒓𝒔
∙
𝒔

𝟒𝑹
∙ (
𝟒𝑹

𝒓
)
𝟐𝟑

= 𝟔𝑭√
𝟏

𝟏𝟔𝑹𝟐𝒓
∙
𝟏𝟔𝑹𝟐

𝒓𝟐

𝟑

= 𝟔𝒓𝒔 ∙ √
𝟏

𝒓𝟑

𝟑

= 𝟔𝒔 ≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟔 ∙ 𝟑√𝟑𝒓

= 𝟏𝟖√𝟑𝒓 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
1690. Let 𝑶,𝑮 −be the Toricelli’s point and the centroid in ∆𝑨𝑩𝑪. Prove that: 
 

𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
 

Proposed by Adil Abdullayev-Azerbaijan 
Solution by Daniel Sitaru-Romania 
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𝑶 −Toricelli’s point 

𝑶𝑨 = 𝒙,𝑶𝑩 = 𝒚,𝑶𝑪 = 𝒛,  
 ∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝟏𝟐𝟎° 

[𝑨𝑶𝑩] + [𝑩𝑶𝑪] + [𝑪𝑶𝑨] =∑
𝟏

𝟐
∙ 𝒙𝒚𝒔𝒊𝒏𝟏𝟐𝟎°

𝒄𝒚𝒄

 

𝑭 =
𝟏

𝟐
𝒔𝒊𝒏(𝟏𝟖𝟎° − 𝟔𝟎°)∑𝒙𝒚

𝒄𝒚𝒄

 

∑𝒙𝒚

𝒄𝒚𝒄

=
𝟐𝑭

𝒔𝒊𝒏𝟔𝟎°
=
𝟒𝑭

√𝟑
=
𝟒√𝟑𝑭

𝟑
 

∑𝒄𝟐

𝒄𝒚𝒄

=∑(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒄𝒐𝒔𝟏𝟐𝟎°)

𝒄𝒚𝒄

 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐∑𝒙𝟐

𝒄𝒚𝒄

+ 𝟐𝒄𝒐𝒔𝟔𝟎°∑𝒙𝒚

𝒄𝒚𝒄

 

𝟐∑𝒙𝟐

𝒄𝒚𝒄

= 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟐 ∙
𝟏

𝟐
∙
𝟒√𝟑𝑭

𝟑
 

∑𝑶𝑨𝟐

𝒄𝒚𝒄

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
 

𝟑𝑶𝑮𝟐 +∑𝑮𝑨𝟐

𝒄𝒚𝒄

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
 

𝟑𝑶𝑮𝟐 =
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
−∑

𝟒

𝟗
𝒎𝒂

𝟐

𝒄𝒚𝒄

 

𝟑𝑶𝑮𝟐 =
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
−
𝟒

𝟗
∙
𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 
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𝑶𝑮𝟐 =
𝟏

𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟏

𝟗
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟗
 

𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
 

 
Observation: This is a new proof for IONESCU-WEITZENBOCK’S inequality: 
 

𝟎 ≤ 𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
⟹ 𝟎 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭⟹ 

 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭 
 

 
 
1691. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
+

𝟏𝟐√𝟑𝐅

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
≤ 𝟒 

 
  Proposed by Adil Abdullayev-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
+

𝟗√𝟑𝐅

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
≤ 𝟒 → (𝟏) 

𝐋𝐇𝐒 𝐨𝐟 (𝟏) ≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
+

𝟑𝐬𝟐

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

≤
?
𝟒 

⇔ 𝟐−
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
≥
? 𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
⇔

𝐬𝟐 + 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
≥
? 𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
 

⇔ (𝟒𝐑 + 𝐫)𝐬𝟐 ≥
?
𝟑𝐫(𝟒𝐑 + 𝐫)𝟐 ⇔ 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 ≥

?
𝟎 

⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟎  

𝒂𝐧𝐝 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
+

𝟗√𝟑𝐅

𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐
≤ 𝟒 𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 (𝟏) 

 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
 𝐰𝐡𝐨𝐬𝐞 𝒂𝐫𝐞𝒂 

 𝐯𝐢𝒂 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝒂𝐫𝐲 𝐜𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 =
𝐅

𝟑
 𝒂𝐧𝐝 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 =

𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐰𝐞 𝐠𝐞𝐭 ∶ 

𝟒
𝟗
(𝐦𝒂

𝟐 +𝐦𝐛
𝟐 +𝐦𝐜

𝟐)

𝟒
𝟗
(𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂)

+

𝟗√𝟑𝐅
𝟑

𝟏
𝟒
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

≤ 𝟒 
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⇒
𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
+

𝟏𝟐√𝟑𝐅

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
≤ 𝟒  

 
∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐡𝐚𝐯𝐞 ∶ 

𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂 ≥⏞
𝑨𝑴−𝑮𝑴

𝟑√(𝒎𝒂𝒎𝒃𝒎𝒄)
𝟐𝟑

≥⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝟑√(𝒔𝟐𝒓)𝟐
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑√𝟑𝑭, 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 =
𝟒

𝟑
(𝒎𝒂

𝟐 +𝒎𝒃
𝟐 +𝒎𝒄

𝟐), 𝐭𝐡𝐞𝐧 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂
+
𝟑(𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂)

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐

≤ 𝟒        (𝟏) 

𝐋𝐞𝐭 𝒙 ≔
𝒎𝒂

𝟐 +𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂
.  

