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GENERALIZATIONS FOR SOME PUBLISHED PROBLEMS IN

THE AMERICAN MATHEMATICAL MONTHLY (AMM),THE PENTAGON MATH
JOURNAL AND SCHOOL SCIENCE AND MATHEMATICS JOURNAL (SSMJ)

by Daniel Sitaru and Neculai Stanciu-Romania
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I. PROBLEM 692 FROM THE PENTAGON, FALL 2011 & PROBLEM 12360 FROM THE
AMERICAN MATHEMATICAL MONTHLY, DECEMBER 2022.

Find Iim(M—ﬁJ, here X, =Q/\/§§/§W

nN—o0
Xn+l n

Solution without Stirling’ approximation.
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X, :(n+1)2 _i:n_z((n_ﬂ_f W j:?(_z_(un _1):

Xn+l Xn Xn n Xn+1 n
2 _ _
_nu -1, u = Uy 1-|an,Vn22
X, Inu, X, Inu,
lim n_ lim = Iimn\/ n =
N X n—>oo\/\/_ % ™ J21.3/3. ./
: (n+1™* Jau3a L an) o n+1 2
= lim . - =lm| —————-¢, |=¢",
n—oo \/_ 3{/5 \/ﬁ,ma[(n +1| n n—o n:y(n_'_]_!

n 2
where €, :[1+1j . Since, U, :(n_ﬂj X ,vn>2,
n n

nN—o n—

2
. . . -1
lim u,, =Ilm(M-ﬁJ=llm(n+l~ﬁ-n+1}=e i 1=1, so lim U =1;

X n? ) now n n g2 e nu

n+1

i A Z.Ln—z' \/—% \/— N+ 3/31. .l .ng =
i et ] - L”l(r PR RN =GR “”*“]‘

) n+1 X 1
:ez-llm[ : ”*1}:e2-—2-e=e.

n—ow n+3/(n +1)! n+1 e

Hence, lim X =e?-1-In{lim u,ﬂ‘):e2 1-Ine=¢e’.

n—o —®

+

Il. PROBLEM 5495 FROM SCHOOL SCIENCE AND MATHEMATICS JOURNAL, APRIL 2018
n+1 n’

Let (X,), % =1, X, =1-4/31-3/51-...-0/(2n=D)!1. Find lim (D" .
n—oo) n+[x n Xn

Solution without Stirling’ approximation.

N Cauchy—D'Alembert n+1 n+l
We have |lim _I|mnn— = im (n+1) .X_::“m &iﬂ;
el 20 Koy N e (2n+ )N
—hn (n+1j" im (0D n" coa
n—w n—w n+/(2n +! || n—>oo nl(zn D! || (2n -1n

n

= e-lm
o (2n + 1N n" o 21 +1

C-D'A n+l —_1Nn n 2
_(n+)"™ (2n l)":e-lim n+1‘[n+lj :e_'(l).
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2 2 u, -1 -1
(n+1)* n L Bt PR L) nu’, (2).

lx, Y%, n\/x_ )W'Inun " afx, Iy,

n/x U -1
n+1) . \/_ .We have lmu, =1=lim =1;

n +E[ Xn+1 n—w n—w |n u

n C-D'A n+1 _1n
o on+1 n 2™ (n+H™ (2n 1)..:

lim — im _n
n—>oo n+3[(2n +n n—ow n/(zn ! || (2n 1)|| n—w (2n +1)II n"

n+1 n+l e
= lim . =—,
n—ol N 2n+1 2

We have

Above we denote U, = (

Then, lim u)' = Ilm(n+lj X X, =% lim ——— "X, =
n—o n+y(2n +1 ||

n—o nN—o0 n Xn 1
+

02 n+1 . " X , e 2
-lim - lim =e"-_-—=e.
n—o0 n+il/(2n +1)|| n>o nN41 2 e

From (2) and above we obtain that

2 2 2 2
Iim((n+1) _ A ]ze—-l-ln6=%.andwearedone!

n—>o0 n+3/ X1 /X, 2

Ill. GENERALIZATION FOR AMM DECEMBER 2022 AND SSMJ APRIL 2018

Let (a,),.;, (b,)., be positive real sequences such that b, =a, -,/a,!-3/a,!-...-y/a,! and

n+1)? n?
=a. Find lim ( ) }
n—o a ‘N n—o n+3[b n [bn
nn Cauchy—D'Alembert n+1 n+1
Solution. We have lim — =Ilim n|— = lim Q_n =

Nn—o n Ia n—oo X—00 an+1 n

- hm(””j dim 2" _ € and

n—>o N e an a
nn Cauchy-D'Alembert (n +1) n+l

Iim — = lim o|— = im ~————=
n—o n[ n—o X0 bn+1 nn

_(n+1\" b, (n+1) . n+1 e e?

= lim . =e-lim =e-—=—.

Xx—o\ N bn+1 n— n+\]7 an,g a a

(n+D*> n* n® n> u -1 n u,-1
We have - = (u,-1)= U, = —=--—"—-Inug, (1).

”+3'bn+1 n[bn n[bn n/bn In u, n,lbn In u,

n+1)" b u, -1
Above we denote U, :( : __ . We have limu, =1= lim =1;
n N+ b n—»o0 n—>» |n u,
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. n+yb
Then, |Imu _||m(n+1j .b_”.n+b :eZ_I-m bn (n+1)_ n+lJ:

I
n—w n—w n bn+l n+1 n—oo) bn+1 n+1
_n+1 . ™b e a
=e?.1im dim X =e? = — e,
n—o n+y an+1 n»>o nN+1 a e

From (1) and above we obtain that

2 2 2 2
Iim{(m_l) _n J:e—-l-lne:e—,andwearedone!

n—oo) n+g[bn+l n bn a a

IV. GENERALIZATION OF PROBLEM 5710 FROM SCHOOL SCIENCE AND MATHEMATICS

JOURNAL (SSMJ), DECEMBER 2022

n 1 b
Let the sequences (an)nzl , (bn)m: a, = Zarctan m and Im ===be R

k=1 —K+ n—oo nb

. (7
Compute r|]Im (E -a, }”/bn .
Solution. We have:

Z arctan ; =arctanl+ Z arctan I arctan 1)
=) -k +1 = k+1 k

1 1 .
-z +arctanl—arctan — = z_ arctan —, so lim a, = z , (1).
4 n 2 n n—w 2

From (1) and Cesaro-Stolz theorem we get:

i a i a ”+a
P . P a,—a
s . 2 n CesariStoIz i 2 n+l1 2 n B Ilm n+1 no_
r!ILnoo( a )n rI1I£>noo - IIWILnoo 1 1 T now 1 1
n n+l n n n+l1
=1lim (a,,, —a,)n(n+1) = lim (n* + n)arctan > L =
N e (n+1)°-n-1+1
1
n24n 1 arctanzi1
= lim —(n +n+1)arctan ———— =1.lim N_+R+d_1.1=1,
e n? 4+ n+1 n+n+l = o= 1
n’+n+1

n/b C—d'A n n+1
lim b, Cim o2 i P N Do [L) _b ).
n—>» N n—w \ n" n—co (n _|_1)" b n—o nan n+1 e

n
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By (2) and (3) we obtain that:

|im(£—an}n/bn i z_an)n.nbn _

n—wo| 2 noeo | 2 n
(I|m( a,)n)- ("m = E_E

B 2 e e

Remark. For b = 7 we obtain the problem 5710 from SSMJ.

11 INDEPENDENT SOLUTIONS FOR A JAPANESSE INEQUALITY

By Daniel Sitaru-Romania

Abstract: In this paper is presented an inequality proposed by Kunihiko Chikaya-Tokyo-Japan
and 11 independent solutions for it from Japan,Greece and Romania
MAIN RESULT: If a, b, ¢ > 0 then:

1 1 1
_+ﬁ+_+ 3abc > 6
Proposed by Kunihiko Chikaya-Tokyo-Japan
Solution 1 by proposer, Solution 2 by Panagiotis Danousis-Greece, Solution 3 by

Lazaros Zachariadis-Greece, Solutions 4,5,6,7,8,9,10,11 and generalization by
Daniel Sitaru-Romania

Solution 1 by proposer

1)2 1\2 1\2
ot O O e
—+—+—+3abc— + + + 3abc =
b3 a b c
1.1 2 11 11 11
S+-+ C o e
2(a b ) +3abc> (a b b ¢ c a)+3abC:
a+b+c a+b+c
3(LZ+C) 1 \AM=GM 1
=$+3abc=3<abc+—> > 3:2|labc-— =6
a+b+c ab abc
Equalityholdsfor:l=l=l,abc=i<:>a=b=c=1.
a b c abc

Solution 2 by Panagiotis Danousis-Greece
Let be x,y,z > O suchthat: a = e*,b = e”,c = e?. Itis known that:

e* > 1+ x,Vx € R with equality for x = 0.

8 ROMANIAN MATHEMATICAL MAGAZINE NR. 42
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1 1 1
—+ﬁ+—+3abc—e‘3x+e 3 4 e 4 3e¥HVHE >
>1-3x+1-3y+1-3z+3(1+x+y+2)=6
Equality holdsforrx =y=z=0a=b=c=1.

Solution 3 by Lazaros Zachariadis-Greece

1 1 1
Denote:x ==,y =—-,z =-.
a b c

Ll s =Yt 278 aa 2o
PE b abc x vz o xXyz oz
cyc

1 AM—-GM 1
=3 ( —) S 3.2 — =6
XyzZ + Xz Xyz: Xyz

Equalityholdsfor:x=y=z,xyz=$(:)x=y=z=1(:>a=b=c=1.

Solution 4 by Daniel Sitaru-Romania

AM—-GM

1 1 1 1
_+b_3+ +3abc——3+

1 1 -
b_+_3 + abc + abc + abc >

e/1 1 1
> e — s —
_6\/a3 3 o3 abc -abc-abc =6

. 1 1 1
Equalltyholdsfor:;=§=6—3=abc@azb=c= 1

Solution 5 by Daniel Sitaru-Romania

1 1 1 AMZEM 511 1 1

—+ﬁ+—+3abc = 3 ;-b—g-c—3+3abc=

3 1 AMZGM 1
=—+3abc-3(—+abc> > 32 |—-abc=6

bc abc abc

Equality holds for: — = 5 ==, ——=abc = a=b=c=1

Solution 6 by Daniel Sitaru-Romania

1 1 1 (bc)3 + (ca)® + (ab)® + 3(abc)*

—+33+ 3 +3abc (abo)?

9 ROMANIAN MATHEMATICAL MAGAZINE NR.

42



Romanian Mathematical Society-Mehedinti Branch | 2024

_ (be)® + (ca)® + (ab)® + (abc)* + (abo)* + (abc)‘*AMéGM
B (abc)3 =

6\/(bc)3 (ca)3 - (ab)3 - (abc)* - (abc)* - (abc)4
(abc)3

_ 65/(abc)18 _ 6(abc)®

(abc)® ~ (abc)?®

Equality holds for: (bc)® = (ca)® = (ab)® = (abc)* @ a=b=c=1

Solution 7 by Daniel Sitaru-Romania

1 1 1 1 1 1 AM ZGM
—+—+ +3abc——+abc+—+abc+—+abc >

=2 ’ abc+2/¥ abc+2/ c—Z\[:+2\[7 2\[7
AMZGM 3 6 ’64(abc)2
z 3 2\[7 f \/; (abc)?

Equality holds for b—3 = C— =abce=a=b=c=1

Solution 8 by Daniel Sitaru-Romania

1 L2038 ™ R CD.
b3 g3 toabe = a3hbc®
2,3, 1 AM,;GMlzlz (abc)® 17

_+ﬁ+_+ aoc = 2659¢3
3, 1,2 AMéGMlzlz (abc)s o b
_+ﬁ+_+ aoc = h3c6

ol Q

S a

a
By adding:

1 aM—GM |0 o b
6( +—=+ >+18abc>12 I \/7 36 |—-—-— = 36
b3 c b a

1 1 1 1 1 1
6( + =+ >+18ab6236, —+—=+—=+4+3abc=6
b3 a3 3 C3

10| ROMANIAN MATHEMATICAL MAGAZINE NR. 42
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Equalityholdsfor:a—lszizi—abc@a=b=c= 1

b3 c3

Solution 9 by Daniel Sitaru-Romania

i+i+ ZabcAMH;GMéL4 (abe)” = 44 <
a® b3 - a3b3 ab
1 1 - AMéGM44 (abc)? _
F-l-;-l- apc = =

4|q?
4 _
b3c3 bc
1 1 AMZTM 4|(abc)?  +|b?
-3 + -3 + 2abc = 4 3.3 - 4 |—
c a cda ca

By adding:

1 1 1 4|c2 4|2 4|p2 \AM M +|c2 q? p2
2(=+—=+=|+6abc=4| |[—+ |—+ |—| S 43 |———=12
<a3+b3+c3>+ ane = ab+ bc+ ca -

1 1 1 1

1
2($+b—3+c—3>+6abcz 12= —+5+5+3abc 26

. 1 1 1
Equalltyholdsfor:;=b—3=c—3=abc(:a=b=c= 1

Solution 10 by Daniel Sitaru-Romania

1 1 1
E+ﬁ+c—3+3abc=

1 1 1,° 1 1y/1 1y, 1 AMZGM
:(_+—+—> —3<—+—>(—+—>(—+—)+3abc =
a b ¢ a b/\b c¢c/\c a

1 1 3

€ 4] +3abc=

1 1 1 1
(1 1 1) 3. a‘l‘;‘l‘;‘l‘z‘l‘
3

c

3
UL ) vsabe=3(crane) S 32| abe—6
-9 abc abe = abc anc - abcac_

Equality hoIdsfor:%z%z%,abc =~ oa=b=c=1

abc

11 ROMANIAN MATHEMATICAL MAGAZINE NR. 42
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Solution 11 by Daniel Sitaru-Romania

1 1
f(abc)——3 b_ + 3abc
( 1
(— bc
fi = at
a 1 1 1 1
{fi=0<_—=ca=(abc)=1=abc=1=bc=—=—=—
f b4 a a* a
fe = 1
\ oz = ab
= a = 1.Analogous: b = 1,c = 1.
12 3 3
Hq(1,1,1) = 12 3 | —positive-definite= (1,1,1) —minimum point
3 3 12

1 1 1
f(a,b,c) = f(1,1,1) = 6=—+b—3+ + 3abc > 6

Generalization by Daniel Sitaru-Romania

Ifa; > 0,i € 1,n,n € N* then:

a; =2n

[+
QlH
+
S
:1=

Proof:

n n n
1 n
F+n aizn—w+n a; =
i=1 i=1 =1 i

AM GM n

1
+1_[a > : -na-=2n
( i=1Q ; L) i=1Q _1 l

Equality holds for: a; > 0,i € 1,n,n € N*.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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A PSEUDO-CEBYSHEV’S INEQUALITY AND APPLICATIONS
By Daniel Sitaru-Romania

ABSTRACT: In this paper it is proved a classical inequality and are gived a few applications.

MAIN PROBLEM: If 0 < a; < a; <--.<a,,n € N* then:

a, as a, aq aq a, as a,
Proof:

a a a a
Forn=2= 2+-=2>=2+-= True.
ay aq aq ay

Forn=3 24248 >2,458,8 (9
az as a a az as

a’a; + asa, + aia, = aia; + ata, + a’a,
a?(a; — a,) — as(a% — a3) + azay(a; —a,) =0
(a; —ay)(a? — aja; — a;a, + aza,) =0

(a3 —az)(a, —ay)(az —ay) =20 (3)

as;—a, =0
By0<a;<a,<a;=1ia,—a; =0= (3)
az;—a; =0

We will use the mathematical induction to prove (1):

P(n): 2 +2 2. pin>224 54 % 4 Bgyppose true
az Az Q4 ap a az as an
a a, a a a, az a a
Pn+1):—+ 24" d 224 S 2 p 1
a dz 4y a; a; Qa; 4as An+1

@

~a a a a a
By0<a <a,<apy=>—+-—"1 4+ >y
an an+1 ai ai an an+1

a

(4)

By adding (1), (4):

a,; a; 3 n 1 ay n+1
— =ttt —+ + >
a, as Qau a, ap Qp4q a;

a, as Qy 1 QAn  Qpy1 a;
>+ —+— 4t —+t— +

a, a4, as n a1 ay Aptq

13 ROMANIAN MATHEMATICAL MAGAZINE NR. 42
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P(n) = P(n+1)
Application 1: If 0 < x < 1 then:

+1>x2+1+ 2 4
-> x
X 2x x2+1

2x +x2+1
x2+1 2

Proof:

0<x<1=0<2x<2=0<2x<x*4+1<?2

We take in (2): a; = 2x,a, = x*> + 1,a3 = 2.

x2+1+ 2 +2x_ 2x +x2+1+2

2x x2 41 2>x2+1 2 2x

2x +x2+1+1>x2+1+ 2
x2+1 2 x 2x x24+1

+x

Equality holds for x = 1.

Application 2: If 0 < a < b < cthenin AABC holds:

_|_

ol

_|_

Q1la

b c a
2;+;+; (5)

SR

sinA sinB sinC sinB sinC sinA

sinB sinC sinA — sinA sinB  sinC

uc4) | n(B) u(C)>u(B) u©) |, n
uB) )  pA T A wB)  u©

mc mq mc mg

mp mp
+ob > Ty
mp me mq me mg myp

h h h h h h
e. S+ 24 L>bp
hyp h. hq h¢ h, hp

Proof:

a. Wetakein (2):a, =a,a, =b,a; = c.

b. We use: a = 2RsinA,b = 2RsinB,c = 2RsinC in (5) and recall:
0 < sinA < sinB < sinC

c. Wetakein (2):a; = u(4),a, = u(B),a; = u(C) and recall:
0 <u(A) = u(B) = u(c)

d. Wetakein (2): a; = m,,a, = my,,a; = my and recall:

0<m;,<my, <mg,
We take in (2): a; = h,a, = hy,a; = h, and recall:

14 ROMANIAN MATHEMATICAL MAGAZINE NR. 42
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0<h.<h,<h,
Application3: f0 <a < b <c¢,n € N,n > 2 thenin AABC holds:

te ﬂ “_+C+ﬂ+ﬂ (6)

+c a+b a+b

a+b a+c
a+c b
- L e
' b+c a+b b+c
e e e
: b+c b+c

smA+smB sinA+sinC
d. chc chc

sinA+sinC ~— sinA+sinB
Proof:
a+c<b+c
a. as<b<c=Ja+b<c+b=a+b<a+c<b+c (7)
b+a<c+a

We takein (2):a; =a+b,a, =a+c,a; =b +c.
b. By(7):a+b<a+c<b+c =+Va+b<Va+tc<Vb+c
We takein (2):a; =Va + b,a, =vVa+c,a3 =Vb+c .
c. By(M:a+b<a+c<b+c =Va+b<sNa+c<Vb+c
We takein (2):a; =Va+b,a, =vVa+c,a3 =vVb+c .
d. Wereplacein (6): a = 2RsinA, b = 2RsinB, ¢ = 2RsinC
Application4&: f 0 <a <b <c,n € N,n > 2 thenin AABC holds:

njla n(b nfc n|(b n|c n|b
—+ =+ == [+ |-+ |-
b c a a b c
b n |sinA + n sinB n smC n smB n|sinC + n |sinB
‘ sinB sinC smA smA sinB sinC

Proof: a<b<c="Ya<Vb<Wc

We take in (2): a; = Va,a, = Vb,a; = Y.
a. Wetakein (8):a = 2RsinA,b = 2RsinB, ¢ = 2RsinC and recall:

0 < sinA < sinB < sinC = VsinA < VsinB < VsinC

Application5: If 0 <a < b < c,n € N,n > 2 then in acute AABC holds:

cosC cosA cosB > cosB cosC cosA

cosB cosC cosA ~ cosC cosA cosB

b n cosC n cosA n cosB n (cosB + n|cosC + n|cosA
) cosB cosC cosA cosC cosA cosB

Proof: a < b < ¢ = cosC < cosB < cosA.

We take in (2): a; = cosC,a, = cosB,a; = cosA.
a. a<b<c= YcosC < cosB < VcosA
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We take in (2): a; = VcosC,a, = VcosB,a; = VcosA.
REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A MINI HERON FORMULA IN A DANIEL HARDISKY’S VARIANT
By Daniel Sitaru-Romania

Abstract: The content of this article is illustrated in this figure:
MINI HERON- G: centroid of triangle ABC

C

fi =

A
Ifs = %(p + q + r) then: Area [ABC] = 3\/s(s —p)is—q)(s—1)

Daniel Hardisky — USA
We will prove this formula.

Lemma 1: In AABC the following relationship holds:

F=,s(s—a)(s—b)(s—c) (HERON)

b+c

a+ . .
where s = —— - semiperimeter.

Proof.

S h
sin(ABC) =sinB = Ta = csinB

F—lh—l 'B—l _(ZB)_
—Zaa—zacsm —Zacsm > ) =
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2 2 2 ac ac

1 B B \[(s—a)(s—c) \[s(s—b)
=—ac-2sin-cos< =ac :

F =\/s(s—a)(s—b)(s—c) (HERON)
Lemma 2: In AABC the following relationship holds:
16F? = 2(a?b? + b?*c? + c*a?) — (a* + b* + ¢*)
Proof.

By lemma 1:

F=.s(s—a)(s—b)(s—o0), F?=s(s—a)(s—b)(s—c)
a+b+c b+c—a a+c—b a+b—c

2 2 2 2
16F?> = ((b+ c)? —a?)(a?> — (b —¢)?)

F2 =

16F? = (b? + ¢? — a? + 2bc)(a? — b? — c? + 2bc)
16F2? = (2bc + (b? + ¢ — a?))(2bc — (b? + ¢? — a?))
16F? = 4b%c? — (b? 4+ c? — a?)?
16F2 = 4b%c? — b* — ¢* — a* — 2b%c? + 2a®b? + 2c?%a?
16F? = 2(a%b? + b?%c? + c?a?) — (a* + b* + ¢*)

Lemma 3. Let be m,, m;,, m. — medians in AABC.

In these conditions: m,, m;, m. can be sides in another triangle. This triangle is called

“Bager’s triangle”.

See: www.ssmrmh.ro/2022/12/12/proof-without-words-bagers-triangle/
A

*mc

2 2 2
BG + BA" > GA" @gmb +§mc > 3Ma o my+m.>mg,
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and analogs.
! I All 1 n 2
GA'=A'A =§ma=»GA =§ma

Lemma 4: Let be AA’'B’C’ with area F' and sides a’ = m,; b’ = my; ¢’ = m.. In these
conditions:

F,_3F
T4

Proof.

2(a? +c?) —b? 2(a®>+b?)—c* (Q2WMb?%+c?) —a?)?
4 4 16

2mZm2 —mi =2
1
2mZm2 —mi = e ((4a? + 4c? — 2b?)(2a® + 2b% — ¢?) — (2b + 2¢? — a?)?)

1
2mZm2 —m = Te (7a* — 8b* — 8¢* + 8a?b? + 8b?c? + 8c?a?)

1 1
ZZmﬁmg —Zma =EZ(7—8—8)a4+EZ(8+8+2)a2b2

cyc cyc cyc cyc

By lemmas 2;3:

—F'2=—( 9)2 +1¢ 182 a’h?, F?=9 zzazbz—za‘*

cyc cyc cyc cyc
F? 9F? 3F
,2 = _— ,2 = 2 ,2 _— 4 —_—
F 9- 16’ 16F 9F*, F 16 = F 2

Back to the problem: By lemmas 2;3:
16F'% = Zngmlz, — ng
cyc cyc
By lemma 4:

9F?
16- ST ZZmamb Zma

cyc cyc
1
F2 = g (2 chc mczlml% - chc mg) (1)

Let’s consider the triangle with sides:

2 2 2
3Maiq = 3MpiT =3,

P=3 3
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By multiplying (1) with ;—i:

16 _, 1 2 2y 2\
517 =52, (5me 5m) =) (5me)
cyc cyc
16 1 1
_F2=ZZ 2 Z_Z 4 ZF2 = zz 2 2_2 4
9 p-q p 9 16( p-q p
cyc cyc cyc cyc
By lemma 2:
1F2_p+q+r q+tr—p r+p—q p+q-—r
9 2 2 2 2
If we use Daniel Hardisky’s notations:
_ptq+r _qtr—p
-T2 STPTET
_pt+tr—q _ptq-—r7
s—q= 5 ;S—1 = >
We obtain:
1.,
oF =s(s—p)s—q)(s—7)
F?=9s(s = p)(s—q)(s—1)
F=3s(s=p)(s—q)(s—7)
References:

[1] - www.ssmrmh.ro/2022/12/12/proof-without-words-bagers-triangle/

[2] - www.ssmrmh.ro/2021/09/29/famous-inequalities-redesigned-in-the-triangle-with-
medians-as-sides/

10 INDEPENDENT SOLUTIONS FOR A SSMA MATH PROBLEM
By Daniel Sitaru-Romania

5687. Find complex numbers u, v such that:
|ul? N |2 |u+wv|?
3 4 7
Bu+v=7+7i

Proposed by Daniel Sitaru - Romania
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Solution 1 by Hyunbin Yoo, South Korea
Letu = a + biand v = ¢ + di where c and d are real numbers. Substitution gives

a2+b2+c2+d2_(a+c)2+(b+d)2
3 4 7
8a+c=7,8b+d=7

We substitute c = 7 — 8a and d = 7 — 8b to get:

a’?+b?> (7—-8a)>+(7-8b)> (7—-7a)?+ (7—7b)?
+ =
3 4 7
a?+b?> (64a%?—112a + 49) + (64b% — 112b + 49)

©— + 2 =7((a—1)?%*+ (b -1)?

49 49 49
®?a2—28a+?b2—28b+7=7(a2—2+b2—2b+2)

7 7 7
@§a2—4a+§b2—4b+§=a2—2a+b2—2b+2

4 4 3
@§a2—2a+§b2—2b+§=0@8a2—12a+8b2—12b+9=0

2 2
S Z(Za—g) +2(2b—§) = 0. In conclusion, a =%,b =%,c =1,d=1.

Solution 2 by Andrew Siefker-USA

Letu =a+ibandv = c + id where a, b,c,d € R. Then the given equations become

a’+b? n c2+d? _ (a+c)%+(b+d)?

(1)

3 4 7
and
8a+c=7
(gp1a-7) @

respectively. Expanding the right hand side of equation (1), clearing the denominators, and
moving everything to one side yields

(16a? — 24ac + 9c?) + (16b% — 24bd + 9d?) =0
Factoring the grouped terms yields: (4a — 3¢)? + (4b — 3d)? = 0.

This equation is true iff 4a — 3¢ = 0 and 4b — 3d = 0. Solving for c in terms of a and for d
in terms of b in equations (2) and substituting into 4a —3c = 0and 4b —3d =0
respectively results in

4a=3(7—8a):>a=§:>c=1 and 4b=3(7—8b)=>b=3=>d=1
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.-.u=§+i3 and v=1+1i
4 4

Solution 3 by The Eagle Problem Solvers-USA

The unique solution is u = 3(1 +i)andv=1+1.

Letu = a + biand v = ¢ + di, where a, b, c and d are real numbers. Multiplying each side
of the first equation by 84 gives

28(a? + b?) + 21(c?+ d?) = 12((a+ c)* + (b + d)?)
16(a® + b?) + 9(c? + d*) = 24(ac + bd)
(16a? — 24ac + 9c?) + (16b? — 24bd + 9d?) = 0
(4a—3¢c)?+ (4b—-3d)*>=0
from which we see that 4a = 3c and 4b = 3d.
From the second equation,8a+c =7 =8b +d,sothat8a + c =7c =7 and
8b+d=7d=7.
Consequently,c =d=1anda=»b = %;thusu = %(1 +i)andv =1+1.
Solution 4 by Dionne Bailey, Elsie Campbell, and Charles Diminnie-USA
letu=a+ biandv =c + diwitha,b,c,d € R. Then, the equation
Bu+v=7+7i becomes (8a+c)+Bb+d)i=7+7i
and hence,
8a+c=7 (1)
8b+d=7 (2)
Further,

lul? = a® + b%, |v|* = c* +d? and |[u+ v|]> = (a+c)* + (b + d)>.

|ul?

2 2
Therefore, the equation uT + PP _ Jutol

4

becomes

a?+b? | c2+d? _ (a+c)?+(b+d)?
3 4 7 :

If we clear the denominators, we obtain
28(a® + b?) +21(c?+d?») =12(a+c)?> + 12(b + d)?
which reduces to (16a? — 24ac + 9¢?) + (16b? — 24bd + 9d?) = 0,

or (4a—3c)>+ (4b—-3d)?=0. (3)
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Equation (3) yields
4a—3c=0 (4)
and
4p —3d = 0. (5)
If we clear the denominators, we obtain
28(a? + b?) + 21(c? +d?) = 12(a + ¢)? + 12(b + d)? which reduces to
(16a? — 24ac + 9¢?) + (16b? — 24bd + 9d?) = 0, or
(4a —3¢)? + (4b — 3d)? = 0. (3)
Equation (3) yields
4a—3c=0 (4)
and
4p —3d = 0. (5)
By combining (1) and (4), we get 4a —3(7 —8a) =0
which reduces to a =%=%.Then:c =7—-8a=7-6=1.
Similar steps using (2) and (5) lead to

b=§andd=1.
4

Therefore, ourresultisu = a + bi = z +%i = %(1 +i)andv=c+di=1+1i.ltiseasily
seen that these numbers satisfy

3
8u+v=8[1(1+i)]+(1+i)=7(1+i).
Further, since |u|? = %Il +i|? = 16(2) = z, |lv|? =1 +i]?> = 2, and

1

2
lu +v|? = E(l + i)| =g(2) = %, we have

lul> |v|? 3 7 1(49>_|u+v|2
8

1
3 T3 Tgt27877 7

as well.

Solution 5 by Sean M. Stewart-Saudi Arabia

We shall show that: u = %(1 +i) andv=1+1.
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Since: [lu+v?=w+v)(u+v)=w+v)@+7v) = |ul?+ |v|? =uv + vy,

[v|> _ |u+v|?

|ul?
+ , becomes

the first of the given equations = T -
2 ul2 + 2 v)? = 2up + 1vm (6)
21 28 7 7
From the second of the given equations, we have: v =7+ 7i —8u andv =7 — 7i — 8u.
So we see that

ww+vu=7u+u) —7i(u—u) — 16|ul?. (7)

Recalling that if z is a complex number, then

N|

Re(z) = Zziand Im(z) = Zz;l

So one can rewrite the expression in (7) as
uv + vu = 14Re(u) + 14Im(u) + 16|ul?. (8)

Combining (6) with (8), after simplifying we arrive at
glul2 + Z = Re(u) + Im(u). If we now let u = x + iy where x,y € R, then
g(x2 + y2) +% = x + y, or after rearranging (x — %)2 + (y — %)2 = 0.
This equation can only be true provided x =y = %. So
u=x+iy=>(1+andv=7+7i-8u=7+7i—8-2(1+) =1+
as announced.

Solution 6 by Albert Stadler-Switzerland

We write u = a + ib,v = ¢ + id with a, b, ¢, d real. The system of equation is then
equivalent to

1 2 2 1 2 2 _1 2 2
g(a +b)+Z(c +d)—7((a+c) + b+ d)?) |

8a+c=7
8b+d=7

The first equation is a quadratic equation with respect to the variable a with discriminant

- ﬁ (4b — 3d)? and at the same time a quadratic equation with respect to the variable b

with discriminant — — (4a — 3¢)>.
441

However the two discriminants must be = 0, since a and b are both real. So 4b = 3d and
4a = 3c, giving the solution (a, b, c,d) = G,z, 1,1) or equivalently
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3
u=Z(1+i),v=1+i.

Solution 7 by Brian D. Beasley-USA

We write u = a + bi and v = ¢ + di for real numbers a, b, c and d. Then the given system
of equations becomes

a2+b2+c2+d2_(a+c)2+(b+d)2
3 4 7
Ba+c)+(Bb+d)i=7+7i

This impliesc =7 —8aand d = 7 — 8b, so we have

a? + b? N (7-8a)*>+(7—-8b)> (7—"7a)*+ (7 —7b)*

3 4 7
and thus
28( 3)2 N 28 (b 3)2 _o
3\ 7% 3 1) =

Since a and b are real, we conclude thata = b = %. Hencec=d =1, so
u=§+§i=§(1+i) and v=1+1.
4 4 4

Solution 8 by David A. Huckaby-USA

Letu = a + biand v = ¢ + di, with a, b, c, and d real numbers. Then the second equation
above becomes 8(a + bi) + ¢ + di = 7 + 7i, which gives8a+c =7and 8b+d = 7, so
thatc = 7 — 8a and d = 7 — 8b. The first equation above becomes

la + bi|? N lc+dil* |(a+c)+ (b+ d)il?

3 4 7
a2+b2+c2+d2 _(@+c)?*+ b +d)?

3 4 7
a?+b?> (7—-8a)2+(7—8b)? (a+7—-8a)>+ (b+7—8b)?
_I_ = .

3 4 7
Simplifying gives the equation 112a? + 112b? — 168a — 168b + 126 = 0. Solving for a
yields
_3+/—(4b—3)?
- T :

Sinceaisreal,4b—3=0,sothatb=%anda=3.Thenc=7—8a=7—8(2)=1;

likewise
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d=7—8b=7—8(z)=1.Sou—3+%iandv=1+i.

T2
Solution 9 by Michel Bataille-France

Let u, v satisfying the equations. Note that u # 0 and v # 0 (if, say, u = 0, then the first
equation implies that v = 0 as well, contradicting the second equation).

Since [u+v|? = (u+v)@+v) = |ul? + |v|? + (uv + uv), the first equation shows that
the real number uv + uv is equal to%lul2 + Z |v]2. It follows that
1
_ 4 3 2
U+ Ty > <§|u|2 -Z|v|2) = 2Jullv|

so that
2|lullv| < uv +uv < |uv + uv| < |luv| + |uv| = 2|ul|vl.

Thus, |luv + uv| = |uv| + |uv|, which implies that uv = Auv for some positive real number
A. Taking conjugates, we also have uv = Auv = 1*uv, hence 1 = 1, thatisuv = uvis a
nonzero real number.

. - — 2 V3 2y 2, 3112 - —
Since uv + uv = 2|ul|v|, we have (\/—glul —7|v|) = glul +3 lv|? — (uv + uv) =0,

hence |u| = %Ivl.
Now, the second equation gives (8u + v)(8u + 7) = 98 and it follows that

64|ul? + |v|? + 16|ul|v| = 98.

3v2 3V2 ia

With |u| = % |v|, this leads to |v|? = 2, so that |v] = V2, |u| = - Let ussetu = - %

v =/2ef where @, B € R. Since uv = |ul|v]| is a positive real number, we must have
a = B(mod 2m) and therefore 7+ 7i = 8u + v = 7v2e® Thus a = %and

3v2 1+i 3 141
== ="(1+D)v=V2-—=1+1
T sty 7z

Conversely, it is easily checked that these complex numbers satisfy the two equations.

We conclude that the system has a unique solution

(u,v) = (2(1 40,1+ i).

Solution 10 by proposer
lul>  [vl*>  lu+vl?
+ —
3 4 7

=0=28lul>+21v|? = 12lu+v|>=0
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28uu 4+ 21vv — 12w+ v)(u+v) =0, 28uu+21vv— 12(u+v)[U+7D) =0
28uu + 21vv — 12uu — 12vv — 12uv — 12uv =0
16uv + 9vv — 12uv — 12uv = 0, 4qu(4u—-3v) —3v4u—3v) =0
(4u—3v)(4u—-3v) =0, (4u—3v)(4u—4v)=0
3

|4u—3v|2=0:4u—3v=0:u=1v

3
8u+v=7+7i:8-zv+v=7+7i

6v+v=7+71=>7Tv=7+7i>v=1+1i

3 3(1+') 3+3i
= — = = — = = — _
u 417 u 4 l u 4 4

Observation: we use the facts:a € C=> a-a = |a|?

a=x+iy;a=x—iy;lal=x2+y%a+b=a+b

RMM-SOLVED PROBLEMS

By Marin Chirciu — Romania

01. Solve in R:
(2*+3%)61-* =5
Daniel Sitaru-Romania
Solution:
2°% + 3% +2-6% 25
(2* +3%)/61* =5 & (2* +3%)%61™* =25 o = 3 =
22% N 32x 42 25 2% N 3* 13 (2>x+ (3)x 2 N 3 +1
& = — & — —_— = |- — = — — & =
2%3% T x3% 6 3% 2t 6 \3 2) 372X TE

The set of the solutions is S = {—1,1}. Remark: The problem can be developed.

Let a > b > 1 fixed. Solve in R:

(a* + b*){/(ab)l™*=a+b

Marin Chirciu-Romania

Solution: (a* + b*){/(ab)!™* =a+ b & (a* + b*)?(ab)'™ = (a + b)?* &
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a®* +b?* +2-(ab)* (a+ b)?
= 2N

(ab)* ~ ab
a®* N b?* +2_a2+b2+2ab@ax+bx_a2+b2@
a*b* ' a*b* B ab b* " a*  ab

a\* p\* a b . . _
=N (Z) + (g) = t-ox= +1. The set of the solution is S = {—1,1}.

Note: For a = 3,b = 2 we obtain the proposed problem by Daniel Sitaru in RMM 11/2022.

02. In AABC holds:
Z(a +2b) (a + 2¢) < 81R?

Daniel Sitaru-Romania
Solution: Lemma: If x,y,z > 0: (x + 2y)(x + 2z) < (x + y + 2z)2.

Proof:

(x + 2y)(x + 22) =(x+y+2z)?

AM_GM [(x +2y) + (x + 22)
o 2

with equality for (x + 2y) = (x + 2z) © y = z. Let’s get back to the main problem.

Using the Lemma for (x,y, z) = (a, b, ¢) we obtain:
Lemma Mitrinovic
LHS=Z(a+2b)(a+2c) < Z:(a+b+c)2 =Z:(2p)2 =12p? <
Mitrinovic 27R?
< 12 -

= 81R? = RHS
- 4

The equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC holds:
Z(ma +2my) (m, + 2m,) < 3(4R + 1)?

Marin Chirciu-Romania
Solution: Using the Lemma for (x,y, z) = (m,, m;, m.) we obtain:

mma

Le Leuenberger
LHS = Z(ma +2my) (mg +2m,) < Z(ma +my, +m.)? < Z(4R + 7)?

= 3(4R + r)? = RHS
Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC holds:
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243R?

Z(ha +2hy) (hy + 2h,) <

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y, z) = (hg, hp, h,) we obtain:

Lemma Santalo 2
LHS = Z(ha +2hy)(hy + 2h,) < Z(ha b hy+h)? S Z(p\@) —9p2 <

Mitrinovic 9 27R? 243R?

< = = RHS
o 4 4

Equality holds if and only if the triangle is equilateral. Remark: In the same way.
In AABC holds:

243R?

Z(wa + 2wp) (W, + 2w,) <

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y, z) = (w,, wy,, w,) we obtain:

Lemma Santalo 2
LHS = Z(Wa +2wp) (W, + 2w,) < Z(Wa +w, +w)? < Z(p\/?) =

Mitrinovic 9 27R% 243RZ

=9p? < L= = RHS

Equality holds if and only if the triangle is equilateral. Remark: In the same way.
In AABC holds:

243R?

Z(sa + 2sp) (s, + 25,) <

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y, z) = (sg, Sp, Sc) We obtain:

Lemma Sasha
LHS = Z(sa +25p) (s +2s.) < Z(sa + s, +5.)% < z(ha + hy +h)* <

Santalo Mitrinovic 27R? 243R?
<INV =S 9 =T = ras

Equality holds if and only if the triangle is equilateral.

243R?
4

Remark: In the same way: In AABC holds: },(r, + 2rp)(r, + 2r,) <

Marin Chirciu-Romania
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Solution: Using Lemma for (x,y, z) = (r,, 13, 7.) we obtain:

Lemma
LHS = Z(ra +2r,) (r, +2r,) < Z(ra +1p 1) = Z(4R +1)2 =RHS

Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC holds:

Z(t A+2t B)(t A+2t C)<3(1+R)
an > an- )(tan; anz | < "

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y,z) = (tan%, tang,tan g) we obtain:

2

s =Y (tan + 2000 2) (anh 20 S) 2 Y (tanh+ can 4 an) =
= anz al’l2 anz an2 = an2 an2 an2 =

z (4R + r>2 _ 3 (4R + 1)? Gerretsen (4R +1)2 R+r

R
- — 7 =3(1+=)=RH
D p? = (4R + 1)? 3( +r) S

Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC holds:

S (cot+ 2c0t2) (coth-+ 2 cots) < 81 (1)
co 2 co 2 co 2 co 2)= 2r

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y,z) = (cotg, cotg, cotg) we obtain:

A B A C\ Lemma A B C\?
LHS = Z (coti + 2 cot—) (cot— + 2 cot—) < Z (cot— + cot—+ cot—) =

2 2 2 2 2 2
p 2 p2 Mitrinovic ﬂ 81R?
= — = fpu— < .4 = — =
Z (r) 3 T2 - 3 T2 412 RHS

Equality holds if and only if the triangle is equilateral. Remark:In the same way.

In AABC holds:

z( A+2 . B)( A+2 . C><27
sm2 sm2 sm2 sm2 =7

Marin Chirciu-Romania

. . . A . B . C .
Solution: Using the Lemma for (x,y,z) = (sm;, sin —, sin 5) we obtain:
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A ) B A 5 C\ Lemma A B C 2 Jensen
_ s . D .4 _—— o . 4 —d o <
LHS Z (sm > + 2 sin 2) (sm > + 2 sin 2) < z (sm > + sin > + sin 2) <

Jensen 3 2 3 2 27
< — = o= = — =
< G =) ~F s
Equality holds if and only if the triangle is equilateral.

Remark: In the same way. In AABC holds:

Z( A+2 B)( A+2 C)<81
cos2 cos2 cos2 cos2 =71

Marin Chirciu-Romania

Solution: Using the Lemma for (x,y,z) = (cos%, cos g, cos g) we obtain:

LHS A , B A , C\ Lemma A B C\? Jensen
= — — — — < — — — <
Z(c052+ cosz><cos2 + cosz) < Z(c052+c052 +C052) <

2 2
Jensen 33 3v3 81
= Z( 2 ) 3 < 2 > 4 S

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC holds:

Z( A+2 B)( A+2 C><9R2
sec sec ) (secs secs ) <—3

Marin Chirciu -Romania

. . A B c .
Solution: Using Lemma for (x,y,z) = (sec;, sec—, sec 5) we obtain:

A B A C\ Lemma A B C\? Jensen
LHS = z (seci +2 sec—) (sec— +2 sec—) < Z (sec— +sec—- + sec—) <

2 2 2 2 2 2
2
Jensen 2p 2 3 4p? Mmitrinovic 3 4- 27; 9R? RHS
= Z (3r> 9rz = 9r2 r?

Equality holds if and only if the triangle is equilateral. Remark: In the same way.
In AABC holds:

z( A+2 B)( A+2 C><27R2
csc csc | ese csco) < —3

Marin Chirciu-Romania

. . A B c .
Solution: Using the Lemma for (x,y,z) = (csc;, csc—, €sC 5) we obtain:
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A ) B A 5 C\ Lemma A B C 2 Jensen
= — — — —_ < — — — <
LHS Z (csc 2 + 2 csc 2) (csc > + 2 csc 2) < z (csc > + csc > + csc 2) <

Jensen 3R\? 9R? 27R?
S Z <—) - 3 '—2 = RHS
T T T

Equality holds if and only if the triangle is equilateral.
03.Ifa,b,c > 0 then:

2% 420 4 2¢

a-b b—c c-a >
2 + 2 + 2 2 Rzarbrc

Daniel Sitaru-Romania

Solution:

_ _ o 2¢42byc 28 b ¢ pag b4 pc
207 b2t ———— o+

> -
e C 2 S vz

With the substitution (\/3 24, i/Z_b, i/Z_C) = (x,y, z) the conclusion can be written:

X3 y3 3

73 x3+y3+23  x6z23 4+ yfx3+2%y3 x3+y3+ 23
> P >

y3 73 ' x3 Xyz x3y3z3 - Xyz
© x623 + y°x3 + z%y3 > x2y22%(x3 + y3 + z3), (*) which follows from means inequality:

6,3 6,3 6,3 MM s 3 54,22
x7% + x02% + y°x3 > 3{/x6z3 - x623 . ybx3 = 33 x15y626 = 3x5y2z2 (1)

we write the other two analog inequalities y®x3 + y°x3 + z%y3 > 3y52z2x2 (2),

z%y3 + z%y3 + 223 > 3z°x2y? (3). We add the inequalities (1), (2), (3), we divide by 3 and
we obtain (*). Equality holds ifandonlyif x =y =z a=b =c.