𝐒𝐢𝐧𝐜𝐞 𝒎𝒂,𝒎𝒃,𝒎𝒄 𝐜𝐚𝐧 𝐛𝐞 𝐭𝐡𝐞 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞,𝐰𝐞 𝐡𝐚𝐯𝐞 𝟏 ≤ 𝒙 < 2. 

⇒ (𝟏)  ⇔ 𝒙 +
𝟑

𝒙
≤ 𝟒 ⇔ 

(𝒙 − 𝟏)(𝟑 − 𝒙)

𝒙
≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞.  𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1692. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟔(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
≥ 𝟏 +

𝟒√𝟑𝐅

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
 

  Proposed by Adil Abdullayev-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝟔(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
− 𝟏 

=
𝟑((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
 

=
𝐬𝟒 − (𝟖𝐑𝐫 − 𝟏𝟎𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
≥

𝟒√𝟑𝐅

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
=

𝟐√𝟑𝐫𝐬

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
 



 
www.ssmrmh.ro 

106 RMM-GEOMETRY MARATHON 1601-1700 

 

⇔
(𝐬𝟒 − (𝟖𝐑𝐫 − 𝟏𝟎𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)

𝟐

𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟒
≥

𝟏𝟐𝐫𝟐𝐬𝟐

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐
 

⇔ (𝐬𝟒 − (𝟖𝐑𝐫 − 𝟏𝟎𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)
𝟐
≥
(∗)

𝟒𝟖𝐫𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

 

⇔ (𝐑 − 𝐫)𝐬𝟔 − 𝐫(𝟑𝟎𝐑𝟐 − 𝟐𝟓𝐑𝐫 − 𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟑𝟑𝟔𝐑𝟑 − 𝟑𝟑𝟐𝐑𝟐𝐫 + 𝟗𝟓𝐑𝐫𝟐 − 𝟏𝟏𝐫𝟑)𝐬𝟐 

−𝐫𝟑(𝟏𝟑𝟔𝟎𝐑𝟒 − 𝟏𝟕𝟏𝟐𝐑𝟑𝐫 + 𝟕𝟗𝟖𝐑𝟐𝐫𝟐 − 𝟏𝟔𝟕𝐑𝐫𝟑 + 𝟏𝟑𝐫𝟒) ≥
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟗𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟖𝐫𝟐)𝐬𝟒 − 𝐫(𝟐𝟏𝟔𝐑𝟑 − 𝟒𝟓𝟖𝐑𝟐𝐫 + 𝟐𝟑𝟎𝐑𝐫𝟐 − 𝟑𝟐𝐫𝟑)𝐬𝟐 

+𝐫𝟐(𝟏𝟑𝟔𝟖𝐑𝟒 − 𝟑𝟏𝟏𝟐𝐑𝟑𝐫 + 𝟐𝟏𝟐𝟏𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟗𝐑𝐫𝟑 + 𝟓𝟔𝐫𝟒) ≥
(∗∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝟗𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟖𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟗𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟖𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟑𝐑𝟑 − 𝟏𝟎𝐑𝟐𝐫 + 𝟗𝐑𝐫𝟐 − 𝟐𝐫𝟑)𝐬𝟐 ≥ 𝐫(𝟑𝟗𝐑𝟒 − 𝟏𝟑𝟑𝐑𝟑𝐫 + 𝟏𝟑𝟑𝐑𝟐𝐫𝟐 − 𝟒𝟗𝐑𝐫𝟑 + 𝟔𝐫𝟒) 

⇔ (𝐑 − 𝟐𝐫)(𝟑𝐑𝟐 − 𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 ≥ 𝐫(𝐑 − 𝟐𝐫)(𝟑𝟗𝐑𝟑 − 𝟓𝟓𝐑𝟐𝐫 + 𝟐𝟑𝐑𝐫𝟐 − 𝟑𝐫𝟑) 

⇔ (𝟑𝐑𝟐 − 𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟑𝟗𝐑𝟑 − 𝟓𝟓𝐑𝟐𝐫 + 𝟐𝟑𝐑𝐫𝟐 − 𝟑𝐫𝟑) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

𝐍𝐨𝐰, (𝟑𝐑𝟐 − 𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑𝟐 − 𝟒𝐑𝐫 + 𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟑𝟗𝐑𝟑 − 𝟓𝟓𝐑𝟐𝐫 + 𝟐𝟑𝐑𝐫𝟐 − 𝟑𝐫𝟑) ⇔ 𝟗𝐭𝟑 − 𝟐𝟒𝐭𝟐 + 𝟏𝟑𝐭 − 𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝐭 − 𝟏)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟔(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
≥ 𝟏 +

𝟒√𝟑𝐅

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐒𝐢𝐧𝐜𝐞  

𝟏𝟔𝑭𝟐 = 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒),  

𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝟑[𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)]