04.1f x,y,z > 0 thenin AABC

\/—
Zyj—z \/_a_\/6_

D.M. Bdtinetu-Giurgiu, Claudia Nanuti - Romania

Solution:

LHS:Zy+Z\/— Zy+z \/— Zy+z V2F \/_Zy+z

Tsintsifas 1 \/_
= ——-2V3F =V6F = RHS
V2F

Lemma (G. Tsintsifas): In AABC holds:

31 ROMANIAN MATHEMATICAL MAGAZINE NR. 42



Romanian Mathematical Society-Mehedinti Branch | 2024

—a? + -2 p? +fyc2 > 2/3S, where x,y,z > 0

y+z zZ+x
G. Tsintsifas

Solution:

x x X+y+z Bergstrom
We have Y, —a? = (— 1-— 1) a?=Y——a%? -3 a? >
Zy+z Z y+z + Z y+z Z -

X a)? . (2p)?
Y(y+z) @ _(X+Y+Z)2(x+y+z)

=2p? —2(p? —r%2 — 4Rr) = 2(r? + 4Rr)

>(x+y+2z) —2(p?—12—4Rr) =

Above, we’ve used the known identities in triangle: ), a = 2p and
Y a? = 2(p? —1r?—4Rr).

It remains to prove that 2(r% + 4Rr) > 2/3S © 12 4+ 4Rr > /3rp © 4R + 1 = pV/3,
witch is Doucet’s inequality.Equality holds if and onlyifa =b = candx =y = z.

05. In AABC holds:

a3
>
E b c_2V3F

D.M. Bdtinetu-Giurgiu, Dan Ndnuti - Romania

Solution:

a® Holder (3 a)3 < a)3 < a)z (Zp)z 4p2 Mitrinovic
= - > = = = = >
LHS Zb+c 3%(b+c) 3-2%a 6 6 6 = 23w

= 2+/3F = RHS. Equality holds if and only if the triangle is equilateral. Remark: The
problem can be developed. In AABC holds:

a3 43
> >
Zb+1c_a+1F’l_0

Marin Chirciu-Romania

Solution:
LHS—Z @’ Hoier (Xa) _ QaP _ Ga® _ @p)° _
Lib+ Ac 3%(b+Ac) 31+1DY¥a 3-1+1) 3-(A1+1)
4p?  Mitrinovic 44/3 4+/3
=P Y = Y F = RHS.
3-(A+1) A+1 A+1

Equality holds if and only if the triangle is equilateral
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Note: For A = 1 we obtain the problem J.2104 from RMM-40 Spring Edition 2024, proposed
by D.M. Batinetu-Giurgiu, Dan Nanuti.

In AABC holds:

al 73
> 2V3F.
Z b+c
D.M. Batinetu-Giurgiu, Dan Ndnuti - Romania

Remark: The problem can be developed. In AABC holds:

Ve (@) a0
b+Ac —\'3 A+17

Marin Chirciu-Romania

Solution:
LHS = Z a" Hoer (Yot _ Ga" o™
Lib+Ac T 3" 23 (b+Ac) 3" 2(A+1DYa 3"2(A1+1)
(Zp)n—l Zp n-1 3 2n—1pn—1 2n—1pn—3p2 Mitrinovic
— S el = = >
3n-2(1+ 1) ( 3 ) A+1 3"2(1+1) 3"2(1+1) -

Mitrinovic Zn_lpn_3 . 3\/§p7~ 2n—1pn—3 ) 3\/§F
> —

= e R I

Equality holds if and only if the triangle is equilateral.

Note: For A = 1 and n = 3 we obtain the problem J.2104 from RMM-40 Spring Edition 2024,
proposed by D.M. Batinetu-Giurgiu, Dan Nanuti.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

A SURPRISING PROOF FOR A TRIGONOMETRIC INEQUALITY

Prove that:

—V2 < sinx+ cosx < \/E,Vx eER
By Tran Quoc Anh-Vietnam
Solution by proposer

Consider f(t) = t? + t(sinx + cosx) + %, we have discriminant is:

1
A= (sinx+cosx)2—4-§= sin® x + cos? x + 2sinx cosx — 2
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=2sinxcosx—1=sin2x—1<0

Thus

1
f@) =t?*+t(sinx +cosx)+==>0,Vt ER

> 2
Choose t = — g we have:
V2 v2\" VI . 1
f =)=\ —7-(smx+cosx)+§20

2
=3 -5 (sinx + cosx) + 1> 0 & sinx + cosx <2

Choose t = g, we have:

2

f<£>=<£) +§'(sinx+cosx)+%2 Oﬁg.(sinx+cosx)+120

= —\/ES sinx + cosx

100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE

By Bogdan Fustei-Romania

In memory of TRAN HONG-Vietnam

We consider the triangle ABC with well-known results:

A 1+ cosA

220 _ .
cos® > (and analogs);
A I'y + re
200 _ .
cos® AR (and analogs);

S
= —a(and analogs);

a=2Rsin A (and analogs);

. A r r ra—r
sin-= |[— |2 = [2—(and analogs);
2 2R 4/ h, 4R

r=§;2p=a+b+c;
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1+cosA rb+rC S cosA = rp+re—2R — ra+rp+re—2R-r,
2 2R 2R

rg+r,+r.=4R+r;
We obtain the next identity : cos A= ZR“;% (and analogs);

Ia+r cos B+cos C ra+r

B =
—>cos B + cosC R —

(and analogs) (1)

—_S @p-a)_ btc yratr_ E
ra+r—p_a . =T, . -> - (and analogs ) (2)

2S=ah, = bhy, =ch=2pr; r,=—""—-=

Ta _
h, " btc—

(and analogs ) (3)

We will obtain

H _1+ da (and analogs) (4)

From (2) and (4) we obtain

LR r"+h" (and analogs) (5)

a
From (1) and (5) we obtain

cosB + cosC _T +h,
sinA

(and analogs)(6)

na+ha

We know that : — > (and analogs)( [1]) ;

R __a 1
r 2r sinA’

After simplification we obtain this new inequality :

1 > fatha na+hal
sinA

cos B+cos C na+ha

(7) x( cosB+cosC) — (cos B+cos C) (8)

sinA
From (6) and (8) we obtain :

% > cos B +cos C (9) (and analogs)

Nathy

R . . . . .
Its easy to see that cos A + cos B +cos C = % and using (9) we will obtain a new inequality

Z ra+h, > R0 2(R+r)
ny+h, —

(10)
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Now we use the mequallty RoMmb 4 ([2]) and —= (and analogs) x( cosB +

he
+cos C) and we obtain : rapa>(cosB+cosC)(—+ —)

2 sin A

2S=ah, = bhy, =ch.=2pr ,we get the next relationship :

h . . .
ilatla >( cos B +cos C)( Doy E), so we will get another inequality:
a h, he | hy

ra; % 2( cos B +cos C)( — + —)(11)(and analogs)

a

fa=l _

We know that: sin? % = —— (and analogs)é 2= % (and analogs)

4R~ 2Rh,

After sumation we obtain ¥ -2 = i) >34y 2 =2(1+ E)
h, r h, r

From (11) we obtain this inequality:

1+ Z( cosB+cosC)(—+ )(12)

R . . .
Also 22bTc — = 914 from (11) we obtain a new inequality:
hahbhc 2r

%2 [I[ ( cos B+cos C) (l:—:+ :—:) —1](13)

R m . R a 1 . . . .
— > —2 (and analogs)(Panaitopol); — = — —— ,after some simple manipulations we obtain
2r h, r 2r sinA

a

new inequality :

+ h, > 2m,(cos B +cos C)(and analogs) (14)

From (4) and (11) we obtain a new inequality :

b+c Zm;,l
a

(cos B +cos C)(and analogs)(15)

From (14) we have mha > cos B +cos C and after sumation and using

a

cosA + +cosB+cosC = % ,we will obtain this next inequality :

Z r;,,;ha >4(R+r) (16)

a

From =12 5 ath > cos B +cos Cand (9) we have :

ma

(ra + hy) (G~ +——) 22(cos B +cos C) (and analogs) (17)

2S=ah, = bh}, =ch =2pr=(a+b+c)r-> % =1+ % (and analogs) and using (15) we obtain a

new inequality:
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W > Y~ (cos B+cos C) (18)

S (2p—a) __ b+c

r . . . .
Fromr, +r = F— a ™y andr, —r= ;a a, we obtain this new relationship

Latr _ bte (and analogs) (19)

Ia—r a
and using (15) we obtain the next inequality:

ra+r>2ma

> (cos B+cos C)(20)
r,—Tr T,

h—: =1+ % (and analogs) and using (15) we obatin another inequality:

ha—r2 2m,
r I,

(cosB +cos C)(21)

Iy mg,
—); = ha_r(cos B +cos C) (22)

and after sumation we will get a fresh inequality:

4R+r m,
o 2 2 hor (cos B +cos C)(23)

ra+r cosB+cosC

We know that this next relation is true :— + L + 1= l, cosB 4+ cosC = -
rg TIp Ic T 2R ra
b . L . .
=ﬁ$ (and analogs) and after sumation we obtain this new identity:
cos B+cos C 2
3Pl = 2 (24)
ha— B C . . . . .

from 2a—L , 2(cosB+cosC) (and analogs) and after sumation we will obtain a new relationship :

myr ra
hy—r 4r
Zm—aZ R (25)

. - . b2 +c?
Now we will use Tereshin inequality: m,2 R

bc=2Rh,(and analogs) and we will obtain a new inequality:

(and analogs) and the identity

b, b . . . .
% = % (Z + ;) (and analogs) ,after sumation we obtain the inequality:
a

D % > %Z? and from (15) we get:

;Z% > Z?(cos B +cos C) (26)
From these last two inequalitys we obtain another inequality:

% % > Z% (cos B +cos C) (27)
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B-C b+c

B-C . A .
We know that cos—— = (and analogs) and cos— = —sin> (and analogs) we obtain

hy, _ b
== %sm and from sm— / ’ra (and analogs) we obtain an identity:

la
b + c ’2
\[7 (and analogs)(28)

and from (19) we obtain the next identity :

r,+r 2Rh, |h

al _ /——a /—a (and analogs) (29)
r,—r rl, [r,
y fatr ra+r ’ (ra ) / (30)

. . . 1 1 1 1
We will use the well known identity: :.— +.—+ — =, Z;—a ==
a b c a

and we will obtain a new result:

Z Ia+r _2R-r
h,

(rar) [ha_ [R
£ [l 2

From (4) and (28) we have : ra+ha \/T{ \/hj and after some simple manipulation we

+1=2231)

From (30) and (31) we get :

obtain a new result :
1 ;"‘ = /?—“?ha (33) (and analogs)

From (14) we get 1+;—a 22}1& (cos B +cos C) and from (33) we obtain:

\/7 VTaha ? (cosB +cos C) (34) .

From (11) and (33) we obtain a new result:

\/7@ > (cos B+cos C)(3° ~ —) (35)(and analogs).

2ma

r
From 1+-2>

a

(cos B +cos C)(and analogs) after sumation we obtain:

3+, ;_a =21+ %) 222? (cos B +cos C) and after simplification we get:
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1 + > Z (cos B +cosC) (36) .

From (33) we have :

3+Z;—z =21+ §)= \@Z—“rﬂ‘fa and after simplification we obtain the identity: Z—“r;;h”‘ =

a+h vz 2+ Hen

From (37) and h, < 1, (and analogs) sin? = \/;R\/% (and analogs), we obtain the well
a

known inequality:
Zsin%kcosA+cosB+ cosC=1 +§
From (4) and (15) we obtain the inequality:
3+) l:—: 22 T—: (cos B +cos C) (38)
(Van-Aubel) If AD, BE and CF are three cevianes concurent in a point

P inside to triangle ABC, then: ﬂ = % + g.

If N, is the Nagel point in triangle ABC ,applying Van-Aubel theorem,we have:

_ANa _p-—c  p-b__ a na—AN, _p-a M _ P
na—-AN, p-a + b2 poa > AN, — a 9ANa ) (and analogs)
AN, = (and analogs)->1+ E = Zna (and analogs) (39)

h—ra =1+ % (and analogs)and useing (39) we obtain:

na ANa
hy

(and analogs)(40)

p? = n2 + 2r,h,(and analogs)([1]), 25=ah, = bhy, =ch.=2pr

ra—r

a_p i _na Ta _
2 b (and analogs) » ez (and analogs) =

But (r, —)r=(p—b)(p—c¢) — r?

4(a+b+c)(b+c-a)
4

4p(p-a)= =(a+b+c)(b+c-a)=(b + ¢)? — a2

a? = (b + ¢)? —4p(p-a) (and analogs).

2 2_ -
a na+2 2 pecomes (b+c)*—4p(p-a) na+4(p b)(p—c)— 4r?

ar? h3 hy 4r2 h3 4r2
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2 2_ —3)— — —
S-1= (b+9)"~*p(p :r)z 2R=DIP=9 (3nd analogs)

4(p-b)(p-c)=(a+c-b)(a+b-c)= a? + 2bc — b? — c?,

4p(p—a)+4(p—b)(p—c) = (b +c)?—a% + a? + 2bc — b? — ¢? = 4bc

nig . _ (b+c)’—4bc _(b—0)?
h3 - 4r2 T 4r?

9

na -1+ k-9 (and analogs)(41)
h2 4r?

From (40) and (41) we obtain :

AN, = \/4r2 + (b — ¢)? (and analogs) (42)

From (39) and (42) we obtain :

14 H _ m (and analogs) (43)

From (40) and (42) we obtain :

2 —\2 —\2
% = —m;il)q = f 1+ % (and analogs) (44)

From (43) after sumation we obtain the identity:

b+c 2n,4
3L =L JarZ+(b—c)Z (45)

From (4) and (45) after sumation we obtain :

h, _ 2n,
6+2 Ta =L Jar2+(b—c)? (46)
From (4) and (43) we obtain :

h, _ b+c— —a_

I a (\/4r2+(b c)?

—1)(and analogs) (47)

From (47) we obtain :

\/41'2 +(b— ()2 =k (and analogs) (48)

From (48) after sumation we obtain:

Z\/ r2+(b )2 —Z 2n,4

2r,+h,

(49)

. . A . .
We start from well known inequality :2m, = (b + ¢) cos~ and after some manipulation we

b+c 2n
e e
acos; J4r2+(b—c)?

obtain :1+ and we obtain:
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—a T4 (and analogs) (50) and we obtain:

B \4r2+(b—c)?2 acosy

I
2

Oblb-‘

l_[(\/4r2+(b c)? acos%) (51)

From (19) we have :1+ % = 2a

and from (43) we obtain :

Fa—

|42
ar +(b i (and analogs) (52)

ra
and after sumation we obtain:

Zna 2 J4r2 +(b c)? (53)

butr, — r = 4Rsin? % (and analogs) and we obtain:

AR( 424 2y = 5 LI EO07 (g
a c 2
r,—r= ra\/m (and analogs); r, + 1, + 1o = 4R+ 1

We obtain a new relationship :

2 —c)2

2R—r = %2 ryy/4r4+(b—c) (55)
1+ E =>14+— Zma (cos B +cos C), and using (43) we obtain:
%M >4 Zma (cos B +cos C)(and analogs) (56)
Jar2+(b-c)z — g
D r;a == Z— and useing (43) we obtain a new inequality :

3 m n

=z Ay 2

2 * h, — 2z J4r2+(b—c)? (57)

b : .
From h— > - (— Z) (and analogs) after sumation we obtain:

2(%+ﬁ)>w+ +Eand— —C(and analogs) we obtain:

2(mb I:Cc) ZbT 4 Dothe g using (43) we obtain :

5 ( m, hy+h—h,

_ Na )
hc Jar2+(b-c)2’ — h,

(a+b+c)(§ + % + %) =3+ Z% and using (43) we obtain:

(and analogs) (58)
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(a+b+o)C+:+9) = X —% (59)

2n,

= (and analogs) + ++— 2 we

h b+c b+c
From -2 =1 + — (and analogs), 1+
r a a 4r2+(b—c)? r

obtain a new identity:

1 1 1 2n,
(h, + hy, + h.)( T h—c)= O —W;b_c)z (60)

From p? = nZ + 2r,h,(and analogs) >p? — nZ = (p + n,)(p — n,) = 2r,h,
2ra \/4r +(b c)?

; == (and analogs) %— = h_a + F and 2 h (and analogs) we obtain p——

_ay 4r2 +(b c)?

(and analogs) (61)

and after sumation we obtain:

from (61) we have :

ny+ I, . .
a?P _ 2 (and analogs) and after sumation we obtain a new result :
4r a—/4r2+(b—c)?

na+np+nc+3p

= Yo 63)

. . i i l — l ny+p - 4r
We use the well know inequality o + o + i and T Ty v (and analogs) we
obtain a new result:
n, Ny r
Iy T Ip e rc =) e ot a—/4r2 +(b—c)2 (64)
(na+p)(np+p)(nc+p) Ia
6413 =11 a—/4r2+(b—c)2 (65)

but /rpre 21, (and analogs)>r,rpre = 1,11 and we obtain:

(na+p)(np+p)(nc+p)
64r3 =11

\/4r2+(b c)z( 6)

p>3+/3r (Mitrinovic inequality) and with (64) we obtain a new inequality:

r
3\/_+ +—+— 423_— m(67)

%2\/5 (E + % + E)( lon Cristian Miu-rafinament of Mitrinovic inequality)
and from (64) we obtain a new inequality:

Bay Doy Moy VBRE4248 <ay

- r (68)
r; TIp Ie b c a a—/4r2+(b—c)?
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Now we use :

m,l, = rpre. = p(p — a)(and analogs) (Panaitopol)%\/mambmclalblC >r,Irprc and with (65)
we obtain a new inequality :

(na+p)(np+p)(nc+p) < l—[ Vmaly ( )

64r3 a—y/4r2+(b—c)?2
(np+p)(nc+p) Tbl'b
= >
Tor? T ars v oy (and analogs) and using m,l, = ryr. we obtain :
(np+p)(nc+p) ma la
<
16r? = [b—V/(a—c)2+4r2] [c—/(a-b)2+4r2] (70)

Is easy to proof that :(b — ¢)?= 4(m2 — ryr.) (and analogs )

= /4r2 + (b — ¢)? (and analogs)-> AN, = ,/4r% + 4(mZ — rr,)

AN, = 2,/mZ + r2 — ryr.(and analogs)(71)

b+c 2n b+c n
1+— = 4 >1+— = ——=——(and analogs) (72
a J4r2+(b—c)? a ’m§+r2—rbrc ( gs) (72)

T3 m2+r2-rpr.
na _ V42 +(b=0)? Sl _ ~—— (and analogs) (73)

a 2r h,

b+c 2n, w _
L g T T2

___Ma (and analogs) (74)
——==2__(and analogs) (75)

ha g 2ma ha _
6 +ZE =% JA4r?+(b—c)? ~6+) Ia 2z

E _ b+c—-a _ 2( ny _1)

raa  “JarZ+(b-c)2
h b+c—a n
-a_ = a — 2 (and analogs)(76)
Iy a Jm2 +r1r2 — nyr,

\/4r2+(b—c)2=22:1%r;‘—>\/m§+r2—rbrcz
a a

Nyl
5 +ha(a nd analogs) (77)

24 (b—c)2 a ma+r2—rbrc
Z,/4—r +( —C) —Z 2n ele —Z

T - a+h (and analogs) (78)

If triangle ABC is acuteangled then we have ERDOS Inequality :

R+r < max (h,, hy, h.) (RMM-Famous Inequalitys Marathon 1-100,inequality 31)[3]

b+c _ R+r 2n, .
If h, = max (h,, hy, he) 9 =1+— 2— and 1T = mwe obtain a new

inequality :
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2n, R+r

J4arZ+(b- c)2 (79)
and using (72) we obtain an equivalent form :
2> (80)

’ mZ4+rZ—rpr,

Now we will use this inequality,true for every triangle ABC:

m, + my + m. < 2(R — 2r) + h, + hy, + h (Jian Liu [4])

%= 1+% (andanalogs)émSZ( —2)+3+Zﬂ

b+c 2n, my+mp+me R ny .
+ = 2 D5 ¢ <)(=—
1+ R Ca (analogs)—> . <2(-—2)+2% pro—r and we obtain a new
inequality :

m, + my, + m,

na
2r _;_2+Z\/4r2+(b—c)2 (81)

Now we start from the next inequality:n, + g, = 2m, (and analogs)[5]

And we obtain: 2n, = 2(2m, — g,)

b+c > 2(2my—g,)

>1+ a  J4r2+(b—c)?

(and analogs) (82)

A =2 S142%€ 2ma—8a (and analogs) (83)
JmA+r2-rpre / 2412 —rpr,

2./bcp(p-a) 2+vbc

We know that :1, e p(p—a)~>l; = m,/rbrC (and analogs)
Irarprc _ (a+b)(b+c)(a+c) b+c 2n,
and we obtain : 1 1::11) = P, Ry v A 1(and analogs) so we
(a+b)(b+c)(a+c)

obtain : —————= H(m 1)

From what we prove ,we obtain a new identity:

8rarpre - 2n, _
ity L1 (m 1) (84)
14 b+c ny 8rarpre —H(

+— = (and analogs) >——— Lol —_—
2 Jmi+r2-rprc b’b ma+r2—rbrc

From myl, = rpr. (and analogs)>m_mym.l,lyl. = (rarpre)?