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
+
𝟏

𝟐
≥

𝟒√𝟑𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

𝐨𝐫  
𝟐𝟒𝑭𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
+
𝟏

𝟐
≥

𝟒√𝟑𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
  𝐨𝐫  

𝟏

𝟐
(

𝟒√𝟑𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
− 𝟏)

𝟐

≥ 𝟎, 
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𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟒√𝟑𝑭 𝐨𝐫 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1693. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏𝟖𝑹𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟏 +

𝟒√𝟑𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

 
Proposed by Adil Abdullyev-Azerbaijan 

Solution by Daniel Sitaru-Romania 
 

𝟏𝟖𝑹𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟏 +

𝟒√𝟑𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
⟺ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟒√𝟑𝑭 ≤ 𝟏𝟖𝑹𝟐 

Nakajima(1925): In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟖𝑹𝟐 +
𝟒

𝟑√𝟑
𝑭 

Proof: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = (𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 

= 𝟒𝒔𝟐 − 𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) = 𝟐𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓 ≤⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

 
≤ 𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) − 𝟐𝒓𝟐 − 𝟖𝑹𝒓 = 𝟖𝑹𝟐 + 𝟒𝒓𝟐 = 𝟖𝑹𝟐 + 𝟒𝒓 ∙ 𝒓 ≤ 

≤⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟖𝑹𝟐 + 𝟒𝒓 ∙
𝒔

𝟑√𝟑
= 𝟖𝑹𝟐 +

𝟒

𝟑√𝟑
𝑭 

Back to the problem: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟒√𝟑𝑭 ≤⏞
𝑵𝒂𝒌𝒂𝒋𝒊𝒎𝒂

 𝟖𝑹𝟐 +
𝟒

𝟑√𝟑
𝑭 + 𝟒√𝟑𝑭 

Remains to prove: 

𝟖𝑹𝟐 +
𝟒

𝟑√𝟑
𝑭 + 𝟒√𝟑𝑭 ≤ 𝟏𝟖𝑹𝟐 ⟺ (

𝟒

𝟑√𝟑
+ 𝟒√𝟑)𝑭 ≤ 𝟏𝟎𝑹𝟐 

𝟒𝟎𝑭

𝟑√𝟑
≤ 𝟏𝟎𝑹𝟐 ⟺ 𝟒𝑭 ≤ 𝟑√𝟑𝑹𝟐 (𝒕𝒐 𝒑𝒓𝒐𝒗𝒆) 

𝟒𝑭 = 𝟒𝒓𝒔 ≤⏞
𝑬𝑼𝑳𝑬𝑹

𝟐𝑹𝒔 ≤⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟐𝑹 ∙
𝟑√𝟑𝑹

𝟐
= 𝟑√𝟑𝑹𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

1694.𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝟑 + 𝐫𝐛

𝟑 + 𝐫𝐜
𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟓 ≥

𝟒𝐑

𝐫
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  Proposed by Adil Abdullayev-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝟒𝐑

𝐫
=
𝟒𝐑 + 𝐫 −

𝐫𝐬𝟐

𝐬𝟐

𝐫𝐬𝟐

𝐬𝟐

=

∑ 𝐫𝒂𝐜𝐲𝐜 −
𝐫𝒂𝐫𝐛𝐫𝐜
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

𝐫𝒂𝐫𝐛𝐫𝐜
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

=
(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − 𝒙𝐲𝐳

𝒙𝐲𝐳
  

(𝒙 = 𝐫𝒂, 𝐲 = 𝐫𝐛, 𝐳 = 𝐫𝐜) ≤
? 𝐫𝒂

𝟑 + 𝐫𝐛
𝟑 + 𝐫𝐜

𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟓 =

∑ 𝒙𝟑𝐜𝐲𝐜 + 𝟓𝒙𝐲𝐳

𝒙𝐲𝐳
 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟓𝒙𝐲𝐳 ≥
?
(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) − 𝒙𝐲𝐳 =∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

+ 𝟐𝒙𝐲𝐳 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴
𝐫𝒂
𝟑 + 𝐫𝐛

𝟑 + 𝐫𝐜
𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟓 ≥

𝟒𝐑

𝐫
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Tapas Das-India 

∑𝒓𝒂
𝟑 = (∑𝒓𝒂)

𝟑

− 𝟑 [(∑𝒓𝒂) (∑𝒓𝒂𝒓𝒃) −∏𝒓𝒂] = (𝟒𝑹 + 𝒓)𝟑 − 𝟏𝟐𝒔𝟐𝑹.  

 

𝑵𝒐𝒘
∑𝒓𝒂

𝟑

𝒓𝒂𝒓𝒃𝒓𝒄
+ 𝟓 =

(𝟒𝑹 + 𝒓)𝟑 − 𝟏𝟐𝒔𝟐𝑹

𝒔𝟐𝒓
+ 𝟓 ≥

𝑮𝒆𝒓𝒓𝒆𝒔𝒕𝒏 (𝟒𝑹 + 𝒓)𝟑

(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)𝒓
−
𝟏𝟐𝑹

𝒓
+ 𝟓 , 

 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 

 
(𝟒𝑹 + 𝒓)𝟑

(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)𝒓
−
𝟏𝟐𝑹

𝒓
+ 𝟓 ≥

𝟒𝑹

𝒓
 𝒐𝒓 

(𝟒𝑹 + 𝒓)𝟑

(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)𝒓
+ 𝟓 ≥

𝟏𝟔𝑹

𝒓
 

 

 𝒐𝒓
(𝟒𝒙 + 𝟏)𝟑

𝟒𝒙𝟐 + 𝟒𝒙 + 𝟑
+ 𝟓 ≥ 𝟏𝟔𝒙 ( 𝒘𝒉𝒆𝒓𝒆

𝑹

𝒓
= 𝒙 ≥ 𝟐 𝑬𝒖𝒍𝒆𝒓) 𝒐𝒓 

 

 𝟒𝒙𝟐 − 𝟏𝟔𝒙 + 𝟏𝟔 ≥ 𝟎 𝒐𝒓 (𝟐𝒙 − 𝟒)𝟐 ≥ 𝟎 𝑻𝒓𝒖𝒆 
 

1695. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 
 

𝟐∑
𝒎𝒂

𝒉𝒂
𝒄𝒚𝒄

≥
𝟐𝒔

√𝒂𝒃𝒄
𝟑 +

𝟏

√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑

∑𝒉𝒂
𝒄𝒚𝒄

 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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𝐁𝐲 𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧 𝐚𝐧𝐝 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

           𝟐∑
𝒎𝒂

𝒉𝒂
𝒄𝒚𝒄

≥ 𝟐∑
𝒃𝟐 + 𝒄𝟐

𝟒𝑹𝒉𝒂
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐

𝒃𝒄
𝒄𝒚𝒄

=∑
𝒂

𝒃
𝒄𝒚𝒄

+∑
𝒉𝒂
𝒉𝒃

𝒄𝒚𝒄

= 

   = ∑
𝟏

𝟑
(
𝒂

𝒃
+
𝒂

𝒃
+
𝒃

𝒄
)

𝒄𝒚𝒄

+∑
𝟏

𝟑
(
𝒉𝒂
𝒉𝒃

+
𝒉𝒂
𝒉𝒃

+
𝒉𝒃
𝒉𝒄
)

𝒄𝒚𝒄

≥∑ √
𝒂𝟐

𝒃𝒄

𝟑

𝒄𝒚𝒄

+∑√
𝒉𝒂

𝟐

𝒉𝒃𝒉𝒄

𝟑

𝒄𝒚𝒄

= 

                            =
𝟐𝒔

√𝒂𝒃𝒄
𝟑 +

𝟏

√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑

∑𝒉𝒂
𝒄𝒚𝒄

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

 

1696. In ∆𝑨𝑩𝑪 the following relationship holds: 

(𝟏 + 𝒆𝐭𝐚𝐧
𝑨
𝟐 ) (𝟏 + 𝒆𝐭𝐚𝐧

𝑩
𝟐  ) (𝟏 + 𝒆𝐭𝐚𝐧

𝑪
𝟐 ) ≥ (𝟏 + 𝒆

√𝟑
𝟑 )

𝟑

 

 
Proposed by Khaled Abd Imouti-Syria 

Solution by Tapas Das-India 

(𝟏 + 𝒆𝐭𝐚𝐧
𝑨
𝟐 ) (𝟏 + 𝒆𝐭𝐚𝐧

𝑩
𝟐  ) (𝟏 + 𝒆𝐭𝐚𝐧

𝑪
𝟐 ) ≥

𝑯𝒐𝒍𝒅𝒆𝒓
 

≥ ((𝟏 ∙ 𝟏 ∙ 𝟏)
𝟏
𝟑 + (𝒆

∑𝐭𝐚𝐧
𝑨
𝟐 )

𝟏
𝟑
 )

𝟑

= (𝟏 + 𝒆
𝟒𝑹+𝒓
𝟑𝒔 )

𝟑

≥ (𝟏 + 𝒆
√𝟑
𝟑 )

𝟑

 

(𝒔𝒊𝒏𝒄𝒆 𝒔𝟐 ≤ (𝟒𝑹 + 𝒓)𝟐
𝟏

𝟑
) − 𝑫𝒐𝒖𝒄𝒆𝒕′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

1697.  𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

(𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏)(𝒂𝒏 𝐜𝐨𝐬𝟐 𝑨 + 𝒃𝒏 𝐜𝐨𝐬𝟐𝑩 + 𝒄𝒏 𝐜𝐨𝐬𝟐 𝑪) ≥ 𝟒𝑭𝟐.∑𝒃𝒏−𝟐𝒄𝒏−𝟐