,mambmc > fable 4nd useing (84) and (85) we obtain:
lalple lalplc

~ 1) (85)
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mympmg 1 2n,
—_ab e s - —_~a  _
\’ Llple — 8 I (\/4r2+(b—c)2 1)(86)
mympme 1 n,
/— > —[[(—=—=-1)(87
lalple 8 H( m2+rZ—rpr, )(87)

If ABC is acuteangled triangle with a=min(a,b,c) >r,= min(r,, ry,, rc)

fatr _ btc, (from ERDOS INEQUALITY)> 1, + 1 > ~ (r —-r) -

ra—r

R+r= (— —Dr,~> E > -2 in the end we have the next result:

If ABC is acuteangled triangle then:

R+r > min(ra,I'y,Ic) (88)
R-r r
na+ 3 na+ra

R+r=> (% - 1) r,,but ?— 1— (and analogs)([1)) R+ r >

na + ra (89)

nZ +r2>2n,r, and useing (89)>.,/h,(R+r) > n"‘Tﬂa (90)

B-C

b+c _ COS—

We know that : = £
S1

(and analogs) (Mollweide's formula)

b+c 2n, _ ny
a J4rZ+(b—c)2

1+ (and analogs) ,se obtain a new result:

Jm§+rz—rbrc

B-C

COS——
= 1+ ——% (and analogs)(91)
smi

2n, _ n,
21 (b—c2
VarZ+(b—c) \/m§+r2—rbrc

Also cos% = % (and analogs) and Al = % (and analogs) -
a sm;

Al b+c 2n n
— L (and analogs), 14 2*¢ 3 = 3
r a a J4r2+(b—c)2

(and analogs)
\/m§+r2—rbrc

We obtain a new identity:

Al _ 2n, la _
r (V4r2+(b_c)2 )h ( / 2+r2—rbrc

— > — ( and analogs)é S —

—1=—"a
2 2
r \/4r +(b-c¢) m§+r2—rbrc
r . A r Iy
Also from Al =— (and analogs) ,sin— = |— [~ and
sin; 2 2R 4| hy

-1) :l—"‘ (and analogs) (92)

—1(93)

a— 2h,(R+r) >
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hy, _ bt+c-a _

Ta a (1/4r2+(b ©)?

—1) we obtain a new relationship :

Al |R na _
Z_J;\[m 1 (and analogs) (94)

na+ 3

From % — 1= or (and analogs) -2 a( - 1D=— ;—a (and analogs)

h - Yartt(b-o? +(b ©) (and analogs)—>
a

n rp _ 4R-r)

= Tatrooo? (and analogs) (95)
From R 2 2r (Euler) >

Na
- = p. (and analogs) (96)

From Euler inequality R > 2r and (95) we obtain a new inequality:

Ny + Iy > 4(R-r1)

T (and analogs) (97)
‘/m (and analogs) and R> 2r >

Fa ra—r

ra—r

> ? (and analogs) (98)

(a+b)(b+c)(a+c) 2n, .
A Skl Sedlh A otk o SR —__~a > .
From s I1 (m 1) and R= 2r we obtain a new result:
(a+b)(b+c)(a+c) 2n, _
abc - H(W/R2+(b—c)2 1 (99)
8rarpre 2n, _
and 2 [ ol 1)(100)
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A CASE OF AM-GM
Ifa b >0andab =1thena+ b > 2
By Tran Quoc Anh-Vietnam
Solution by proposer
Consider f:R - R, f(t) = —abt? + (a+ b)t — 1
The discriminantis A = (a + b)? — 4(—ab) - (=1) = (a — b)?* > 0.
If A= (a—b)? =0then: f(t) >0,Vt € R. Chooset =1wehave:a+ b > 2
If A = (a—b)? >0, wecanassume a > b, hence a® > ab, thus a > 1. We have

_—(a+b)+VA —(a+b)+a-b -2b _
v —2ab B —2ab - —2ab

1
a

_—(a+b)—\/Z_—(a+b)—(a—b)_ —2a 1
2 —2ab - —2ab T —2ab b

Because of a > b we have% < %. Therefore: f(t) > 0,Vt € (i,%)

(2re)

Becauseofa > 1wehavea > 1> %i.e 1e (i,a). thus:

f()>0e —ab+(a+b)—1>0a+b>2

A NEW SEQUENCE OF PRIME NUMBERS

By Mohammed Bouras-Morocco

ABSTRACT. In this paper, we discovered a new sequence of prime numbers, every term of
this sequence is either a prime number or equal to 1.

Keywords. Prime numbers, sequence.

INTRODUCTION

A number is said to be a prime number if the number is divisible only by 1 and itself;
otherwise it’s composite. In this paper, we present two new sequences related with the
continued fraction.
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THE SEQUENCE b(n)
The sequence b(n) satisfy the following recursive formula
b(n)=(n—-1)bn—-1)—nb(n—-2)
With the starting conditions b(3) = 1,and b(4) =7

Table 1. The first few values of b(n)

n 3 4 5 6 7 8 9 10 11
b(n) 1 7 23 73 277 1355 8347 | 61573 | 523913

Theorem 2.1 For n > 3.

. b(n) 1
i) > .
n“—-n-—1 2- -
3- -5
(n_l)_n—(7711+1)
For n = 5.
ii) b(n) = (2n? —6n + 3).4051403(n —5) — (2n? — 5n + 2).4051403(n — 6)

Proof. By using some simplification of the denominator of the continued fraction.

THE SEQUENCE a(n)

In this section, we present our sequence of prime numbers defined in the conjecture as
follows

Conjecture 3.1. The sequence a(n) of the prime numbers satisfy the following formula

n—-n-1
gcd(b(n), n? —n—1)

Table 2. The first few values of a(n)

a(n) =

n 3 4 5 6 7 8 9 10 11
a(n) 5 11 19 29 41 11 71 89 109

Also we have: a(37) = a(43) = a(48) = a(53) =1
Conjecture 3.2. every term of this sequence is either a prime number or equal to 1.
References
[1] Richard Guy, Unsolved Problems in Number Theory, Springer science (2004).
[2] N.J. A.Sloane et al., The On—line Encyclopedia of integers sequences, https://oeis.org

(Concerned with the sequence A051403)
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THE ENDLESS DESERT OF DECIMALS OF PI - RESULTS WITHOUT WORDS

By Neculai Stanciu-Romania

I. The perimeter of the circle with diameter equal to unity is equal to .

I.1. The perimeter of the regular n-sided polygon inscribed in the circle of radius R is

p, = 2nRsin z.
n

For 2R=1= p, =nsin z.
n

p, = 3sin % —2,598076211...;
. T
p, =4sin 7 = 2,828427124...;
. T
=6sin — =3;
Ps 6
Ps; = 575in —— = 3,140002340...;
57
Po, = 94sin = =3,141007838...;
94
Poury = 20225in —-— =3.14159138962198602512416672271708031346771...
Poops = 2023sin ——— =3.14159139087127446356375816093428982806031...
. T .
p, =nsin F<7z (2R =1);if n—>oo,then p, —> 7.

p, = 2nRsin z ,if N>, then p, —> 27R.
n
1.2. The perimeter of the regular polygon with n sides circumscribed in the circle of radius r

is P, = 2nrtg£.
n
T
For 2r=1=P, =ntg—.
n
T
P, =3tg 3 5/196152422..;
T
P, =4tg N =4,

P. = 6tg % =3,464101615...;
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P,, = 36tg % =3,149591886...;

T
P, = 160tg—~ =3,141996443...;
160 9160

P,y = 2022tg ﬁ =3.141595181528153765416466771500082094511498951...

P23 = 2023tg ﬁ =3.141595179029571462801308508332406982889593998...

2r=1, P, =ntg = > z; if N —>o, then P, — 7.
n

P, =2nrtg~,if n—>o, then P, —>27r.
n

Il. The area of the circle with radius equal to unity is equal to .

II.1. The area of the regular polygon with n sides inscribed in the circle of radius R is

nR? . 2r
= Sin —.
n

A

n

For R=1=A, = Dsin 2—”
2 n

.
A, = Ssin 27 21,299038105...;
27 3
A, = isin 2—7Z= 2;
27 4
2
A, = sin 27 =2,508076211...
27 6
114 2
Ay, = ——sin = =3,140002340...;
2 7 114
187 . 2
Ay = B sin 27 _3.141001567...
2 187

ALy, =1011sin ﬁ=3.1415875977203951165221778257305989304030992...;

2023 . 2«
Aygpg =——5I

2

n. 2
R=1, An=§sm—ﬂ<ﬂ;thenfor n—oo we haveA, —> .
n

2
A:nR

n

. 27
sin ——;if n—>oo,then A, > 7R?.
n

n 2023 =3.141587602717545253129460585351164461054438...
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11.2. The area of the regular polygon with n sides circumscribed in the circle of radius r is
—nrigZ .
A, =nritg-
Forr=1=A, = ntgz.
n
Vd

A, =319 5 =5,196152422...;
V4

A4 = 4tg Z =4;
V4

A; =619 =3,464101615...;

A, = 36tg % =3,149591886...;

T
=160tg — =3,141996443...;
Asso 9260

A, = 2022tg ZL =3.141595181528153765416466771500082094511498951...;
A, = 2023tg % =3.141595179029571462801308508332406982889593998...
r=>1,A, = ntgz>7z ;for n—>oo we have A, — 7.

n

A, =nrtg” ;if n—>oo, then A, —> 71 .
n
Remark: The best results are obtained when calculating the perimeter of regular polygons
inscribed in the circle with a diameter equal to the unit. In the case of circumscribed
polygons, the results for perimeter and area are identical.
7 OUTSTANDING LIMITS

By D.M. Batinetu-Giurgiu, Daniel Sitaru and Neculai Stanciu-Romania

ABSTRACT: In this paper we present 7 new limits of sequences and functions.

. In(1+%n!
Theorem 1. lim g =0
o= nf(2n -1
1
1 L'H P
Proof. lim In(1+%)* = fim SIn(1+x) = fim Lex o,
X—>00 X—o X X—>00

1+ ¥nny W/n! 0 ﬁ_ r vnt
!'anm_momln(HH) =0 'I‘Iin‘”—m_
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=0-lim —- =0-

e nooof2n-1)!

Theorem 2. If a >0, then I|m (\/_ l)«/_

Proof. (\/_ 1)\/_ £ n- (\/_ l)—\/r? el — Ina, vn>2.

“Ina
n

. e" -1
lim 1 si =1. So, I|m(J_ 1)¥/nt = —1Ina_|n—a
n—>o | e n—o Ly e
na
n
b,..
Theorem 3. If a>0, (b,),.; >0 are positive real sequences such that lim /== nb =b>0,
. bin
then lim (2 ~1)3b, :Ta'
\/— lIna
2/b, nb, en -1
Proof. (4”\/5—1)Q/bn =—~n-(Q/a—l)= . ‘lha, vyn>2.
n n 1I
—Ina
n
1 1Ina
b, o " . e" -1
||m\/_n=|,mn/b_n_| Ll.”__hm%[Lj =9;||m ~1
n—wo N n—o \l n" n—>o (n +1)”+ n—>o nbn n+1 g now Eln a
n
blna
lim 1 (Va - 1)\/_ S lna
e
: 21
Theorem 4. If a >0, then rIllm (Q/a—l)“ql(Zn - = %,
1/2n ni 1/2n nn enna—
proof. (Va ~1y/@n—pi = V=D g gy - M@= —ha, vn>2.
—Iha
n

,/2n nu /(2n 1)n o(ensnn " L2041 n o2
n—>oo n—mo n—>oo(n+1)n+l (2n 1)“ n>o n+1\n+1 e'
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1
=Ina

en -1 .
lim 1. lim@a-ny@n-Di=21.na=2"2
n—ow Elna n—ow e (S]
n
Theorem 5. If (X, )y, X, = %,c,i a>0,then lim e (Va -1)2/nt2n-)! =22 Y ha.

k=1

Proof. e (Va - 1)m_ nt(a-1). J_ yen-on

Ina
~ a2 [ Ina J J_ /2n 1|| e2(xnf|nn).e”4 _1.w.n (Zn_ll!.lna
n

eZInn 'n In a n
n74

. x,—Inn vn! 1

lim e?*~"M — 2 \where y is Euler-Mascheroni constant; lim \/n_ :E-

n—o N—o0

lim y@n-nh /(2n - (2n+1“ n" _im 2n+1( n "+1_E_

n—w n—mo n—><>o (n _|_1)n+1 (2n 1)“ n>o n+1\n+1 e !
—Ina 1 2

. e” -

lim 1 =1. Hence, lim e (Va-Dynt@n-lt =e? .1.=. 2. Ina=2e*""ha.
—Iha €
n

1 1
o ~ _Ina
Theorem 6. If a >0, then lim (a* —-1)(I'(x+1))* = o

1 1
1 1 1 ™ ™

X Ini X
Proof. f(x) = (a* —(C(x+1)* = x(a* —1). LEFD* o gy LO)"
X X
Ina 1
x 1 (I“(x+1))X
B Ina X '
X
1 1 1
X n I\n | n n
jm COD_ oy COEDT_ oy (0 _ iy o[ _ iy —(”+1) BN BN [
X—>00 X n—om n n—o N n—»o0 n” n—oo (n +1)”+ nsol N41 e
: : 1 Ina
Hence, lim(a* -1)(T'(x+1))* =lim f(x)=1-=-lha=—.
X—0 X—»00 e e
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1
Theorem 7. >|<|an Xsin X—lz(F(X +1)* = %

1

1 X
Prrof. f(X)=xsin iz(l“(x+1))X = x%sin %M lim xzsini?_:l;
X X X

X X—>00

(G K (GRS (1) \/E i 0D (Lj _1
n

X—>00 X n—ow n n—>o N n—oo n—ow (n +1) n+l n! B n—o\ n4+1 e

So, lim xsin iz(l“(x +1))* =1.
X—>0 X

References: [1]-Octogon Mathematical Magazine

[2]-Romanian Mathematical Magazine-www.ssmrmh.ro

THE SPECIAL TRIANGLE WITH SIDES +/a(b + ¢),/b(c + a), /c(a + b)

By Marius Dragan, Neculai Stanciu-Romania

Abstract. This paper presents some geometric and algebraic inequalities starting from a
certain triangle.

Keywords: geometric identities, geometric inequalities, algebraic inequalities.

MSC 2010: 51M16, 26D05.

INTRODUCTION: It is well-known that if u,v,w are the sides of a triangle, then \/U,\/V,\M
are the sides of a triangle. If we take u=a(b+c),v=b(c+a),w=c(a+b), where a,b,c

are the sides of a triangle, then we obtain that \/a(b +C), \/b(c +a), \/C(a+ b) are the sides

of a triangle. If we denote a'=,/a(b+c),b’'=,/b(c+a),c’'=,/c(a+b), x=ab+bc+ca

!

and we compute area S’ , of triangle with sides a',b’,c’ , we obtain

1652 =2 (a'b)* - > a'* = 2[ab(c® +x) +bc(a® + x) + ca(b? + x)] —a* (b +c? + 2bc) —

—b?(c?® +a”® +2ac) —c?(a” + b* + 2ab) = 2abc?® + 2a’bc + 2ab®c + 2x(ab + bc + ca) — 2a’b* —
—2b%c* —2c”a® —2ab*c —2a’bc — 2abc® = 2[(ab +bc + ca)® —a’b* —b*c® —c’a’] =

=4abc(a+b+c)=16Rrp-2p=S'=./2Rrp* =S’ = p/2Rr.

Also we obtain that:

1w . .S 2pV2JRr
p_zz a(b+c)lr_p,_z\/ml
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4s’ 4pv2Rr apv2Rr  2J2p 8p '
COSA,_b’2+c’2—a'2_b(a+c)+c(a+b)—a(b+c)_ be _
2b'c’ 2,/oc(a +b)(a +c) \(@+b)a+c)’

i A':\/l— bc :\/ a(@a+b+c) :\/ 2p
(a+b)(a+c) (a+b)(a+c) (a+b)(a+c)

o abe Jabc[T(a+b) J4Rp[J(a+b) |/p[J(a+b) _ [T+

, [2ap \/Zp 2p a
t = |— =a+./— =a° |— = ;
oA bc abc \/4Rrp N 2Rr

m

!
a

:\/Z(b’2+c’2)—a’2 :\/2[b(a+c)+c(a+b)]—a(b+c) :\/ab+ac+4bc:
4 4 4

1 , 28" 2J2pJRr  2J2pJRr
=—+vab+ac+4bc; h; =—= - = .

2 a a Ja(b+c)

In the next we obtain some results related to triangle with sides a',b’,c’.
MAIN RESULTS

Proposition 1. A refinement of lonescu-Weitzenbdck inequality.

In any triangle ABC is true the inequality:

ab+bc+ca24\/§\/ZES.
r

Proof. By lonescu-Weitzenb6ck inequality we have successively that
a2 +b?+¢? 2438 <

Euler

< a(b+c)+b(c+a)+c(a+b)>4v3p/2Rr < ab+bc +ca > 44/35 25 > 44/35, q.e.d.
r

Proposition 2. In any triangle ABC is true the inequality:

> Jab(a+c)(b+c) = 2v6VRrp+p® +r’ +4Rr
Proof. By Hadwiger-Finsler inequality we obtain successively

a”? +b? +¢? 2438+ > (@' -b)’ &
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o Yab'> 2\/§S’+%Za’2 &Y Jab@+o)bo) > 2£ﬁp+%2a(b+c) -

=2J6JRrp+> ab=2V6VRrp+ p® +r? +4Rr, q.e.d.
Proposition 3. In any triangle ABC is true the inequality:

> Jab(@+c)(b+c) > 4/6+/Rrp

Proof. This inequality results from Gordon inequality a’b’+b'c’ +c’a’ > 44/35' <

= > Jab(a+c)(b+c) > 4/64/Rrp, g.e.d.

Proposition 4. In any triangle ABC is true the inequality:

" Jab(a+c)(b+c) <i\/_p+ Zab

Proof. By reverse Hadwiger-Finsler inequality we deduce successively

>a? <4438'+3> (a'-b)’ <

6> ab' <4435 +5> a% < > ab’ s%swgzw

< Y \Jab@+c)b+c) £¥ pv/2Rr +§Zab,q.e.d.

Proposition 5. In any triangle ABC is true the inequality:

Ja(b+c) +./b(c+a) +./c(a+b) >4/864Rrp?

Proof. From Mitrinovi¢ inequality, i.e. p' > 3V3r" we obtain

%Z,/a(b+c) >33 gw(—b*/_ = (3 \alb+c))’ 212pV6VRr <

< Jalb+c) =4/864Rrp? , g.e.d.

Proposition 6. In any triangle ABC is true the inequality:

> Jab+c) =354 -¢[Rp[J(@+b) > 2% .3-3/Rrp
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27
Proof. From p'* > > R'r" we have successively:

LS GBTO) 27 H(a+b) 2«/_«/_p

<:>%(Z,/a(b+c))3 22—27,/RrpH(a+b) < (D Jalb+c))® =54, Rrp[ J(a+h),

where by Césaro inequality, i.e. H(a+ b) > 8abc = 32Rrp we obtain the desired inequality.

Proposition 7. In any triangle ABC is true the inequality:

7
> Jab+c) > ‘{/@-Q/Rrpl_[(awb) > 4/864Rrp? >2° -3-3/Rrp
Proof. The first two inequalities from the above yields immediately from

12

7 12 . .
p'? > ==R'r' > 27r'?, and the last is equivalent to

, true.

7 12
(4/864Rrp? )2 2(26 3.3 Rrp] ©25.37. p2 2 21.32 . Rr & p? 3 2N
Proposition 8. In any triangle ABC is true the inequality:

8p(> Jab+o)) <27[J(a+b)

Bf [[@+b) -

33 1
Proof. From p’< T\/_ R" we obtain EZa(b +¢) < T

<:>(Zw/a(b+c ) <— 2 H(?)er) g.e.d.

Proposition 9. In any triangle ABC is true the inequality:

If X,y¥,Z2>0,suchthat x+Yy+2z=1, then

S 2 LD g T 2 0024 L1620,
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Xyz
X+Y+1

Proof. Using Ravi substitutions a=y+2z,b=X+2z,Cc=X+Yy,p=X+Yy+2Z,r =

no 11G+Y)
4 xyz(x +y+1z)’

Sy +2)(2x+y+12) Zi/a.e\/H(XJr y)l:[‘r(ZX+ y+2) .

2‘{/216(x+ y+)[J(x+y) = 2% -3-%/@ ,

andby x+y+z=1, q.e.d.

from 7. we obtain

Proposition 10. In any triangle ABC is true the inequality:

If X,y¥,2>0,suchthat X+ y+2z=1, then 8@\/1—%)2 327H(1+ X) .

Proof. By Ravi substitutions and 8. yields 8p(z,/a(b +C) )2 < 27H(a +b)

< 8(X+ Y+ z)(z\/(y+ 2)(2x+y + z))2 <27[[(2x+y+2), q.ed.

Proposition 11. In any triangle ABC is true the inequality:

(Z ab +ac + 2bc jz <gl_[(a+b)
Jab+ac+4bc ) p

12 12

+C

Proof. From Tereshin,inequality i.e. Z <12R’ yields that

Zb(a+c)+c(a+b) <1 /H(a+b) oy ab +ac + 2bc 3\/_ H(a+b
; ab + ac + 4bc vab +ac+4bc P
Proposition 12. In any triangle ABC is true the inequality:

16pY ab<9[ J(a+h)

Proof. We have successively

58 ROMANIAN MATHEMATICAL MAGAZINE NR. 42




Romanian Mathematical Society-Mehedinti Branch | 2024

rein ar < 9 o 2ap 9 H(a+b)
ZasmAng szla(bﬂ)/(a+b)(a+c)S2‘, T &

=8py (aa+“§)(+ac+ =< 9o/TJ(a+b) < 8pYab+c)<9[J(a+b) =

<16pY ab<9] J(a+h), q.e.d.

Proposition 13. In any triangle ABC is true the inequality:

1 8p
>
Z\/ab+bc+4bc [[@+b)

1 . 1.2 1
—+—+—2>— we have Z
m m m R Jab+bc+4bc \/H(a+b)

8p

Proof. From

Proposition 14. In any triangle ABC is true the inequality:

> Vab+ac+4bc Sglfn%ﬁ

9 a+b
Proof. From m, +m; +m. < ER', we deduce Z\/ab+ac+4bc < 91’H§3—p) ,g.e.d.

Proposition 15. In any triangle ABC is true the inequality:

bc bc
> <6-
(a+b)(a+c) [T®+c)
Proof. Yields immediately from cos® A’ + cos® B’ +cos® C’' > 6cos A'cos B'cosC’ .

Proposition 16. In any triangle ABC is true the inequality: Z,/a(b +C) > \/12\/6\/ Rrp?