𝒄𝒚𝒄

,   𝒏 ∈ ℕ 

 
Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝑯 𝐛𝐞 𝐭𝐡𝐞 𝐨𝐫𝐭𝐡𝐨𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆𝑨𝑩𝑪.  𝐖𝐞 𝐡𝐚𝐯𝐞  (𝒂𝒏. 𝑯𝑨⃑⃑⃑⃑ ⃑⃑ + 𝒃𝒏. 𝑯𝑩⃑⃑ ⃑⃑ ⃑⃑  + 𝒄𝒏. 𝑯𝑪⃑⃑⃑⃑⃑⃑ )
𝟐
≥ 𝟎, 𝐭𝐡𝐞𝐧 
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𝒂𝟐𝒏. 𝑯𝑨𝟐 + 𝒃𝟐𝒏. 𝑯𝑩𝟐 + 𝒄𝟐𝒏. 𝑯𝑪𝟐 + 𝒂𝒏𝒃𝒏. 𝟐𝑯𝑨⃑⃑⃑⃑ ⃑⃑ . 𝑯𝑩⃑⃑ ⃑⃑ ⃑⃑  + 𝒃𝒏𝒄𝒏. 𝟐𝑯𝑩⃑⃑ ⃑⃑ ⃑⃑  . 𝑯𝑪⃑⃑⃑⃑⃑⃑ + 𝒄𝒏𝒂𝒏. 𝟐𝑯𝑪⃑⃑⃑⃑⃑⃑ . 𝑯𝑨⃑⃑⃑⃑ ⃑⃑ ≥ 𝟎 

⇔ 𝒂𝟐𝒏. 𝑯𝑨𝟐 + 𝒃𝟐𝒏. 𝑯𝑩𝟐 + 𝒄𝟐𝒏. 𝑯𝑪𝟐 + 𝒂𝒏𝒃𝒏. (𝑯𝑨𝟐 +𝑯𝑩𝟐 − 𝒄𝟐) + 𝒃𝒏𝒄𝒏. (𝑯𝑩𝟐 +𝑯𝑪𝟐 − 𝒂𝟐) + 

+𝒄𝒏𝒂𝒏. (𝑯𝑪𝟐 +𝑯𝑨𝟐 − 𝒃𝟐) ≥ 𝟎 

⇔ (𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏)(𝒂𝒏𝑯𝑨𝟐 + 𝒃𝒏𝑯𝑩𝟐 + 𝒄𝒏𝑯𝑪𝟐) ≥ 𝒂𝟐𝒃𝟐𝒄𝟐(𝒂𝒏−𝟐𝒃𝒏−𝟐 + 𝒃𝒏−𝟐𝒄𝒏−𝟐 + 𝒄𝒏−𝟐𝒂𝒏−𝟐) 

𝐒𝐢𝐧𝐜𝐞 𝑯𝑨 = 𝟐𝑹|𝐜𝐨𝐬𝑨| (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 𝒂𝒃𝒄 = 𝟒𝑹𝑭, 𝐭𝐡𝐞𝐧 

(𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏)(𝒂𝒏 𝐜𝐨𝐬𝟐 𝑨 + 𝒃𝒏 𝐜𝐨𝐬𝟐𝑩 + 𝒄𝒏 𝐜𝐨𝐬𝟐 𝑪) ≥ 𝟒𝑭𝟐(𝒂𝒏−𝟐𝒃𝒏−𝟐 + 𝒃𝒏−𝟐𝒄𝒏−𝟐 + 𝒄𝒏−𝟐𝒂𝒏−𝟐), 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1698. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝐬𝐢𝐧𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝒔𝒊𝒏𝑪
≤
𝟐

𝟑
 (𝐜𝐨𝐭

𝑨

𝟐
+ 𝐜𝐨𝐭

𝑩

𝟐
+ 𝐜𝐨𝐭

𝑪

𝟐
 ) 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

∑
𝟏

𝒔𝒊𝒏𝑨
= 𝟐𝑹∑

𝟏

𝒂
=
𝟐𝑹(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝒃𝒄
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒓𝒔
 𝒂𝒏𝒅 

𝟐

𝟑
 ∑𝐜𝐨𝐭  

𝑨

𝟐
=
𝟐

𝟑

𝒔

𝒓
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 

𝟐𝒔

𝟑𝒓
≥
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒓𝒔
 𝒐𝒓 𝟒𝒔𝟐 ≥ 𝟑𝒔𝟐 + 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓  

𝒐𝒓 𝒔𝟐 ≥ 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓 𝒐𝒓 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐 
 

𝒐𝒓 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

1699.𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 ≤
𝟏

𝟖
𝐜𝐨𝐬(𝐀 − 𝐁) 𝐜𝐨𝐬(𝐁 − 𝐂) 𝐜𝐨𝐬(𝐂 − 𝐀) 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 
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 𝐜𝐨𝐬(𝐀 − 𝐁) 𝐜𝐨𝐬(𝐁 − 𝐂) 𝐜𝐨𝐬(𝐂 − 𝐀) 

= (𝟐𝐜𝐨𝐬𝟐
𝐀 − 𝐁

𝟐
− 𝟏) (𝟐𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
− 𝟏) (𝟐𝐜𝐨𝐬𝟐

𝐂 − 𝐀

𝟐
− 𝟏) 

= 𝟖∏𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

− 𝟒(∏𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

)(∑𝐬𝐞𝐜𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

) + 𝟐∑𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

− 𝟏 → (𝒂) 

𝐍𝐨𝐰,∑𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

=∑
(𝐛 + 𝐜)𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐

𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐
𝐀
𝟐
𝐜𝐨𝐬𝟐

𝐀
𝟐𝐜𝐲𝐜

=
𝟏

𝟏𝟔𝐑𝟐𝐬
.∑

𝐛𝐜(𝐛 + 𝐜)𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

 

=
𝟏

𝟏𝟔𝐑𝟐𝐬
.∑

𝐛𝐜(𝐬 + 𝐬 − 𝒂)𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

=
𝟏

𝟏𝟔𝐑𝟐𝐬
.∑(

𝐛𝐜𝐬𝟐

𝐬 − 𝒂
+ 𝟐𝐬𝐛𝐜 + 𝐛𝐜(𝐬 − 𝒂))

𝐜𝐲𝐜

 

=
𝟏

𝟏𝟔𝐑𝟐𝐬
(𝐬𝟑∑𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟑𝐬∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) 

=
𝟏

𝟏𝟔𝐑𝟐𝐬
(𝐬𝟑 (

𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
) + 𝟑𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬) 

=
𝟒𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐫𝟐

𝟏𝟔𝐑𝟐
⇒∑𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
=
𝟒𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐫𝟐

𝟏𝟔𝐑𝟐
→ (𝟏) 

𝐀𝐠𝐚𝐢𝐧,∑𝐬𝐞𝐜𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

=∑
𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐
𝐜𝐨𝐬𝟐

𝐀
𝟐

(𝐛 + 𝐜)𝟐𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑
𝟏𝟔𝐑𝟐𝐬(𝐬 − 𝒂)𝒂

𝟒𝐑𝐫𝐬(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

 

=
𝟐𝐑

𝐫
∑

𝒂(𝐛 + 𝐜 − 𝒂)

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

=
𝟐𝐑

𝐫
(∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

−∑
𝒂𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

) → (𝟐) 

𝐍𝐨𝐰,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=
∑ (𝒂(𝐜 + 𝒂)(𝒂 + 𝐛))𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
=
∑ (𝒂(∑ 𝒂𝐛𝐜𝐲𝐜 + 𝒂𝟐))𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

=
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=
𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
→ (𝟑) 

𝒂𝐧𝐝,∑
𝒂𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

=∑
(𝟐𝐬 − (𝐛 + 𝐜))

𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

=∑
𝟒𝐬𝟐 − 𝟒𝐬(𝐛 + 𝐜) + (𝐛 + 𝐜)𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

 

=
(𝐢)
𝟒𝐬𝟐 (

∑ ((𝐜 + 𝒂)𝟐(𝒂 + 𝐛)𝟐)𝐜𝐲𝐜

(∏ (𝐛 + 𝐜)𝐜𝐲𝐜 )
𝟐 ) − 𝟒𝐬 (

∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
) + 𝟑 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ ∑((𝐜 + 𝒂)𝟐(𝒂 + 𝐛)𝟐)

𝐜𝐲𝐜

=∑(∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂𝟐)

𝟐

𝐜𝐲𝐜

 

=∑((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

+ 𝟐𝒂𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂𝟒)

𝐜𝐲𝐜
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= 𝟑(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

+ 𝟐(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) + (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

+ 𝟐(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) + (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝒂𝐛𝐜(𝟐𝐬) 

−𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟑𝟐𝐑𝐫𝐬𝟐 = (𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
+ 𝟑𝟐𝐑𝐫𝐬𝟐 → (𝐢𝐢) 

𝐀𝐠𝒂𝐢𝐧,∑(𝐜 + 𝒂)(𝒂 + 𝐛)

𝐜𝐲𝐜

=∑(∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂𝟐)

𝐜𝐲𝐜

= 𝟑∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂𝟐

𝐜𝐲𝐜

 

=∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂𝐛 = 𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 

∴∑(𝐜 + 𝒂)(𝒂 + 𝐛)

𝐜𝐲𝐜

= 𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 → (𝐢𝐢𝐢) 

∵∏(𝐛 + 𝐜)

𝐜𝐲𝐜

= 𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐 ∴ (𝐢), (𝐢𝐢), (𝐢𝐢𝐢) ⇒∑
𝒂𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

= 

𝟒𝐬𝟐 ((𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
+ 𝟑𝟐𝐑𝐫𝐬𝟐)

𝟒𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
−
𝟒𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
+ 𝟑 

=
(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
+ 𝟑𝟐𝐑𝐫𝐬𝟐 − 𝟐(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) + 𝟑(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
 

=
𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
⇒ 

∑
𝒂𝟐

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

=
𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
→ (𝟒); 

(𝟐), (𝟑), (𝟒) ⇒∑𝐬𝐞𝐜𝟐
𝐁 − 𝐂

𝟐
= 

𝟐𝐑

𝐫
(
𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
−
𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
) 

=
𝟐𝐑

𝐫
(
(𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒)

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
)

→ (𝟓) 