Proof. From (sin A’ +sin B’ +sin C')? > 6+/3sin A’sin B'sin C’  we obtain successively

Z _2ap i 5643 8abcp® Zp(zw/a(b+c)) 6\/_pw/8 4Rrp?
(a+b)(b+c) [[(a+hb)? [T@+b) — []@+b)

g.e.d.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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AN AMAZING CHAIN OF INTEGRALS

By Pham Duc Nam-Vietnam

PROBLEM (1)_PROVE:
- J‘l log*(1+x)log(1 + xz)
0

1+x
5 1 35 1 7 209m*
N - _ 2 _ 4 _
=gl (2) ((3”09( ) 64 l"g @) +96 log™(2) - ¢80
Naren Bhandari-Nepal
Solution:
[ fi log?(1+ x) log(1 + x2)
x| =
0 1+x
=log(1 +x?%)
log?(1 l 1 2)d(l 1 {
f 0g°(1 +2) log(1 +x%) d(log(1 +x)), =log?(1+ x)d(log(1 + x))
du = 2x
YT e

1
v==log®(1 +x)

3
1 Vo2 rtxlog®(1+x) 1 2

N P 2 _ 2 —Z10a%(2) = 2
=] 3log(1+x)log(1+x)0 3-/;) 1122 dx 3log(Z) 3]

xl0g3(1+x)
)= f BT

1
x,let:x - m =]
Lx—1Dlog®(x)
T hox(x2-2x+1)
2

_ L(x =1 log3(x) 3 2x —1 1
= %x((l—x)2+x2)dx f“’ﬂx} (1 D2+ 2 ;)d"

e S 9%( 1+i ):>
A0z 122 —a+ox >/

= J; log®(x) (—ER (1_1(1;_;1),() _%) ax

dx

1 1 1+
— a4 (0) _ 3
—4l0g 2) SRL log (x)l—(1+i)x x
2
1 1 +i 1+
— a4 (0) _ 3(,y___ " -
—4l0g (2) SRfO log (x) R dx+iRj log3(x) —(1+i)xdx
1 z 1+i %=
_ 4 . . 3 2
—4log (2)+6§RLL4(1+1)+SRf0 log (x)l—(1+i)xdx

1
= 7 10g*(2) + 6RLiy(1 +1)

1 , 141 _ :
+ ER_L 3 (log(x) —log(2)) S dx .Expand out and integrate yields:
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1 1+i 1+i 1+i
]=Zlog4(2)+6ERLi4(1+i)—6§RLi4< . )—6log(2)iRLi3( - )—3l0g2(2)§RLi2( ; )
1
—5log*(2)
2
, , (1t 1+
= 6%R <Ll4(1 +1i) — Liy (T)) —6log(2) 2RL13( 5 )
1+ 1
—31log?(2) iRLi2< 5 )—Zlog“(Z)
1+i\ 35 5m? 1 1+
. : —_ R _ 3 :
*Use.iRLl3( 5 ) 264((3) 19zlog(2)+4810g (2),§RL12( > )
5t 1 14+
—__ _ = 2 . . _ .
= e —5log (z),m<u4(1+1) Ll4( - ))
5 1N 2097* 772 3
R _ _ 2 2 - 4-2
gl <2>+30720+2selog (2) — 155 l0g"(2)
=) =6(—2Li (1)+209”4+7nzl 2(2) — ——10g*(2)
J= 8-"\2) T 30720 " 256 %Y 12899
35 512 1 572 1
- 2)[Z=¢(3) — ——10g(2) + —10g3(2) | — 310g2(2) | =— — =10g?(2
6log( )<64€(3) 192109( )+4glog ( )) 3log“( )(96 8109 ( ))
1
—Zlog‘*(Z)

15 1\ 2097* 2172 9 105
—_ _ "7 - 2 o 4 _
=gl (2>+ 5120 T 128 1097 (@) —g7l0g" (D) = 57-log () ((3)

1 2
4
:I——Slog (2)——3]

1
=§log4(2)
2( 15 /1y 2097 21r? 9 105
. o 9
< ‘*( )+ 5120 T 128 109 ) —gzlog" @ -3 109(2)6(3)>

3\ T g
5 1\ 35 72 41 2097
N - _ o 2 _ 4 _
= > Li, (2) + 6log(22)((3) = 0g*(2) + 5 log4 @ -
5 1N 35 N 77 41 2097
_ - -y == _) 2 — 4 _
=3k 4(2) 1653 log (2) g4 1097 (D) +5plog*(2) ——eor-(Q-E.D)

PROBLEM(3)_PROVE:

Ixlog?(x)log(1 — x) 5 1\ 13n* 5 5m2
_ _ : _ 4 2
I J;) dx 14( )+3840 96log (2)+96 log~(2)

2

1+ x2 4
Naren Bhandari-Nepal

2 -
Solution: I = fol—x log (fiiozg(l %) o =

%f; log?(x) log(1 — x) d(log(x? + 1)) _IBP

dx + lfl log?(x)log(x?+1) dx =
270 1-x

0 x

1 - 2
%log(xz + 1) log?(x) log(1 — x)|0 _ fl log(x)log(1—x) log(x?+1)

L =0
2/ =K

* Use : Cornel [oan Valean's generalized alternating harmonic series:
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(=™ 1log™ (x) log (1+2x2)
“m-1)! fo 1—x dx
=m{(m+1)—2""{1 —-2""™"Y)1og(2) {(m)

m—1 m—2
- Z Bk + DB(m — k) — Z 27m=1(1 — 27%)(1 — 27™K+) ¢k + 1)¢(m — k)
k=0 k=1

2 1x?
1fllog (x)log( > )
0

I(m)

Put:m=3=>l(3)=—§

e dx

= 30(4) ~ 31092 {(3) ~ FF() ~ FRIBR) ~ BB ~ 2:{(2)K ()

3 m s 1 tlog®(x) log (1+2_x2)
=3((4)—3—2109(2)((3)—5.3—2—62—6—452(2)=>f0 T~ dx

4

3 1
=-60(4) + 1—6l0g(2) (3) + 73T—2 +2G?* + 3—2{2(2)
o J‘l log?(x) log(x* + 1) e — J‘l log?(x) log(2) i
0 0

1—x 1—x
3 T , 1,
=—6((4)+1—6log(2)((3)+3—2+26 +3—ZC 2
Ylog?(x) log(x? + 1)
o fo °9 xlo_gxx dx — 210g(2) {(3)
3 mt , 1
=—6((4)+Elog(2)((3)+§+26 +§{ 2)=>7
3 mt 1
) = —6{(4) +14—610g(2) ((3)4+§+ 2G? +§CZ(2) + 2 l;)g(Z) {(3)
T T 1997 35
= —E+El0g(2){(3) +§+262+1152 +21log(2){(3) = — =760 +ZGZ+Elog(2) {(3)

1 log(1 — x) log(x? + 1 S (—1)k-1 1
K = f 09() log( x") 09 (x )dx:z( ;3 f ¥1 10 g(x) log(1 — x) dx
0 k=1 0

1 H, Derivativewrtk (1 H
From : f xK~1log(1—x) dx = —% it f x¥1log(x) log(1 —x) dx = k—’;
0 0
+ Hk(Z) B (2)
k k

= (=11 /H H,, @ 2
S K= Z -1 Mok n 2k~ (( )
= k 4k2 2k 2k

_ 15(—1)"-%,( +li(—1>k-1H2k<” {(2) O (~Dk!
T4 k3 2 k2
k=1 k=1

2 k?
k=1
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=

Use Z Dt Z (=D*Hyy
' k2 12’ k3
k=1

i 195 5 35 5
=35 @+ 11092(2) ¢(2) — 5 log(2) ¢(3) — 5 log*(2)

1y N DRy, )
oLl (E) ) Z k2
k=1

=262~ 224(4) 2 10g*(2) (D) + 1 10g(2) {(3) + 57 10g*(2)
1
+ 5Li, (E) (*%)
1(195 5 35 5, 1
SK=3 <3—2 () +510g*(2)$(2) — Z 10g(2)§(3) - 7 log* (@) = 5Liy (§)>

1 353 5 35 5
+ §<ZGZ - 6_4“4) —21092(2) (2) + glog(Z) ((3) + ﬁlog“(z)

o ()22

5 35 119 5 5 1
= G2~ - 10g*(2) {(2) + 5 10g () {(3) — 5 {(4) + 5= log (D) + - Lia 5)

16 2
572 5 5 1 1197% 35
— 2 _ 2 _ 4 . N -
= 62 =2 10g?(2) + 5 log (2)+4Ll4(2) e L (O
sl k= e B ¢
* =—]—-—K=—-| — —
2/ 2\ " 5760 1609(2)¢
512 5 5 1 1197% 35
22", 2 IR P 2y (Z) -
<G 2 10g2(2) + - 1og*(2) + 7 Lis (2) = +3Zzog(2)z(3)>
5 1 137* 5 572
R _ o 4 - 2
= 4Ll4<2>+3840 —-10g*(2) + 5 L0g*(2) (Q-E.D)

NOTE: (), (x
*) From the book: (Almost) Impossible Integrals, Sums, and Series by Cornel loan Valean

Ixlog(x)log?(1 —x)
dx

PROBLEM(4)_PROVE:I = f

0 1+ x2
15 1\ 167n* 5 ?
= 21, (= — 2 10g*(2) + —log?(2
8 4(2)+23040 64109"(2) +3710g"(2)

Naren Bhandari-Nepal

. . x oo _ _ 1 - HZ+H®
Solution: * Power series ofi——= Yo (=) 1x2n~1 and: fo x" 1log?(1 —x) dx = 22—~

= Derivative with respect ton

1 20(3) 20(2)H, H? HZ 2H,H?
=>f x" Tlog(x) log?(1 — x) dx = < )+ <@ - _ nz ——121— AL

0 n n n n n
2H®

n
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i 1
== Z(—l)n‘lf x*" Llog(x) log?(1 — x) dx
0
n=1

2n 4n?  4n? 2n 2n

=Z(—1)n—1 (26(3)+2<(2)H2n_H§? H3, ZHZnHz(fl)_ZHz(fl)>
2n

n n 4n?  4n? n n

n=1
= i (-t <<<3)  S@Hyy  Hy) H Halg) Hé?))
N 3
D RS CPPPIE)
=1
: Z(—l)n-l EOMon _ 1) (2o~ 1 10g°)

3
Z( -t ;ln ,use: Cornel loan Valean's generalized alternating harmonic series:

n=1

St o a5

n  (m-D!), 1-x

= m((mn-zl- 1) —2""(1 =271 1og(2) {(m)
m-1

- Z Bk + DBGm— k) - Z 27 (1 = 27 (1 = 27 e + DG — )

X

3
H,, 1997T 3
— n-1_2n _ — (G2
Letm=3= E( 1) - =11520 32109(2)((3) G

H
* From : generating function of: Z —Tzlx”
n

n=1
1 1
= —§l0g3(1 —x)log(x) —log*(1 — x) Li,(1 —x) + ELi%(x)
+21log(1 —x) Liz(1 — x) + Liy(x) — 2Liy(1 — x) + 2{(4), then:

Z Ao D™t =26% - iloy“(Z) +109%(2)¢(2) - —5109(2) (3) + 2—((4) —nG log(2)

n=1
f, . (1+i 5 /1
- 2n3 (1is () ) -3 (3)
@ 1
* From : generating function of: Z —x" =z log3(1 —x) log(x) — % log*(1 —x)
n=1
x

+ Elog2(1 —x) Liy(1 — x) = log(1 — %) Lis(1 — %) + Lis(1 — x) — Li, (x - 1)

— {(4), then:
 Hyp H 5 35 1
Z (-1 = - 10g*(2) ~ 210g* () {(2) + 2 L0g(2) {(3) ~ 1ot {(4) + 776 log(2)

n=

+7tw Li <1+1) +5L' (1
2>\ 44 2)
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HP 353 5 35 5
) BT =26 - =2 0(4) — 5 10g*(2) §(2) + H108(2)(3) + 57 10g* ()

1
+5Li, (E) (%)
* Combine these results: /

= () 10g(@) + oL D

1
- 15(2)1092(2)
1 353 5 35 5 1
-3 (202 = 220(8) — 5 0g* @) ¢(D) + Zlog(2) {(3) + 57 log* (2) + L, (§)>
1 5 35 231
- (262 - 4—8l0g4(2) +10g?(2) 7(2) — Elog(Z) ((3) + 3—25(4) — 76 log(2)

- (10 ()) -1 @))

5 3 35 137 1
- (%l094(2) — 51092(2) () + 6—4109(2) ((3) - ﬁf(‘l) + ZTTG log(2)
T [ 1+ 5 /1 1997 3
T <Ll3 ( 2 )) Tl (E)) N <11520 ~ 321092 ¢(3) - GZ)
15 (1\ 167x* 5 w2
= Ly (5) + 5o = —10g"(2) + 3-10g*(2) (Q-E.D)

(%): https://math.stackexchange.com/questions/3803424 /how — to — find — sum —n — 1
—infty — frac — Inh — 2nn3 — and — sum —n — 1 — infty
— f/3803762#3803762

PROBLEM(2)_ PROVE:
Ixlog(x)log(1—x) x
I= f log(
0

)d _5L, (1) 89 N 5 ] 4(2)+nzl 2(2)
1+ x2 /T8 \2) T 23040 " 192°%9 28°°%9
Naren Bhandari

Solution: From : problem(3), problem(4) :

e [ g )+ B @+ e
e [ R D e 5] 5o+ s
(0 (e) g agtest + o)

2

5 1 897* 5 T
— 7 I _ 4 - 2
—8Ll4<2) s+ 7o 10g" (D) + 7510g7(2) (Q-E.D)
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PROVING THE REFLECTIVE PROPERTY OF AN ELLIPSE

By Benny Le Van'-Vietnam

The reflective property of an ellipse states that any rays passing through a focus shall hit the
boundary and reflect to the remaining focus. This property has been applied in multiple sites
around the world?. In this article, we shall prove this geometric property. SOLUTION:

Given ellipse (E) as illustrated in Figure | with the following equation:

XY
Bzt =1 &

Figure I. The illustrated ellipse, constructed via GeoGebra.

In (1), a and b are semi-axes of (E) such that 0 < b < a, and the focus is accordingly c. The
foci are, respectively, F(—c, 0) and G(c, 0). Given point H(j, k) which belongs to (E). If k =
0, the problem is straightforwardly proven. We consider k # 0. We are supposed to prove
that HD is the bisector of triangle HFG.

The tangent line (t) of (E) at H and its correspondingly perpendicular line (1) are therefore:

1 https://orcid.org/0000-0002-6428-8731.

2 See: Dawson, S. (2021). The Reflective Property of an Ellipse. Retrieved February 10, 2023, from
https://personal.math.ubc.ca/~cass/courses/m309-
0la/dawson/index.html#:~:text=The%20Reflective%20property%200f%20an%20ellipse%20is%20simply%20thi
$s%3A%20when,pass%20through%20the%200ther%20focus.
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jx ky

(
|
05+ =1 0:1

b? — k4o
| Y

Let D(d, 0) be the intersection of (1) and FG. Since y, = 0, we get:

ku 5
k+ﬁ=0=>u=—b

. b?\ _ jc?
d:] 1—; =a_2

We calculate DF and DG as follows:

Accordingly,

]C

DF——+C——(a + jc) (2)
c c
DG—c—]———Z(aZ—jc) (3)
a? a
From (2) and (3), we get:
DF a?+jc
DG at—j @
a? — jc

In (4), it is noticeable that there exist ¢€e[0,27] such that j = a cos ¢. This is to ensure that
a? > |jc|, resultingin DF > 0 and DG > 0.

We calculate HF as follow:

HF?=(+c)?>+k?=j2+2jc+c?+k? (5)
As point H belongs to (E), we get the following relation:
jZ kZ kZ aZ _j2 b2 ' (aZ _ CZ)(aZ _jZ)
_+ﬁ_1 b2: 22 :>k2:?(a2_]2): 22 (6)

Replacing (6) into (5), we obtain:
a2 _ C2 a2 __ 32
HF2=j2+2jc+c2+( )g )
a
a’j? +2a’jc + a’c® + a* —a®(j* + ¢?) +j?c? _a*+2a’jc +j%c?
B a? a?

Therefore,

2 +
a jc (7)

HF =
a

As point H belongs to (E), we apply the definition of an ellipse:

HF + HG = 2a (8)
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From (7) and (8), we get:

a’+jc a®—jc
T a

HG = 2a — HF = 2a — (9)

From (7) and (9), we get:

HF a?+jc
— = . (10)
HG a?—jc
From (4) and (10), we obtain:
DF HF
DG HG

Henceforth, HD is the bisector of triangle HF G, which consequences in QED.

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-V
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

4r  h, h, h, R
— < + <
R?2 " ryr, r.or, rary  2r?
Proposed by George Apostolopoulos - Greece
Solution: We prove the following lemma:

Lemma.

2) In AABC the following relationship holds:

h h h 1 4R + r\?
a_l_b c 1+(S )]

I,r, rtg, r,n, 2R

. 25 S .
Proof: Using the formulas h, = - andr, = —we obtain:
2s
a

_ _ 2 2 2
= 2y (b)) _ 2 HstH @R i [1 + (4R+r) ] which follows from

S S a rs 4Rs S
s—b s—c

D)

Iplc

(s—=b)(s—c) r[s®+ (4R +1)?]
Z a - 4Rs

Let’s get back to the main problem. LHS inequality. Using the Lemma the inequality can
be written:

1 4R +1\?] _ 4r
—l1+( 5 )lzﬁﬁsz(R—Sr)+R(4R+r)220
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We distinguish the following cases:
Case 1).If (R — 8r) = 0, the inequality is obvious.
Case 2).If (R — 8r) < 0, the inequality can be rewritten R(4R + r)? > s2(8r — R), which

R(4R+r1)?

follows from Blundon - Gerretsen’s inequality s? < 2 (ZRD)

R(4R+r1)? (81‘

. 2
It remains to prove that R(4R + r)? > 2GRo)

R) © R = 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.
RHS inequality. Using the Lemma the inequality can be written:

[1 + 4R+r) ] > % & s?2(R? —r?) > r?(4R + r)?, which follows from Gerretsen’s

2
inequality s? > 16Rr — 5r2 > %.

It remains to prove that ——— r(4R+r) (R? —r?) > r?(4R +r)? © R = 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.
Remark: Let’s interchange h, withr,.

3) In AABC the following relationship holds:

1 I, Iy I, R
- < + + <
r~ hyh, hch, h,h, = 2r?

Proposed by Marin Chirciu - Romania
Solution: We prove the following lemma: Lemma.

4) In AABC the following relationship holds:

I, Iy 1 4R +1\*
+ + =—|1+ ( )
hyh, hch, h,hy, 4r s

Proof: Using the formulas h, = 2:5 andr, = - we obtain:

r, _z B z s+ (4R+1)? 1 1+<4R+r)2
hyh, Z£u28 25_48 s—a 4rs s T 4r s

b ¢

s24(4R+1)2

which follows from }; Sb_—: = -

Let’s get back to the main problem. LHS inequality. Using the Lemma the inequality can
be written:
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2
i [1 + (ﬁ) ] > % & (4R +r)? = 3s? (Doucet’s inequality)

S
Equality holds if and only if the triangle is equilateral. RHS inequality:

Using the Lemma the inequality can be written:

4R+r

(5

2
) ] < % & s?(2R —r) = r(4R + r)?, which follows from Gerretsen’s

2> r(4R+r)?
—  R+4r

inequality s > 16Rr — 5r
) r(4R+r)? 2 o .
It remains to prove that =—— (2R—r) =2 r(4R+r)? © R = 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

h h h r r r .
Remark: Between the sums — + —2 + —and —- + —2 + — the following
I'pfc TIelg  Talp hphe  hchy  hghy

relationship holds:
5) In AABC the following relationship holds:

h h h 'y I r
a + b C < a + b + [
Ip I I, Iy hbhc hcha hahb

Proposed by Marin Chirciu - Romania

Using the following Lemmas, the inequality holds:

i 1+ (4Rs+r)2] < ﬁ [1 + (4Rs+r)2] & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

Remark.The following sequence of inequalities can be written:

6) In AABC the following relationship holds:

4r h, h, h, r, Iy I, R
— < < + + <
RZ " nr, ror, r,rp, hyh, hhh, hh, = 2r2

Solution See inequalities 1) and 3). Equality holds if and only if the triangle is
equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY HOANG LE NHAT TUNG-II
By Marin Chirciu-Romania
If x,y,Z > Osuchthatx +y + z = 3 then:
3(Vx+3y+Vz+1) > 4(xy+yz+zx)

Hence, find the minimum value of expression

X y z
= + +
y+z z+x x+Yy

3 3 3 3
+g x+ Yy +32)

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution: Step 1. We prove that 33/x + 2x2 > 5x; (1)

Using AM-GM inequality, we get:

i/%+i/§+i/}+x2+x2255\/"\’/}-"\’/}-"\’/}-x2-x2=5x@
3YYx +2Y x% > 15 equality for Vx = x? @ x = 1.
Step2. We provethat3Y {x +2Y x? > 15; (2)

Summing relations (1), we get: 3. 3/x + 22X x? > 5% x =53 = 15, equalityforx =y =
z=1.

Step 3. We prove that: 3(%/5 + i/; +3/z+ 1) > 4(xy + yz+ zx); (3)

Using hypothesis condition, we have:
Yx2=(x+y+2)?%-2(xy+yz+zx) =9 —2Y yzand with condition (2) it follows:
33 Vx+2(9-23y2) 215 3(Vx + Yy + Vz)+3=4(xy+yz+zx) &
SG/E + i/; + Yz + 1) > 4(xy + yz + zx), with equality forx =y = z = 1.

Let’s solve the proposed problem:

We show that:

X y z 9

> ; (4
y+z+z+x+x+y_2(xy+yz+zx) )

Using Bergstrom Inequality, we have:
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X x? X x)? 9
Zy+2=2xy+x222(xy+zx)=ZZyz

i £ X Y __Z -y =
Equality holds if iy Sx=y=2z

Step 5. We show that:

P=x+y+z+(f+[+f ; (5)

y+z z+x x+Yy

Inequality (3) it can be rewritten as:
3(Vx +3fy +Vz) = 4(xy + yz + zx) - 3; (6)

From (5),(6) we get:

: * n +x+y 8(\/_+‘/_+\/_)_22 z %(42312_3):

=y+z Z+x

9 3 AGM 9 3
S D0 A Y N R Yo
2Yyz 2 8 2Yyz 2 8

Equality holdsif x =y =z = 1.

So, P > 2’71, with equality for x = y = z = 1 then minimum of expression P is %which is
attained for (x,y,z) = (1,1,1).