𝐀𝐥𝐬𝐨, 𝟖∏𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

= 𝟖∏
(𝐛 + 𝐜)𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐

𝒂𝟐
𝐜𝐲𝐜

= 𝟖(
𝟒𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
)(

𝐫𝟐

𝟏𝟔𝐑𝟐
) 

=
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐

𝟖𝐑𝟒
→ (𝟔) ∴ (𝒂), (𝟏), (𝟓), (𝟔) ⇒ 𝐜𝐨𝐬(𝐀 − 𝐁) 𝐜𝐨𝐬(𝐁 − 𝐂) 𝐜𝐨𝐬(𝐂 − 𝐀) 

=
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐

𝟖𝐑𝟒
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−(
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐

𝟏𝟔𝐑𝟒
) .
𝟐𝐑

𝐫

(

 
 

(𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) −

(𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒)

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐

)

 
 

 

+
𝟒𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐫𝟐

𝟖𝐑𝟐
− 𝟏 

⇒ 𝐜𝐨𝐬(𝐀 − 𝐁) 𝐜𝐨𝐬(𝐁 − 𝐂) 𝐜𝐨𝐬(𝐂 − 𝐀)  

=
𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝐑𝛔 + 𝐑𝟐𝐫(𝟒𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐫𝟐) − 𝟖𝐑𝟒𝐫

𝟖𝐑𝟒𝐫
 

(
𝐰𝐡𝐞𝐫𝐞 𝛔 = (𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) −

(𝟐𝐬𝟒 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟐𝐫𝟐) + 𝟏𝟐𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝟐𝐫𝟒)
) 

≥ 𝟖𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 =
𝟐(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝐑𝟐
 

⇔ 𝐬𝟒 − (𝟐𝟐𝐑𝟐 + 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝟕𝟐𝐑𝟒 + 𝟖𝟖𝐑𝟑𝐫 + 𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟖𝐑𝐫𝟑 + 𝐫𝟒 ≥
(∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟  (∗) ≥ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)
𝟐

 

⇔ (𝟕𝐑𝟐 − 𝟒𝐫𝟐)𝐬𝟐 ≤
(∗∗)

𝟐𝟖𝐑𝟒 + 𝟐𝟖𝐑𝟑 − 𝐑𝟐𝐫𝟐 − 𝟖𝐑𝐫𝟑 − 𝟒𝐫𝟒 

𝐀𝐠𝒂𝐢𝐧, (𝟕𝐑𝟐 − 𝟒𝐫𝟐)𝐬𝟐 ≤
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟕𝐑𝟐 − 𝟒𝐫𝟐) (
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

+𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫
) 

≤
?
𝟐𝟖𝐑𝟒 + 𝟐𝟖𝐑𝟑 − 𝐑𝟐𝐫𝟐 − 𝟖𝐑𝐫𝟑 − 𝟒𝐫𝟒 

⇔ (𝟕𝐑𝟐 − 𝟒𝐫𝟐)(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫 ≤
?
⏟

(∗∗∗)

(𝐑 − 𝟐𝐫)(𝟕𝐑𝟑 − 𝟕𝐑𝟐𝐫 − 𝟕𝐑𝐫𝟐 + 𝟐𝐫𝟑) 𝒂𝐧𝐝 

∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟕𝐑𝟑 − 𝟕𝐑𝟐𝐫 − 𝟕𝐑𝐫𝟐 + 𝟐𝐫𝟑 > (𝟕𝐑𝟐 − 𝟒𝐫𝟐). √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝟕𝐑𝟑 − 𝟕𝐑𝟐𝐫 − 𝟕𝐑𝐫𝟐 + 𝟐𝐫𝟑)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟕𝐑𝟐 − 𝟒𝐫𝟐)

𝟐
 

⇔ 𝐫𝟐(𝟕𝐑𝟒 + 𝟏𝟒𝐑𝟑 + 𝟓𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑 + 𝟒𝐫𝟒) > 0 → 𝑡𝑟𝑢𝑒 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 

𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 ≤
𝟏

𝟖
𝐜𝐨𝐬(𝐀 − 𝐁) 𝐜𝐨𝐬(𝐁 − 𝐂) 𝐜𝐨𝐬(𝐂 − 𝐀)  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Tapas Das-India 

𝒄𝒂𝒔𝒆𝟏  

𝑭𝒐𝒓 𝒂𝒄𝒖𝒕𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝟐 𝐬𝐢𝐧𝑨 𝐜𝐨𝐬(𝑩 − 𝑪) = 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪 ≥ 𝟐√𝐬𝐢𝐧𝟐𝑩𝐬𝐢𝐧𝟐𝑪

= 𝟒√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪, 

 𝒏𝒐𝒘 ∏𝟐𝐬𝐢𝐧 𝑨 𝐜𝐨𝐬(𝑩 − 𝑪) ≥ 𝟔𝟒∏𝐬𝐢𝐧 𝑨∏𝐜𝐨𝐬 𝑨𝒐𝒓,
𝟏

𝟖
∏𝐜𝐨𝐬(𝑩 − 𝑪)

≥∏𝐜𝐨𝐬 𝑨, 



 
www.ssmrmh.ro 

114 RMM-GEOMETRY MARATHON 1601-1700 

 