2.1f x,y,z > O suchthat x + y + z = 3 then
2(Vx+3/y+Vz) +3 = 3(xy + yz + zx)

Hence, find the minimum value of expression

B A (Vx+iy+¥z)n=0

y+nz zZ+nx x+ny 3(n+1)

Proposed by Marin Chirciu-Romania
Solution by proposer:

Step 1. We prove that: 43/x + 3x2 > 7x; (1). Using AM-GM inequality, we get:

‘{/}+W+W+A{/§+x2+x2+x2271/%-%-‘{/}-4x-x2-x2-x2=7x(:>
43/x + 3x% = 7x, equality if Vx = x? & x = 1.
Step 2. We prove that 4, V/x + 3 x? > 21;(2)

Summing inequalities (1), we get 4. Vx +3Yx2>7Yx=7-3 = 21,
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Equalityif x =y =2z = 1.
Step 3. We prove that:
2(Vx + 4y + Vz) +3 = 3(xy + yz + zx); (3)
Using hypothesis condition, we have:

Yx?=((x+y+2)?—2(xy+yz+zx) =9 —2Y yzand with inequality (2), it follows:

4Z</§+3(9—zzyz) >21 60 2(Yx + 4y +¥2) +3 2 3(xy + yz + zx)
Equality holds if x = y = z = 1.Let’s solve the proposed problem.

Step 4. We show that:

B . - k 0
y+nz z4+nx x+ny m+1Dxy+yz+zx)’

Using Bergstrom inequality, we get:

x x? - S x)? 3 9
Zy+nz_2xy+nxz_2(xy+nxz) T (m+1)Yyz

Equality holds if X - Y -

Sx=y=z
y+nz z+nx x+ny
Step 5. We show that:

X y z . . 5
> .
y+nz+z+nx+x+ny 3(n+1)(\/_+‘/;+\/_) +1'(5)

Inequality (3) it can rewritten as:
2(Vx + W+W) > 3(xy + yz + zx) — 3; (6)

From (5),(6) we get:

X y z . .
= >
y+nz+z+nx+x+ny 3(n+1)(\/_+‘/;+\/_)

9

3 3 9 1 AGM
> — = >
_(n+1)2yz+3(n+1)( Zyz ) (n+1)2y2+n+1 Thv1 <

- 9 y 1,3 2 5
T m+1DYyz n+1 YT nF1 “ndl n+l n+t
Equality holds if: m = —Zyz e Qyz)?=9e Yyz=3.

n+1

Equalityin (5)if x =y =2z = 1.

73 ROMANIAN MATHEMATICAL MAGAZINE NR. 42



Romanian Mathematical Society-Mehedinti Branch | 2024

From P > %, equality if x = y = z = 1 it follows that minimum of expression P is i
which is attained for (x,y,z) = (1,1,1).

Note. See problem UP.310 from 21-RMM Sumer Edition 2021 proposed by Hoang Le Nhat
Tung-Hanoi-Vietham.Remark. The problem it can be developed.

3.1fx,y,Z > 0Osuchthatx + y+2z=3,n € N,n > 2 then
n(Vx + 3y +Vz) + 3(n—2) > 2(n — 1)(xy + yz + zx)

Hence, find the minimum value of expression

(Vx+1/y+¥z);2>0

p=— 42 4 % 4 =
Cy+dz z+Ax x+1dy 2n—-1)(A+1)

Proposed by Marin Chirciu-Romania
Solution by proposer
Step 1. We show that: ni/x + (n — 1)x? > (2n — 1)x; (1)
Using AM-GM inequality, we get:

nVx+m—-Dx?="x+Vo+-+Vx+x?+x2++x2>

> (2n — 1)2n_1\/7{/§- Vx o Vx-x2x2- . x2=0Q2n-1x &
nVx + (n — 1)x? > (2n — 1Dx, equality for Vx = x? @ x = 1.
Step 2. We prove that: nY ¥/x + (n — 1) Y x? > 3(2n — 1); (2)
Summing inequalities (1) we get:
nZW+ (n— 1)Zx2 > (2n— 1)Zx =(2n—-1)-3=32n—-1).
Equalityforx =y =2z = 1.

Step 3.We show that:
n(¥x + Ny + Vz)+3(m—2)>2(n—1)(xy +yz +zx); (3)

Using Hypothesis condition, we have:

Yx2=(x+y+2)?-2(xy+yz+zx) =9 —2Y yzand with inequality (2), it follows:

nzw+(n—1)2x223(2n—1)=}

nZW+(n—1)(9—22yz)23(2n—1)<:>
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nYyVx+3(n—-2)=2(n—-1)Yyz equalityforx =y =z = 1.
Let’s solve the proposed prolem.

Step 4. We show that:

X N y 4 z_ 9 _
y+Adz z+x x+ily A+ Dxy+yz+zx)’

(4)

Using Bergstrom inequality, we get:

X x? X x)? 9
Zy+/12=2xy+/1x222(xy+/1xz) = A+1)Yyz

. x y z
Equality for = = Sx=y=2z
quality fo y+idz  z+Ax  x+Ay xX=Yy

Step 5. We show that:

3(3n—-2) _
n—-1A+1)’

X y z n

p =
y+lz+z+lx+x+ly+2(n—1)(A+1)( ©)

n n n >
Va + 3y + Vz) = T
Inequality (3) it can rewritten as:

n(¥x + Ny + Vz) = 2(n— D(xy + yz + zx) — 3(n — 2); (6)

Using (5),(6) we get:
I y z n
P _y+/12+z+/1x+x+/1y+2(n—1)(A+ 1)(

9 1
ZA+DYyz  2-DG+D

Vx+ 3y +Vz) =

[Z(n— 1)23/2— 3(n— 2)] =

9 1 3(n—2) AGM
“ O+ 1)2yz+,1+1zyz_2(n—1)(,1+1) =

9 1 3(n—2)
ZJ(A+1)zyz'A+12”_2(71—1)(“ -

3 3(n—2) _ 3(3n-2)
A+1 2n—-DA+1D) 2(—-1DQA+1)

=2

. . . 9 _ L
Equality holds in AGM if aD3ys — Ael

Yyze Qyz)?! =9 e Yyz=3.

Equality holdsin (5)if x =y =z = 1.

3(3n-2)

From P > D)D)

with equality for x = y = z = 1 it follows that minimum of expression
3(3n-2)

Pis a-D0D attained for (x,y,z) = (1,1,1).
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Note: For n = 3,A = 2 Problem UP.310. from 21-RMM-Summer Edition 2021 proposed by
Hoang Le Nhat Tung-Hanoi-Vietnam.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY MARIAN URSARESCU-VI
By Marin Chirciu — Romania

1) Prove that in any acute-angled triangle the following inequality holds:

2 2 2 2

h; h; h:z 12r
2 2 ZZ p2

Wag wy, W¢ R

Proposed by Marian Ursdrescu - Romania

Solution We prove the following lemma:
2) In AABC the following relationship holds:

2 2 2 2
b b (bo)

w2 wi w?Z 4R2s?

Proof.Using the following formulas: h, = Z:S and w, = % cos %, we obtain:
252
ha _ (?) _ 8% be(b+0)? S?  bc-4bc  b%c?
wi (ECOSQ)Z T a?b2c? s(s—a) ~ 16R®S? s(s—a) 4R%s(s—a)
b+c 2

b2c2 Bergstrom

L L, Gbo? _ Gbo?
It followszwg > 4RZZS(S_3) = 4RZ Y s(s—a)  4R2s?

Let’s get back to the main problem:

Using the Lemma it suffices to prove that:

(ERIZZ)ZZ > 1;22 o S +:;2-:24Rr)2 > 1;5 © s?(s?+ 8Rr—46r2) + r’(4R+1r)2 >0
We distinguish the following cases:
Case 1). If (s® + 8Rr — 461r2) > 0, the inequality is obvious.
Case 2).If (s? + 8Rr — 46r?) < 0, the inequality can be rewritten:

r2(4R + r)? > s2(46r? — 8Rr — s?), which follows from Blundon-Gerretsen’s inequality:
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R(4R+R)?

16Rr — 5r2 < s? <
2(2R-r)

. It remains to prove that:

R(4R + )2

2 2>
r‘(4R +r)? > 22R—1D)

(46r? — 8Rr — 16Rr + 5r%) © 24R? —47Rr—-2r’ > 0 &

< (R—2r)(4R +r) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark. From the above proof, the condition of acute-angled triangle it is not
necessary.

Remark. Inequality can be strengthened:
3) In AABC the following inequality holds:
h? h h? eér
—_ —_ —_ 2 R
wZ wi wiZ R
Proposed by Marin Chirciu - Romania

Solution Using Lemma, it suffices to prove that:

Xbc)? 6r (s?+r?+4Rr)? 6r
WZE@ ARES? ZE@52(52+2r2—16Rr)+r2(4R+ r)?=>0

We distinguish the following cases:
Case 1).If (p? + 2r? — 16Rr) = 0, the inequality is obvious.
Case 2).If (s? + 2r? — 16Rr) < 0, the inequality can be rewritten:

r2(4R + r)? > s?(16Rr — 2r? — s2), which follows from Blundon-Gerretsen’s inequality:

16Rr — 512 < s? < RGR+1)?

< . It remains to prove that:
2(2R-r)

2
r2(4R +1)? > % (16Rr — 2r? — 16Rr + 5r2) R > 2r (Euler)

Equality holds if and only if the triangle is equilateral.
Remark. Inequality 3) is stronger than inequality 1)
4) In AABC the following relationship holds:

h? h h? eér 12r?
— =t —==>—=
w2 wZz wZ R~ R?

12r2
RZ

Solution: See inequality 3) and % = < R = 2r (Euler)

Equality holds if and only if the triangle is equilateral.
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Remark: If we replace h, with r, we propose:
5) In AABC the following relationship holds:

2 2 r? 3R

wZ wg w?Z o 2r

Proposed by Marin Chirciu - Romania

Solution We prove the following lemma:
Lemma.
6) In AABC the following relationship holds:

2

r; 2

7 1 r’s
w2 wz wiLi(s—a)?

. . S b A .
Proof. Using the following formulas: r, = — and w, = 2—2 cos—, we obtain:

b+
S 2
3 _ (;) S (b+0) - rs? 4bc s
wi o (Zbc A)Z “4s bc(s—a)? = 4s bc(s—a)®  (s—a)3
—COS —
b+c 2

r?s
(s—a)¥’

It follows Y, ‘:/—gz > )

Let’s get back to the main problem.

. . . rls 3R
Using Lemma it suffices to prove that: . o 2o
3_ 2
Using the identity in triangle: ) (S_la)3 = (4R+rr)353125 R the inequality holds:

r?s 3R .
Y —— = — we writer?s -
(s—a) 2r

(4R+1)3-12s%R
r3s3

> % & 2(4R +1)3 — 24s5?R > 3s’R &

& 2(4R +1)3 = 27s?R, it follows from Blundon-Gerretsen’s inequality.

R(4R+r)? .
2 < ﬂ. [t remains to prove that:

— 2(2R-1)
R(4R + 1)
2(4R+1)3 227R-¥@5R2—8Rr—4r2 >0
2(2R—r)

& (R—2r)(5R + 2r) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY NGUYEN VAN CANH-XIII
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

3 < 1 4 1 4 1 1
4(2R%2 +12) ~ a? +2b* b?%+2c¢? %+ 2a%" 12r2

Proposed by Nguyen Van Canh - Vietnam

Solution: LHS inequality: Using Bergstrom’s inequality we have:

1 1 (1+1+1)? ( )

S+5+5 = wherefrom =)=z2=

a? + b2 2 T a?+b%2+c2  a?+2b?’ X 2+2b2 <X Z
€))

1 1 1 1
=3 st oozt 2—_2_—_'_2=
a“+2b b“+2c c2+2a 3 4r

= RHS, where (1) ©

1272

PN za—lz < — (J. Steining, 1963)

Equality holds if and only if the triangle is equilateral. RHS inequality: Using Bergstrom’s
inequality we have:

1 1 1 (1+1+1)2 9 3 (;) 3 — RHS
T a2+42b2 | b242¢2  c242a% T Y(a?+2b2) 3% a? Ya? = 4(2R2+r2)

where (1) © =— oYa?<4QRR?*+1r¥) &

z 2 = m
& 2(s? =12 —4Rr) < 4(2R? +1?) © s? < 4R? + 4Rr + 3r?, (Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.

2) In AABC the following relationship holds:

9 1 1 1 1

< < ,neEN
4(n+ 1)(2R% + r2) ~ a? + nb? + b2 + nc? + cz+na?” 4(n+ 1)r? n

Marin Chirciu-Romania

Solution: RHS inequality.Using Bergstrom’s inequality we have:

1 1 1 (1+1+4+-41)2 Mm+1)?

2 =

a’? b2 b? ~ a*+b%*+ -+ b* a?+nb?
wherefrom }, 2+ =< Z(njl)z (a—12+ :—2) = EZ . We obtain:
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1
L 1 1 1 1 1 1 1
" a?+nb? ' b%24nc? = c%+na? = EZ; = n+1 4r? a(m+)rz RHS, where (1) &
< Za_lz = 4_12' (J. Steining, 1963). Equality holds if and only if the triangle is equilateral.LHS

inequality. Using Bergstrom’s inequality we have:

1 1 1 (1+1+1)2 9
E=— 2 T3 >t 7 = 2 2y 2
a?+nb%2 bZ+4+nc? c2+na? " Y(n?2+nb2) (m+1)Xa

i ? i LHS
= > =
n+1)Xa? ~ 4(n+ 1)(2R?% +1r?)

9 9

where (2) © oYa?<4QR?*+1r?) &

(n+1)Y a2 — 4(n+1)(2R%2+12)
& 2(s? =12 —4Rr) < 4(2R? +1?) © s? < 4R? + 4Rr + 372, (Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.

Note: For n = 2 we obtain the proposed problem by Nguyen Van Canh, Vietham in RMM
12/2020.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

SPECIAL TRIANGLES

By Bogdan Fustei-Romania
We consider triangle ABC and X a point in the plane of triangle.
AX,BX,CX intersect BC,AC si CX in points X, X}, X.
AX,,BX,,CX_. are cevians of point X.
AX,g BXpg, CX g < n,,ny, n, are cevians of Nagel in triangle ABC.

Then we have the next theorem:
n,, 0y, n. are cevians of Nagel in triangle ABC,

can be lengths of sides of a triangle(Cevians as Sides of Triangles-Zvonko
Cerin).

We show that: p? = nZ + 2r,h, (and analogs);

2rarpr
rsh, = =22< (and analogs) ;
Ip+re

h, = 2rvle (and analogs);

I'p+r
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2rahy
pz - ng:zraha - (p + na)(p - na)= zraha = p—n; = Zala = p=ng +

p+na
ATaTpTe
(na+p)(rp+7e)
p+p>p-true, cevians of Nagel can be lenghts of sides of a triangle then we have:

n, + ny, > n.(and analogs).From all what we present we have the next conclusion:

1 1 1
(na+p)(rp+rc)  (np+p)(ratre) (nc+p)(ra+rp)

1)

(and analogs),so

1 1 1
(ma+p)(rp+re) ’ (np+p)(ra+rc) ’ (nc+p)(ratrp)

can be lenghts of sides of a triangle.

LEMA:If x,y,z are lengths sides of a triangle, then
Vx,.[y,Vz are lengths sides of acute triangle.

. . . A
Now we will use the next relation relatia ry, + r, = 4Rcos? 2 (and analogs), and we

obtain next results:

= can be lenghts of sides of acute triangle.

,/na+pcos— an+pcos Jnc+pcos—

2rahgy
p+ny

= p — n, (and analogs) = Zr_a:a = p + n, (and analogs).

n, ,ny, n. are cevians of Nagel in triangle ABC, can be lengths of sides of a triangle,

then we obtain:

raha rphp rch
p-n,’ p-np’ p-n.

can be lenghts of sides of a triangle.

)raha rphp  Tche

. , can be lenghts of sides of a triangle.
ptn, p+np pinc

2rarple

We use ryh, = (and analogs) ,and we obtain:

1 1
(P—na) (rp+re) ’ (p—np)(ra+tre) ’ (p—nc)(ra+rp)

5)

can be lenghts of sides of a triangle.

r, + r. = 4Rcos? > (and analog) and we use Lema we obtain next results:

1
can be lenghts of sides of acute triangle .
),/p —-n, cos— Jp ny cos— p—- nc(:osE g &
J(b=c)2+4
We shown that % = ¥ Cz)r Har? (and analogs), but also we shown that = h— Z—” % can
a a b c

be lenghts of sides of a triangle, so we will have the next results :
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7) (b — €)% + 4r2,/(a — b)? + 412, \/(c — a)2 + 412 can be lenghts of sides of a
triangle.

But ANa=\/(b — €)? + 4r?( and analogs), N,-point of Nagel ,so we obtain:

8) AN,, BN,, CN,, can be lenghts of sides of a triangle.

We know that AN3=% (and analogs)(RMM 33) and AGf%:C) (and analogs)(RMM 32)

also we will use the next theorem:

(Murray Klamkin’s Duality Principle for Triangle Inequalities):If P a point in Int(AABC), let
PA=x,PB=y,PC=z,AB=c,AC=b,BC=a.Then ax,by,cz can be the lenghts of the sides of a triangle.

Using this theorem we obtain the next results :
9)a®n,,b?n,, c?n, can be lenghts of sides of a triangle.
10)a,/n,, b,/ny ,c,/n. can be lenghts of sides of acute triangle.

11)ag,(ry, + r.), bgy (r, + 1), cg.(r, + 1) can be lenghts of sides of a triangle.

A B c
12),/ag, cos, bg, COS /€8 COS >

can be lenghts of sides of acute triangle.
(we used relation ry, + r. = 4Rcos? % (and analogs)).
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NEW TRIANGLE INEQUALITIES WITH BROCARD’S ANGLE
By Bogdan Fustei-Romania, Mohamed Amine Ben Ajiba-Morocco

ABSTRACT : In this paper are created new inequalities in triangle using Brocard’s angle.

Panaitopol’s Inequality : In any triangle ABC, we have

m, R
AR —
h, = 2r (and analogs), (1)

with equality if and only if the triangle ABC is equilateral.
Proof :
Considering the origin of the complex plane at the circumcenter of triangle ABC and

let z;, z,, Z3 be the coordinates of points A, B, C, respectively.
. 28
Using the formulas h, = — and

S = pr, the desired inequality (1) can be rewritten as follows,

am, < Rp. We have :

Zy + 23
2

2amy = 2|z; — z3]. |z — = |(z, — 23) (221 — z; — 2z3)|

= |z1(z, — 23) + 23(23 — 21) + 2,(2y — 2,)|
< |zl 1z, = z3| + |z3l. |23 — 21| + |23]. |2, — z;]

= Ra + Rb + Rc = 2Rp,
This completes the proof of (1). Equality holds if and only if the triangle ABC is equilateral.

Now, in triangle ABC, we have the following relations (see, Bogdan Fustei
— About Nagel's and Gergonnes's cevian — www. ssmrmh. ro),

2rp1, = h,(ry, +1.) (and analogs),

4mg? = 4rpr, + (b — ¢)? = 2ha(r, + 1) + (b — ¢)? (and analogs)

2S S
On the other hand, using the formulas h, = = andr, = — (and analogs), we have

S N S _S(Zp—b—c)_ 4S.a B 4S.a
p—b p—c @—-b)p-c) (a—=b+c)a+b—-c) a?—(b—c)?’

T'b+T'C=
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N o = 4S5.a o = 2h,.a? _ 2ha(b—c)?
e *az—(b—0)? *az—(b—0)? “ T a2—(b-0)?

Using these relations and identities, we have

(rp +71.)2—4my? = (r, +1.)(r, + 1. — 2hy) — (b — ¢)?
2hg(ry +1)(b —c)?
= — (b —¢)>.
a?—(b—c)?

and since we have, 2hy(ry + 1) =4r,r, =4p(p —a) = (b + ¢)? — a?, and,

b? + ¢? — a?
CosA = ST Tv— rr, = ( —b)(p —c), then

(b +¢c)? —a?
a?—(b—-rc)?

, 2(b% + c?2 —a?®)(b — c)?
_1>(b_c) 4 -b)p-o)

o+ ami =

_ 2.2bccosA (b — c)? _ bccosA(b— c)?
B 4rr, B 7, '

__bccosA(b— c)?

= (r,+1.)%—4m,? (and analogs).

T,
A (p-b)p—-c) rr
. . s 27 — —__¢a
Using the relation sin > be b ,we get
cosA (b — c)?
(rp, +1r.)? —4m,? = Siilz a ) (and analogs) (2)
2

A A A
Using this identity and the formulas a = 4R sin ) cos 5 and 1, + 1. = 4R cos? > we get

4mg,®>  cosA(b—c)* 4RcosA(b—c)?

= A . A 2
T, + 1 4Rc0525.sm2; a

Tb+TC—

)

then we have the following new identity

2 2

4m, c
T, +71,.— —— =4RcosA (T) (and analogs) (3)
(4

Now, by the arithmetic — geometric means inequality, we have

4m,? 4m,?
rp+r.+———=>2 |(rp+7r.).—— = 4m, (4)
Ty + T, Tp + T,

From the results (3) and (4), we have
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b —c\?
Z(rb+rc)24ma+4RcosA( » ) :

Which gives us the following inequality, in any triangle ABC, we have

_ 2

Ty + r. (4
>m, +RcosA (T) (and analogs).

2

Again, from the results (2) and (3), we have

b—c\* 8m,?
4R cos A ( ) + = 4m,,
a Ty + re

or,

=m,
Tb+rc

_ _ b? + ¢? — a?
On the other hand, using the relations cos A = B Yo — and

2A 14 cosA
cos“— = —— we have

2 2

4my? =2(b%? + c?) —a? = (b — ¢)? + 2bc + (b% + ¢? — a?)
= (b —c)?+ 2bc + 2bccos A

A
= (b—1c)?+2bc(1+ cosA) = (b—c)?+ 4bc cos? >

A c
and by the formulas r, + 7, = 4R cos? 5 and h, = R’ we obtain

2m,?  4bc coszg+ (b —c)? s (b —c)?

—
8R cos? >

T+ Te 2.4R coszg

a

A A
Note that a = 4R sin 5 cos 5 we obtain the following identity

2 b—c

2m 2
= - ) (and analogs)

rb+rc

A
= ha+2RsinZE(

Replacing this identity in (5), we get

A\ (b —c\*
ha+R(cosA+ZsinZE>( " ) > m,.

Using the relation

(5)

85 ROMANIAN MATHEMATICAL MAGAZINE NR. 42



Romanian Mathematical Society-Mehedinti Branch

2024

A
2 sin? 5= 1 — cos A, we obtain the following inequality, in any triangle ABC

m, < h,+R (T) (and analogs)

By the results (3) and (4), the equality in (6) holds if

2 2

4m c ] 1
= cosA(T) = 0,i.e. b=corA=E.

Ty, + 1. =
b [ - T.

From this result, we have

ma_ha<|b_cl
R - a ’

Then we have, in any triangle ABC, the follwing inequality

m,—h
a ’% < |b—c| (and analogs)

Adding this inequality with similar ones and using the identity

la=bl+|b—c|+]|c—al = Z(max(a, b,c) —min(a,b, c)),

we obtain the following inequality, in any triangle ABC

1 m, — h, my, — h, m, — h, .
— _— _— < —_ .
> a ’ 7 +b / R +c R < max(a,b,c) —min(a,b,c)

From the inequality (6), we have

R(b —c)?
M, RO—0)
h, a’h,

abc
and by the formulas R = 75 and ah, = 25, we obtain

bc(b — ¢)?
L belb—o)”

352 (and analogs)

ma
—2 <1
h, —

Since m,, my, m. can be the sides of triangle with area

3S . __ 3a
Sm = —,medianm, = —

2 =2 (and analogs) altitude

(6)

(7)

(8)

(9
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— 25 35
hy=—"= 5 (and analogs), then by using the inequality (9) in Am,m;,m,,
mg mg
we obtain
m, 27nb7nc (mb - mc)z
— <
h, = 1+ 952 (and analogs) (10)

Now, in any triangle ABC, we have the following relation
4m,% = n,? + g42 + 2ryr. (and analogs)
Using this relation and the identity (2), we have

cosA (b —¢)?
%+ 1.2 = (4my? = 2nyr) + [ + 1)2 —4my2l =n2 + g + ————— e
Sin E
Then we obtain the following identity

cosA (b —¢)?

sinZ =
2

2+ 1.2 =12+ g2 + (and analogs)

Which gives us the following inequality, in any non- obtuse triangle ABC, we have
2 + 1.2 > n,% + g,* (and analogs) (11)
s
with equality if b = cor 4 = >

In this part, we will prove the following inequality, in any triangle ABC, we have

m, m, R
4 e
. + h, =T (and analogs) (12)
abc 28
Using the result (6) and the formulas R = T hg, = = (and analogs), we have
— )2 EAY
my  Me_ (P Rlc=a)?) (hc R(a=b)
hc h'b h'C hcbz hb hbcz

_(c N c?a(c — a)? N b N b%?a(a — b)?
~\b 8bS2 c 8cS2 '

Then we have,

my | M _ 85%2(b% + ¢?) + c3a(c — a)? + b%a(a — b)

he  hy 8bcS?

So to prove (12) it suffices to prove that
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R
852(b? + c?) + c2a(c —a)> +ab3(a—b) < 8bc52.;

and by the formulas 4RS = abc, S = pr and the following identity
1652 = 2(a®b? + b%c? + c?a?) — (a* + b* + ¢*),
the last inequality is equivalent to
[2(a?b? + b%c? + c?a?) — (a* + b* + cH)](b? + ¢?) + 2c3a(c — a)? + 2ab3(a — b)
< 2ab?*c?(a + b + ¢).
which, after expanding and simplifying, equivalent to
(b% + c?)a* — 2(b® + c®a® + 2(b* — b%c? + c*)a? — 2(b + ¢)(b? + bc + c?)(b — ¢)?a
+(b? +c?)(b*>—-c?)?=>0

or,

(b3 + c3)a>2 (b? + bc + c?)? < RUETRICET

2
— N2 >
b2 + 2 b?% + c2 b% + bc + 2 > (b-c)* 20,

(b% + ¢?) (az -

which is true and the proof of (12) is complete. Equality holds if b = c.

Now, we will prove the following inequality, in any triangle ABC, we have

m, my m,
—_—< — R
2 h, = h. + h, (and analogs) (13)

Let B', C' be the midpoints of AC, AB, and let G be the centroid of triangle ABC.

B 11
L 2 OC . ’A

G.
.Bl

Cce®

By Ptolemy’s inequality in the quadrilateral AB'GC’, we have
B'C'.GA< AC'.GB' + AB'.G(",
or more explicitly,

2m,
3

N T

m
<-.2
3

mC
+o.—
3

N Q
N
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which is equialent to

m, m, m
2a<b c

he ~ he Ry
From the results (12) and (13), we obtain the following refinement

of Panaitopol’s inequality :
m
2—<—+-—<— (and analogs)

Now, using the formula

bc

hg = T (and analogs), we obtain the equivalent expression of (9) :

m, m, a
— R —
b + - =3 (and analogs)

We have, in any triangle ABC the following relation
p? =n,? + 2r,h, (and analogs)
This relation can be rewritten as follows

pt+tn, 21,
ha p—ng

(and analogs)

28
By this relation and the formulas h, = = S = pr,we have

p _ptng ng 21 na( q logs)
7 h. . h h, p—n. h. and analogs

From the result (15), we obtain

m, m, na< 2r,

b ¢ h, p-nm,

(and analogs)

or,

my m n, -1 P n,
—_— —_ —_ >
(b + p +ha> = (and analogs)

Adding this inequality with similar ones and using the identity

1 +> 4= =2 weobtain the following inequality
Tq Tp Tc r

(14)

(15)

(16)
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m, m, na>—1 p 1(na n, nc)
by eye) ST (e by 17
z<b+c+ha ~ 2r Zra+rb+rc (17)

cyc

From the inequality (16), we have

5 (P ng,) ( + —+ ) < r, (and analogs)
¢ h,

Adding this inequality with similar ones and using the identity

7y + 1, + 7. = 4R + r, we obtain the following inequality

Z(p na)( +—+ )<4R+r (18)

a
cyc

We have the following identity

gb gc
—+—=2R + 5r.
+ h, + n, + or

Then we obtain the following inequality
Ya
2Z(p ng) (2 + ) Z—+2(R 2r) (19)
cyc cyc
Again, by the relation p? = n,? + 2r,h, (and analogs), we have

b—Ng 21,
h, ©p+n,

(and analogs)

By this relation and the formulas h, = = S = pr,we have

P _P—Mng, ng 2r, E
2r h. I +ha_p+na+ha (and analogs)

From the result (15), we obtain

m, m. n 2r,
bca<

BT R pim (and analogs) (20)
or,
m, n,
- (p +ng,) ( +—— —) < r, (and analogs)
c h,

Adding this inequality with similar ones and using the identity
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7, + 1, + 1. = 4R + r, we obtain the following inequality

Z(p+na)< +———)<4R+r (21)

cyc

Using the following identity

gb gc
+ —+—=2R +

h‘b hC 5r
we obtain the following inequality

Z(p+na)< +—‘——:)s %+2(R 2r) (22)

cyc cyc

In this part, we will prove the following inequality, in any non- obtuse triangle ABC,

we have
2m,2  b? + c?
™ +arc < iR (and analogs) (23)
By the formul a=re -
y the formulas cos A4 = he an
A 1+4cosA )
cos? 5 = B — we have the two relations

A4me? =2(b? +c?) —a? =b* +c?+ (b? +c?> —a?) = b? + c? + 2bccos A
A
1, + 7, = 4R coszz = 2R(1 + cos A).
Using these relations, the inequality (23) is succesively equivalent to

T, + T,
4m,*? S%(b2 +c¢?) © b2+ c?+2bccosA<(1+cosA)(b?+c?) ©0

< (b —c)?cosA,

which is true because cos A > 0. Equality in (23) holdsifb = cor A = >

Using the identity (3), we obtain the following inequality, in any non- obtuse triangle ABC,

we have

b? + c? b—c\?
>R + 4R cos A (T) (and analogs) (24)

rb+rCS
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bc 2bcm,

By the inequality (23) and the formulas h, = RS T iy

we obtain the following
inequality, in any non- obtuse triangle ABC holds

Ty +Tc > m,s,
2 ~ h,

> m, (and analogs) (25)

In this part, we will prove the following inequality chains, in any triangle ABC,

if w — Brocard's angle, we have

R m, m, my,+m. m, m
-2+t = 2max{2—,—+—} and analogs 26
r h, h, sinw hy+h; " hy, h ( 8%) (26)
R m, m, 1 mg) b c¢_c+a a+b
—2—+—2max{ _ ,2—}2—+—2 + (and analogs)  (27)
r  h, b sinw h, c b a+b c+a
R m, m 1 m m, m, mg,+m, m,+m
—_—b+—”2max{ i ,2_“}2—” —<>= b b ° (and analogs) (28)
r h, h, sinw’  h, m,. m, m,+m, m,+m,

Lemma 1. In triangle ABC, w — Brocard's angle, we have

m, m
—+—=>—
h, h,  sinw

(and analogs) (29)

Proof. Using the known median formulae we have

4emy, = /4c2(2¢? + 2a2 — b2)

= \/(362 + a? — b%)2 + 2(a?b? + b%c? + c%a?) — (a* + b* + ¢*),

by the identity 1652 = 2(a?b? + b%c? + c?a?) — (a* + b* + ¢*), we get

my, cmy \/(3C2 + a? — b?)? 4+ (45)?

h, 2§ 8S

Similarly, we get

me \/(3b2 + a? —c?)? + (45)2
h, 8S '

By the triangle inequality, we have

Va2 +y2+z2+ 62 > J(x +2)2 + (y + t)?,

for all real numbers x, y, z, t, with equality if xt = yz.

2S5
Vazb? + b2c? + c2a?

Using this inequality, the formula sinw = and the identity
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168% = 2(a®b? + bc? + c2a?) — (a* + b* + c*), we obtain

m, m, +(3c2+a?—b2)2+ (45)%+,/(3b2 + a? — c2)? + (45)2
J— + — =
he  hy 8S

- J(2a2 + 2b% + 2¢2)? + (8S)2 B J16(a2b? + b%c? + c2a?) 1

8S 8S " sinw’

which completes the proof of (29).
The equality in (29) holds if (3¢? + a? — b?).4S = (3b? + a? — ¢?).4S, i.e. b =c.
Lemma 2. In triangle ABC, we have

4mym, < 2a* + bc (30)
Proof. Using the known median formulae we have

(4m,m.)? = (2¢? + 2a% — b?)(2b% + 2a® — c?)
= 4a* + 2a?(b? + c?) — (2b* — 5b%c? + 2¢*)

= (2a? + bc)? + 2a?(b? + c? — 2bc) — 2(b* — 2b%c? + ¢*)
= (2a%? + bc)? = 2[(b + ¢)? — a?](b — ¢)? < (2a? + bc)?,
the last inequality is true by b + ¢ > a. Equality holds if b = c.
Lemma 3. In triangle ABC, w — Brocard's angle, we have

1 S my, +m,
sinw~  h,+h,

(and analogs) (31)

28 _ 28
Proof. By the formulas h, = = (and analogs) and sin w = the

VaZzbZ + b2c? + c2a?’

inequality (31) can be rewritten as follows

2bc(m, + m
Ja?b? + b2c? + c?a? > (e c)
b+c

Using the known median formulae and the inequality (30), we have
(2bc(m,, + mc))2 = (bc)?(4my? + 4m 2 + 2.4mym,)
< (bc)?[(2¢? + 2a? — b?) + (2b? + 2a? — c?) + 2(2a? + bc)] = (bc)?[8a? + (b + ¢)?]

By the AM — GM inequality, we have 8(bc)? = 4bc.2bc < (b + ¢)?(b? + c?),
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= a?b? + b%c? + c%a?,

2bc(m, + m)\’ _ b+ ?®* +cMa? + (be)*(b +c)?
( b+c ) (b+c)?

which completes the proof of (31). Equality holds ifb = c.

Lemma 4. In triangle ABC, w — Brocard's angle, we have

1 m, m,
>_ b ¢ 1 2
sinw = T, + h, (and analogs) (32)
_ 25
Proof. By the formulas h, = — (and analogs) and sin w = ,the
a Va?b? + b2c? + c%a?

inequality (32) can be rewritten as follows

Jazb? + b2c? + c2a? > bm,, + cm,.
By the following inequality (x + y)? < 2(x?% + y?),
for all real numbers x, y, and using the known median formulae, we have

b%(2c? + 2a? — b?) + c?2(2b? + 2a% — ¢?)

(bmy, + cm)? < 2(b?my,?% + ¢®>m,?) = 5

232 2.2 2.2 (b? —c?)? ) ) 2.2
= (a’b? + b%c +ca)—TSab + b%c® + c%a?,

which completes the proof of (32). Equality holds ifb = c.
From the inequalities (12), (29), (31) and (32) yields the desired inequality chain (26).

Lemma 5. In triangle ABC, w — Brocard’s angle, we have

1 b
: ==
sinw ~ ¢

+ (33)

SN

Proof. By the formula sin w
28

~ Va?b? + b2c2 + c2a?

, the inequality (33) can be rewritten as

beya?b? + b2c? + c2a? = 2S(b? + c2).
Using the identity 1652 = 2(a?b? + b%c? + c?a?) — (a* + b* + ¢*), we have
4(25(b? + cz))2 = [2(a®?b? + b?c? + c?a?) — (a* + b* + c¢*)](2b%c? + b* + ¢*)
= 4b?c?(a®b? + b*c? + c?a?) — a*(b? + ¢?)? + 2(b* + c*)(a?b? + c?a?) — (b* + c*)?
= 4b?%c?(a%b? + b%*c? + c?a?) — [a®>(b? + ¢?) — (b* + c)]?

< 4b%c?(a?b? + b%c? + c?a?), which completes the proof of (33).
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By Tereshin’s inequality, we have

b? + c?
4R

mg = (and analogs)

bc
and by the formula h, = —, we obtain

2R
m, b*+c* b c
_— = — —
2 h, = he c + b (and analogs) (34)

Lemma 6. If a, b, c be positive real numbers, then we have

b+c>c+a+a+b (35)
c b a+b c+a

Proof. The desired inequality is successively equivalent to

a(b—-—c¢) - a(b—c) a(b—c)[b(a+ b) —c(c+ a)] -0
c(c+a)  bla+b) < bc(c +a)(a + b) -

ala+b+c)(b—c)?
bc(c + a)(a + b)

b a+b cH+a
>

c c+a a+b

‘o
b

=0,

which is true and the proof of (35) is complete. Equality holds if b = c.
From the inequalities (12), (13), (29), (33), (34) and (35) yields the desired inequality chain (27).

3S
Since m,, my,, m, can be the sides of triangle with area S, = K
___ 3a
median m, = e (and analogs) altitude
— 2S5, 3§
h, = = (and analogs), and by the formula

“ m, 2m,

2S5
vazb? + b2c? + c2a?

sinw =

9
and the identity m,%m,? + m,?*m. 2 + m.2my? = Te (a®b? + b?c? + c?a?), then we have

|

25, 28

Jma2my? + my?m2 + m2my2  Va?b? + b%c? 4 c?a?

a

ma .
=— and sinw,, =
hq

= sin w.

=

a

Applying the inequalities (33), (34) and (35) in Am,m;m, and using the previous results, we

obtain the following inequalities
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1 m, m,
>—24 ¢ 1
sinw = m. + . (and analogs) (36)

m, m, m
22>t "¢ (and analogs) (37)
ha m, my

m, m._ mg+m, my+m
by e, et T D ° (and analogs) (38)
m. m, my+m, mg+m,

From the inequalities (9), (10), (26), (33), (34) and (35) yields the desired inequality chain (28).

Reference : ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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J.2341 Ifa,b,c,d,e, t,u > 0, then:

3
(@ +t)b*>+)(c?+t)[d? +w)(e? +u) > thu(a +b+c)*(d +e)?
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2342 In AABC the following relationship holds:

mgt+m, my,+mg mc+ma>2\/§
h3 n2 BB - F

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.2343 If x, ¥,z > 0, then in AABC the following relationship holds:

x+y y+z Z+x

-ab + -bc + -ca = 8V3F

Proposed by D.M.Badtinetu-Giurgiu, Claudia Nanuti -Romania
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J.2344 If x,y > 0, then in AABC the following relationship holds:

a3 N b3 N c3 - 24 v
xr +yh, xr+yh, xr+yh. x4+ 3y

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania

J.23451fm = 0,x,y,z > 0, then:

m+1

3
(x2m+2 + 1)(y2m+2 + 1)(sz+2 + 1) 2 25m+2 (x + y + Z)2m+2

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania
J.2346If m = 0,x,y > 0, then:

Gms 4 D 4 1) > XD
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2347 If x,y > 0, then in AABC holds:
(% + y2) (12 + 12 +12) = 6xyV3F + (x1, — y1p)? + (xr, — y1)? + (1 — y1y)?
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2348 If x,y > 0, then in AABC holds:
x2(a? 4+ b? + ) + y?(r2 + rZ +r2) = 12xyF + (xa — yr)? + (xb — yr,)? + (xc — y1.)?

Proposed by D.M.Bdtinetu-Giurgiu-Romania

1.2349 If M € Int(AABC),d, = d(M,BC),d,, = d(M,CA),d, = d(M, AB), then:

M2, m+l pm+2 o mil m+2 ., m+1

m+1

a
>2M™*2(xy+yz+2zx) 2 -F

x N y N c z
dg' dp’ d¢*

Proposed by D.M.Bdtinetu-Giurgiu-Romania

3.,.2 3.2 3.2
J.2350 If x,y,z > 0, then in AABC holds: ahx + bhy + Chz > g(xy +yz+2zx)-F
a b c

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.23511fm > 0,x,y,z > 0and T,U € Int(AABC),t, = d(T,BC),t, = d(T,CA),t. = d(T,AB),

uq = d(U,BC),u, = d(U,CA),u. = d(U,AB), then:

m+1

N y N 4(xy+yz+2zx) 2 .
(ytg + zug)™ zty + xuy (xte +yu )™ — x+y+2)m

mt2  mil pm42 | mtl m+2 . m+1

a X Cc V4

Proposed by D.M.Bdtinetu-Giurgiu-Romania
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J.2352 In AABC the following relationship holds:
(a?b? + 1)(b?c? + 1)(c?a? + 1) = 36F?
Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania

J.2353 If x, y,t > 0, then in AABC holds:

((xm(zl + ym,zj)z + tz) ((xmlz, + ym?)2 + tz) ((em? + ym?2)2 + t?) > 84—1t4(x +y)?-F?
Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania
J.2354 If t, x,y,z > 0, then in AABC holds:
(2 +am)? +t)((y? + bH)2 +t2)((2% + c*)? + t2) > 48(xy + yz + zx)t*F?
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2355 If x, v,z > 0, then in AABC holds:
(a* + x2)(b* + y2)(c* +y2) = 36 - Y (xyz)* - F2
Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2356 If m > 0 and M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, = d(M, AB), then:

am+1 b bm+1 .c Cm+1 .a 2m+2 . (\/§)m+1

Gr +ydp)™ | Gr +ydo)™ | r+yd)m = G+ )™

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2357 Ifx,y > 0and T,U € Int(AABC),t, = d(T,BC),t, = d(T,CA),t. = d(T,AB),
uq = d(U,BC),u, = d(U,CA),u. = d(U,AB), then:

a3h b3c c3a 483
+ + > F
(xty +yuc)?  (xto +yuc)?  (xtg +yug)? — (x +y)?