 𝒄𝒂𝒔𝒆𝟐. 𝒇𝒐𝒓 𝒏𝒐𝒏 𝒂𝒄𝒖𝒕𝒆 ∏𝐜𝐨𝐬 𝑨 < 0 <
𝟏

𝟖
∏𝐜𝐨𝐬(𝑩 − 𝑪) , 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝑨 = 𝑩 = 𝑪 =

𝝅

𝟑
 

 

1700. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

𝐛 + 𝐜
√𝐜𝐨𝐬𝐀 +

𝐛

𝐜 + 𝒂
√𝐜𝐨𝐬𝐁 +

𝐜

𝒂 + 𝐛
√𝐜𝐨𝐬 𝐂 < √𝟐 

  Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒂 𝐜𝐨𝐬𝐀 + 𝐛 𝐜𝐨𝐬𝐁 + 𝐜 𝐜𝐨𝐬 𝐂 = 𝐑(𝐬𝐢𝐧 𝟐𝐀 + 𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂) 
= 𝐑(𝟐 𝐬𝐢𝐧𝐀 𝐜𝐨𝐬𝐀 + 𝟐 𝐬𝐢𝐧𝐀 𝐜𝐨𝐬(𝐁 − 𝐂)) = 𝟐𝐑 𝐬𝐢𝐧𝐀 (𝐜𝐨𝐬(𝐁 − 𝐂) − 𝐜𝐨𝐬(𝐁 + 𝐂)) 

= 𝟒𝐑𝐬𝐢𝐧𝐀 𝐬𝐢𝐧𝐁 𝐬𝐢𝐧 𝐂 = 𝟒𝐑.
𝟒𝐑𝐫𝐬

𝟖𝐑𝟑
⇒ 𝒂𝐜𝐨𝐬𝐀 + 𝐛 𝐜𝐨𝐬𝐁 + 𝐜 𝐜𝐨𝐬 𝐂 =

𝟐𝐫𝐬

𝐑
→ (𝟏) 

𝐍𝐨𝐰, 𝐛 + 𝐜 = 𝟐𝐬 − 𝒂 = 𝐬 + 𝐬 − 𝒂 > 𝐬 ⇒ 𝐛 + 𝐜 > 𝐬 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟐) 

∴
𝒂

𝐛 + 𝐜
√𝐜𝐨𝐬𝐀 +

𝐛

𝐜 + 𝒂
√𝐜𝐨𝐬𝐁 +

𝐜

𝒂 + 𝐛
√𝐜𝐨𝐬 𝐂 <

𝐯𝐢𝒂 (𝟐) 𝟏

𝐬
∑(√𝒂𝐜𝐨𝐬𝐀 . √𝒂)

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝟏

𝐬
.√∑𝒂𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

. √∑𝒂

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝟏

𝐬
. √
𝟐𝐫𝐬

𝐑
. √𝟐𝐬 = √𝟐.√

𝟐𝐫

𝐑
≤

𝐄𝐮𝐥𝐞𝐫
√𝟐 

∴
𝒂

𝐛 + 𝐜
√𝐜𝐨𝐬𝐀 +

𝐛

𝐜 + 𝒂
√𝐜𝐨𝐬𝐁 +

𝐜

𝒂 + 𝐛
√𝐜𝐨𝐬 𝐂 < √𝟐 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

Solution 2 by Tapas Das-India 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒏 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒂 + 𝒃 > 𝑐 𝑜𝑟 𝑎 + 𝑏 >
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄), 

𝒔𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒃 + 𝒄 >
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄)𝒂𝒏𝒅 𝒄 + 𝒂 >

𝟏

𝟐
(𝒂 + 𝒃 + 𝒄).  

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆∑
𝒂

𝒃 + 𝒄
<
𝟐(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
= 𝟐 . 

𝑩𝒂𝒄𝒌 𝒕𝒐 𝒕𝒉𝒆 𝒎𝒂𝒊𝒏 𝒑𝒓𝒐𝒃𝒍𝒆𝒎,

𝑳𝑯𝑺 ≤
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
 ∑

𝒂

𝒃 + 𝒄
 ∑√𝐜𝐨𝐬𝑨 ≤

𝑪𝑩𝑺
 
𝟏

𝟑
. 𝟐.√𝟑∑𝐜𝐨𝐬 𝑨 <  

𝟐

𝟑
√
𝟗

𝟐
= √𝟐  

𝑵𝒐𝒕𝒆:∑𝒄𝒐𝒔𝑨 = 𝟏 +
𝒓

𝑹
≤
𝟑

𝟐
(𝑬𝒖𝒍𝒆𝒓)𝒂𝒏𝒅 𝑾𝑳𝑶𝑮 𝒂 ≥ 𝒃 ≥ 𝒄,  

𝒔𝒐 𝐜𝐨𝐬𝑨 ≤ 𝒄𝒐𝒔𝑩 ≤ 𝒄𝒐𝒔𝑪 𝒂𝒏𝒅
𝒂

𝒃 + 𝒄
≥

𝒃

𝒄 + 𝒂
≥

𝒄

𝒂 + 𝒃
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