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2358 If x,y > 0and U,V € Int(AABC),u, = d(U,BC),u;, = d(U,CA),u, = d(U,AB),
v, =d(V,BC),v, =d(V,CA),v. = d(V,AB), then:

a’ b3 c3 24
+ + = .
XUy + YV, XU, +yvy, xu.+yv, x+Yy

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.23591fm = 0,x,y > 0and M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d. = d(M,AB),
then:
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m+1

qm+2 pm+2 cm+2 - 2m+2(\/§)

+ + -F
(xr+ydy)™  (xr+ydy)™  (xr+yd)™—  (x+y)™

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania

J.2360 If m = 0,x,y > 0, then in AABC holds:

am+2 pm+2 cm+2 2m+2(\/§)m+1

>
Gr +yh)™ | G+ yhp)™ | G+ yh)™ = (x + 3y)™

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti -Romania

J.2361 If t > 0, then in AABC holds:
81
(md +t)(mp + t2)(mc* +t?) = St

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2362 If a,b,c,t > 0 then:

9
@+ o)b*+t)(c®+t) > th(ab + bc + ca)

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2363 If x,y > 0, then in AABC holds:
(Cera + ¥ 472Gy 4y +r2)(Gen, 4y +12) 2 7 (e 4902 F
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2364 In AABC the following relationship holds:
((, +1)2 4+ RO ((ry + 1.)%2 + R)((r, 4 1)%* + R?) > 16V/3 - F3
Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2365 Let a,b,c > 0 such that a + b + ¢ = 3. Prove that,

1 4 1 4 1
at+a b%2+b c?+c

ZZ(aZ +b%+c?-1).
Proposed by Mohamed Amine Ben Ajiba-Morocco
J.2366 Inspired by a problem of Sir Daniel Sitaru.
In acute AABC the following relationship holds:
8mompm. = (wy +wy,)(wp, + w)(w, + wy) = 85,5y

Proposed by Mohamed Amine Ben Ajiba-Morocco
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J.2367 Find the largest positive constant k such that the following inequality

(a+b+0) (a\/a2 +bc+b\/b2 +ca+c\/c2 +ab) > k(ab(a+b)+bc(b+c)+ca(c+a)),

holds for all nonnegative real numbers a, b, c.
Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2368 In AABC the following relationship holds:

. . . 243
sin® A.cos A + sin® B.cos B + sin® C.cosC < 12

Proposed by Mohamed Amine Ben Ajiba-Morocco
J.2369 Let a, b, c > 0 such that abc = 1. Prove that:

1 1 1 8 11
2 +3 2 +3 2 + ==
ad+a?+a b3+b2+b c3+4+c: 4+c a+b+c 3

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2370 In AABC the following relationship holds:

5vV3s 3

14285 el i st o v o ha s o it corliiss
= (6(0) 2 Cco 2 Cco 2 Cco 2 Cco 2 Cco ) = "or 2

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2371 If in acute AABC, 1,1, = max(ry1., 1.7, 7,13) then:

R+r nz 2r,h n?z 2h nZ2 2h
< a + a'ta , b + b ) c + c
e TpTe TpTe Te TpTe Tp

Proposed by Bogdan Fustei-Romania
J.2372 In acute AABC the following relationship holds:
4(mg + my, + m.)? = 27min(ab, bc, ca)
Proposed by Daniel Sitaru-Romania
J.2373 In AABC the following relationship holds:

a _me 2 +@(J§—@)
a

2r — hy s+n,

Proposed by Bogdan Fustei-Romania

J.2374 In AABC the following relationship holds:
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Zha(rb+rc—2ma)20

cyc
Proposed by Bogdan Fustei-Romania
J.2375 Find x, y, z, t € R such that:

X 1 1
z:xz+1+§§:x2+1_1+\/g

cyc cyc

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.2376 Solve for real numbers:

sinxy 1 — sin?x = 1 + cosy,/1 — cos?y

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.2377 In acute AABC,a = min(a, b, ¢). Prove that:

( b N c ) - 2
Na2+c2—p2 " a% + b2 —c2 ~cos(B—-0)
Proposed by Daniel Sitaru-Romania
J.2378 If A > 0 then in AABC holds:
Tu+Ar 1 +Ar 17.+Ar R 1-21
+ + <

T, +71, T.+T1, Tat+T, T 2
Proposed by Mehmet Sahin-Turkiye

J.2379 If a = min(a, b, c¢) in acute AABC then: Z;n—“ > Z—b + %
a c b

Proposed by Bogdan Fustei-Romania

J.2380 If a = min(a, b, c), I —incenter in acute AABC then:

Czyc ol /2( P Jz<nbrb+hb>+ jzmc;hc)

Proposed by Bogdan Fustei-Romania

J.2381 TRUE OR FALSE: If I —incenter in AABC then holds:

1A* [B? 162

Bc T catag = <RV3

Proposed by George Apostolopoulos-Greece
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J.2382 If in AABC holds r + 2R = s then

Z Z = = 324R*r?* + H(a —2mg)
sin24 cos?=

cyc 2 cyc cyc

Proposed by Daniel Sitaru-Romania
J.2383 In AABC the following relationship holds:
2(mg—R) = 2R+ r —15)cos(B — ()
Proposed by Bogdan Fustei-Romania

J.2384 In AABC the following relationship holds:

2

N 1 >2 Zma N (ma mb) (mb mc)z (mc ma)z
sintzw =3\ Ly | T W\, T hy) \hy  h.) \R, Ry

cyc

Proposed by Bogdan Fustei-Romania

J.2385 In AABC the following relationship holds:

a A b B C
— [cot—=+— cot—+— cot—SBV_ —
b 2 c 2 2r

Proposed by George Apostolopoulos-Greece

J.2386 In AABC the following relationship holds:

Zazmb Zazmc > Zmamb Z:azb2

cyc cyc cyc cyc
Proposed by Daniel Sitaru-Romania
J.2387 In AABC the following relationship holds:

méhi mih:  méh2 9R
mih3  mih}  mihd— 2

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.2388 In AABC the following relationship holds:

2 2 2
2 2 2
m m m
—aB + —bc + —CA 2+_
bc - cos> ca - cos ab - cos > 2R

Proposed by Daniel Sitaru, Claudia Nanuti -Romania
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J.2389AD, BE, CF —internal bisectors in AABC. Prove that:

EF . FD . DE <\/§R
BE +CF ' CF+AD ' AD + BE ~ 4r

Proposed by George Apostolopoulos-Greece
1.2390 If a, b, ¢, d € [1,2] then:

1 1 1 1 1
(a+b+c+d+e)(—+—+—+—+—)S28
a b ¢ d e

When equality holds?

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.2391

Z\/a(\/a +|b—cl—+a—|b- cl) > 2(max(a, b, c) — min(a, b, ¢))

cyc
Proposed by Hesen Memmedov-Azerbaijan

J23921f1 <x <2<y <3< zthen:

Proposed by Daniel Sitaru, Claudia Ndnuti -Romania
J.2393 In any acute or right triangle ABC holds:

2m, - n, ng

. he Ry

Proposed by Bogdan Fustei-Romania

J.2394 |In AABC holds:

e M e

2R
—= +1<—

n, Th, T h .
Proposed by Bogdan Fustei-Romania

J.2395 In AABC the following relationship holds:

T +1,+1, 2(a+c)—b+ 2(a+b)—c - 2R
hg+hy +h.\ [2(a+b) —c 2(a+c)—b |~ | r

Proposed by Bogdan Fustei-Romania
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J.2396 If | —incenter then in AABC holds:

2V3r<ia-AI2+b-BI?>+c-CI? <3R
Proposed by George Apostolopoulos-Greece
J.2397 In acute AABC holds:

a2+/1bc+b2+lca+c2+lab>6r2
b?% + ¢2 c? + a? a?+ b? — R2

(14+21), 1>0

Proposed by Mehmet Sahin-Turkiye
J.2398 In AABC holds:
-1
o) 2
cyc cyc
Proposed by Bogdan Fustei-Romania
J.2399 In acute AABC holds:

b? + c? c? + a? a? + b? \2
e cosA + X cosB + 2 cosC = 24 (E) -3

Proposed by Mehmet Sahin-Turkiye

J.2400 Solve for real numbers: (2* + 3%)-vV61~* =5
Proposed by Daniel Sitaru-Romania
J.2401Ifa € Ry, m€ [1,)and b,c,d,x,y,z € R}, X = x + vy + z,cX = d max{x, y, z}, then:

aX + bx N aX + by N aX + bz - 3™3a + b)
(cX—dx)™ (cX—dy)™ (cX—dz)™  (3¢c—d)mxm-1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
J.2402 If m = 0 then in AABC holds:

a? sin®™ A N b? sin’™ B N c?sin®™ C S 3672
(sinBsinC)™  (sinCsinA)™ (sinAsinB)™ — r

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2403 If m € [0,),x,y,z,t € (0,), then in any AABC, holds:

Z (xm2 +ymz)™"" - (x +y)m+! 3V3F
s (zhZ +th2)m  — (z+ )™

Proposed by D.M. Badtinetu-Giurgiu, Neculai Stanciu-Romania
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J.2404 Prove that the number 11, - 12, - 13, - 14, - 15, - 17, - 18, - 19, cannot be perfect cube
for any base of numeration x. Proposed by Neculai Stanciu-Romania

J.2405 Prove this cryptarithm: ACDEA X BCDEB < ACDEB X BCDEA
Proposed by Neculai Stanciu-Romania

J.2406 Prove that in acute triangle ABC holds:
sin A sin B cos A cos B\*
2| )+ (=)
sinC cos C

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

J.2407 Solve for real numbers:

1
( 2" a +1_5y—x+1
4 4y=x 41
1
ty +2x—1—log( —Zx)

Proposed by Neculai Stanciu-Romania

J.2408 If x, v,z > 0, then prove that:

> <3 (wiz1
A+y+z~ 1+2° -

cyc
Proposed by Neculai Stanciu, George Florin Serban-Romania
J.2409 Determine all triplets (x, y,z) € N X N x N which satisfy:

x(y+1) yiz+1) z(x+1)
= + =
x—1 y—1 z—1

Proposed by Neculai Stanciu-Romania

J.2410 For x € [—1,1], prove that:

V=) 4+ =V )"+ VD) (VD)
(X +VaT=1)" + (x = Va7 =1)" }

Proposed by Neculai Stanciu-Romania

J.2411 If ABCDA'B'C'D’ is a rectangular parallelepiped with AB = a, BC = b,AA" = c and O is the
center of face ABCD and O’ is the center of face BCC'B’, then compute the distance from the lines
B'0 and BO'.

Proposed by Neculai Stanciu-Romania
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J.2412 Prove that 5 divide n(4n? + 1)(6n? + 1), for any natural number n.

Proposed by Neculai Stanciu-Romania
J.2413If M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d. = d(M,AB),F, = [MBC(],
F, = [MCA],F. = [MAB], then:

a® b° c®

+ + =>96V3:-F
da'Fa db'Fb dC'FC \/_

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania
J.24141fm = 0 and x,y,z > 0 then in AABC holds:
1 1 1 . 63/27
+ + >
(ax + y\/l;)m (bx + y\/c_a)m (cx + yv ab)m (x+y)m

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania

VF

(am+1 + bm+1 + Cm+1)<

J.2415 If x, y > 0 thenin AABC holds:

1 1 1 12+/3
(a4+b4+c4)< >> V3

+ + F
a’x+bcy b’x+cay c*x+aby

T x+y .

Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2416 If m = 0 and in AABC, A, € BC,B; € CA,C; € AB such that BA; = mA,C,CB; = mB{A4,
AC; = m(yB, then:

a-AB?> b-B,C? c-CA? 8m
1 1+ 1 1+ 1 12 F
hy, h, h, (m+ 1)2

Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2417 If x = 0 and in AABC,A, € BC,B, € CA,C; € AB such that BA; = xA,C,CB; = xB44,
AC; = xC; B, then:

X —x+1 X

[4:B,C4] ZW-F Zm-

F

Proposed by D.M. Bdtinetu-Giurgiu-Romania

J.2418 If t,u, x,y,z > 0 then:

x 2 z \? uz u tz \?
(( 2 ) +t2><( ) +u2>2( 2y )
y+z z+x x+y y+z z+x x+y

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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J.2419 If m,n,p > 0 then in AABC holds:

wh-a* bt wi b cF wE oYY a?

+ +
hi he hq

2 4—y—27
> px+2z (\/ﬁ) xty (%) y

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania
J.2420 If a,b,c > 0,a + b + ¢ = 3 then:

1 1
M) G
Za3 + b3 ab(a + b)

cyc cyc
Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.24211f0 < a,b,c < 2,a% + b? + ¢? = 6 then find minP:

P=ya2+b%+b2+c2++/c?+a?
Proposed by Tran Quoc Thinh-Vietnam

J.2422 Solve for real numbers

xx — 2x+4
4z
z2 +—+log z =91
X y
Yy = 3v+9

Proposed by Daniel Sitaru-Romania

J.2423 In AABC the following relationship holds:

Ty T 9 |9R? — 2412

Vsind + VsinB + ) VvsinC < §

TC
b+c c+a a+

Proposed by Mehmet Sahin-Turkiye

J.2424 Find all (m,n, p) € NXNXN such that:
{m+n+p+mn+np+pm+mnp = 35
(p+2)pP=@+2)7
Proposed by Daniel Sitaru-Romania

b 2c

1.2425If a,b,c > 0,abc = 2 then: ——— + — +
a’+ab+5 = b°+2bc+3 = c%+2ca+8

<!
2
Proposed by Tran Quoc Thinh-Vietnam

1.2426 Ifa,b,c > 0,a + b + ¢ = 2 then: a®b® + b?*c® + c*a® < 1

Proposed by Tran Quoc Thinh-Vietnam
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J.2427 If x,y,z > 0,x + y + z = 3 then:
22 <y+ + )>3Z—+9
cyc cyc

Proposed by Daniel Sitaru-Romania
1.2428If a,b,c > 0,a + b + ¢ = 2 then: a?b® + b*c? + c?a® + %abc <1
Proposed by Tran Quoc Thinh-Vietnam
J.2429 In AABC the following relationship holds:
( . ) \/a2+b2+cz ha+hb—hc 2n,
——+ +
3\h, he J4rt + (a—b)?

Proposed by Bogdan Fustei-Romania

J.2430 In AABC the following relationship holds:

37 r
(sinA + 2sinB)* + (sinB + 2sinC)* + (sinC + 2sind)* < 3 (1 - E)

Proposed by Marian Ursdrescu-Romania

J.2431 In AABC the following relationship holds:

T
cot(%)+cot(%c)_ 2

cyc
Proposed by Daniel Sitaru, Claudia Nanuti-Romania
J.2432 In AABC,BA',CB’, AC' —external bisectors, CB' = CB,BA' = BA,
CB'=CB,BC' =a',CA' =b',AB' = ¢',Ry,R,, R3, R —circumradies of
AA'BC,AB'CA,AC'AB,AABC. Prove that: Ra'b'c’ = R{R,R3(a+ b + ¢) and

a b s
> —
Ry R, R, 2R

Proposed by Mehmet Sahin-Turkiye
J.2433 In AABC the following relationship holds:
6r -min(a,b,c) < 2Rs < 3R -max(a, b, c)

Proposed by Daniel Sitaru, Claudia Nanuti-Romania
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1.2434 If a,b,c > 0,abc = 1 then:

1 1 1
@+DPE+1)(E+1) = (a + —) (b + —) (c + —)
a b c
Proposed by Ilir Demiri-Azerbaijan
J.2435 In AABC the following relationship holds:
1 1
3 min(hg, hy, hy) <7 < gmax(ha, hy, h.)

Proposed by Daniel Sitaru, Maria Carina Viespescu-Romania
J.2436 In AABC the following relationship holds:

Zz h, Zzb+c—a(n_a+@+&)
S —ng a h, b c

cyc cyc

Proposed by Bogdan Fustei-Romania

J.2437 Ifa,b,c,d,e,f >0,a+d=Db+e =c+ f then:

o(Gr3)rolar)relara)=2Geeed)

Proposed by Daniel Sitaru, Mihai Ionescu-Romania
1.2438 H —orthocenter in AABC, A(2,2), B(6,2),C(4,2 + 2v/3), M(8,8).
Find MH.If MA = X, MB = y,MC = 7 then find MH in terms of %, Z.
Proposed by Daniel Sitaru, Claudia Ndnuti -Romania

J.2439
x,y>0x+y=2a [2l0g2 G ] [*] — GIF. Prove that:

128
/a+—2+ ’a+—>6
X

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

J.2440 In AABC, I —incenter, the following relationship holds:

1

n, mc Al
. E— JE— 2 JE—
na h, c 2r

Proposed by Bogdan Fustei-Romania
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J.2441 If | —incenter in AABC then holds:

1 h
iy
r Ty

cyc cyc

Proposed by Bogdan Fustei-Romania
J.2442 | —incenter in AABC,A(2,2),B(6,4),C(4,8), M(8,6). Find MI.
Proposed by Daniel Sitaru, Olivia Bercea-Romania

J.2443 Let a,b,c > O such that a + b + ¢ = 3. Prove that:

\/8a2+1+\/8b2+1+\/8c2+1+3( @ b ¢ )<12
2a+1" 2b+1 2c+1)~

Proposed by Nguyen Van Canh-Vietnam
J.2444 Find a triplet (a > 0,b > 0,c¢ > 0) such that:
lax? + bx +c| <1,lax+b| < 1,|bx+c¢c| <1,Vx €R
Proposed by Nguyen Van Canh-Vietnam
1.2445 1f x,y,z > 0,x* +y? + z2 < 3 then: ¥ —— <~
Proposed by Marin Chirciu - Romania

J.2446 If m,n € R}, then in any triangle ABC holds:

B c
N tan; tan; (4R +1)°r

tan2
2 +
m+n-cot2§ m+n-cot2§ m+n-cot2% (np? + mr(4R +1)r

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
J.2447 If x,y,z € R}, then in any triangle ABC holds:

A B
cot3= cot3 =
2 2

+

+
A B B c B C C A
xtan-+ytan—-+ztan—tan- xtan—+ytan—+ztan—tan—

2 2 2 2 2 2 2 2

3C 4
+ cot 2 p

=
xtang + ytang + Ztangtang ((4R + 1)%x + (y — 2x)p? + 3zpr)r?

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

J.2448 Let AABC,AA'B'C’,AA""B"'C" . Prove that:

. Z / a Z a Z a” N RR'R" -
min b+c’ b +c"’ b + ¢ 8rrir'" —
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>1+ Z a Z al Z aII
=T e b L o+ b L b e

Proposed by Nguyen Van Canh-Vietnam

J.2449 Compute without any software:

A= |2023 - 2022 + \]2022 + ’2022 +v2022

Proposed by Nguyen Van Canh-Vietnam

J.2450 In AABC:

1 1 4 n+1
>— == ,NnEN
z wett(wy, +w,) — 18 (3R2) "

Proposed by Marin Chirciu - Romania

J.2451 In AABC the following relationship holds:

n2 4r, 4R
3[Ry )5y 2
wg 1t r

cyc

Proposed by Bogdan Fustei-Romania

J.2452 In AABC the following relationship holds:

2

Z% Z(s —np)(s —n.) > 4s?

cyc cyc
Proposed by Bogdan Fustei-Romania
J.2453 In AABC the following relationship holds:
cos 2
n, n >
2 (_b + _C> > B—ZC
hy  he sin—-sin—
2 2
Proposed by Bogdan Fustei-Romania

J.2454 In AABC the following relationship holds:

A
192V3R3 < rs? 1_[ csc? (§>

cyc

Proposed by Daniel Sitaru, Jipescu Ana-Romania
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J.2455 In AABC the following relationship holds:

z ] <3A+57r) ] (BB+57T)<9
sin 18 sin 18 =3

cyc

Proposed by Daniel Sitaru, Carmen Terheci-Romania
J.2456 Ifm,n > 0,m+n =1and x,y,z > 0, then in AABC holds:

x-a™ N y-b™ . z-c™ >W
+2)hy (z+x)hy (x+yh?— 2"

) (\/F)l—Zn

Proposed by D.M.Bdtinetu-Giurgiu, Sorina Tudor-Romania
J.2457 If m,n = 0, then in AABC holds:

m3a® +n3bh® m3b3 +n3c® m3c3+na® (m+n)ds
+ + >
ab bc ca 2

Proposed by D.M.Bdtinetu-Giurgiu, Corina Ionescu-Romania
J.2458 If t, x,y,z > 0 then in AABC holds:

t* + x* t* + y* t* + z* 32t2

- . 8_|_ . h8 8 F4—
G+22 ¢ T ol

-c8 >
(x+y)? ¢ =73
Proposed by D.M.Bdtinetu-Giurgiu, Carmen Vlad-Romania
J.2459 If m,t,u > 0,t + u=4(m+ 1) and x,y,z > 0, then in AABC holds:

B t4+u
xm+1at ym+1bt Zm+1ct 23m u+3( /F)

+ + >
(y + Z)m+1 . hg (Z + x)m+1 . hg (x + y)m+1 . h7C«l 3m

Proposed by D.M.Batinetu-Giurgiu, Daniela Barbu-Romania
J.2460 In AABC the following relationship holds:

61%s
R

A
SZhﬁ -tanES 3rs

cyc
Proposed by D.M.Bdtinetu-Giurgiu, Gigi Zaharia-Romania

J.2461 |In acute AABC holds:

12

z sec? B + sec? C
sec A

Proposed by Marin Chirciu - Romania
J.2462 Find alln € N,p € Nsuchthat: 2n3 +n? + 1 = p2.

Proposed by Kerimov Elsen-Azerbaijan
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J.2463 Let f(x) = ax? + bx + ¢,g(x) = cx?* + ax + b (a,b,c € R). Find all values of a, b, c
such that f(g(x)) = x* — 2x3 + 4x2 = 3x + 3,Vx ER

Proposed by Nguyen Van Canh-Vietnam

J.2464 Let a, b, ¢ > 0. Prove that:

1 1 1 2024(a+ b +¢)3
) < ( ) (a=bl+1b—cl+lc—al

bo) (44
(@+b+e) a+b+c a’b? + b2c? + c?a?
Proposed by Nguyen Van Canh-Vietnam

J.2465 In any AABC the following relationship holds:

m2(m2 + mym.) mi(mZ+mem,) m2(m?+mgm,) 2712
(my + m.)? (m. + my)? (mg+my)? — 2

Proposed by Zaza Mzhavandze - Georgia
J.2466 If a,b,c > 0,abc = 2 then:

a N b N 2c <1
a’+ab+5 b2+2bc+3 c2+2ca+87 2

Proposed by Tran Quoc Thinh-Vietnam
J.2467 In AABC, AA'B'C’ the following relationship holds:

_ 3| w, 3| m} R?R’
min Z —,Z ; (Tt 22
wy, + w, my + mg rer

3| W 3| Mg
ST g i o
wy, + w/ my, +mg

Proposed by Nguyen Van Canh-Vietnam

J.2468 In any AABC and n € N the following relationship holds:

wZWwZ +wyw,)  wiwg +wew,) wlwZ +wewy) 37
(wp, + w)? (w, + w,)? (w, +wy)2  — 2

Proposed by Zaza Mzhavanadze - Georgia

J.2469 In AABC the following relationship holds:

25 hd h3 hS —  16r6s®

Proposed by D.M.Bdtinetu-Giurgiu-Romania
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J.2470 If x,y = 0, then in AABC holds:

4__ -
a*bY +b*c¥ + c*a¥ = 2 (V3) (VR
Proposed by D.M.Batinetu-Giurgiu, Mihaela Stancele-Romania

J.2471 In AABC the following relationship holds:

mg mp me
—-b _— —.ab = 4V3F
ha C+hb ca+hc ap =

Proposed by D.M.Bdatinetu-Giurgiu, Catdlina Stan-Romania
J.2472 Ifm = 0and x,y,z > 0, then in AABC holds:
xm+1a4 ym+1b4 Zm+1c4

> 23—m . FZ
(y + Z)m+1 + (Z + x)m+1 + (x + y)m+1 -

Proposed by D.M.Bdtinetu-Giurgiu, Cristian Catand-Romania
J.2473 If x,y,z > 0, then in AABC holds:

(ax+by+cz)2>4( + yz + zx)
ot th) xy +yz + zx

Proposed by D.M.Batinetu-Giurgiu, Sebastian Ilinca-Romania

J.24741f M € Int(AABC),x = MA,y = MB,z = MC then:

X Z
g+t bt——-c>2 V27 VF

Proposed by D.M.Bdtinetu-Giurgiu, Simona Chiritd-Romania

J.24751f t > 0,u = 0, then in AABC holds:

t(u+1)

(ab)t(u+1) + (bc)t(u+1) + (Ca)t(u+1) > 4t(u+1) 3 31—t(u+1) (\/g) _Ft(u+1)

Proposed by D.M.Bdtinetu-Giurgiu, Ionut Ivanescu-Romania

J.2476 If x, ¥,z > 0, then in AABC holds:

2 2
ae”* beY ce

+ + >
+2hy (@Z+x)h, &+y)h,

72

2V3

Proposed by D.M.Badtinetu-Giurgiu, Rares Tudorascu-Romania
J.2477 If x,y,z > 0, then in AABC holds:

a?e*’ b2e¥? (2e?’
y>M?F

+ +
y+z z+x x+

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti -Romania
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All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

Romanian

Magazine

'uuuuu

-
-

-

-
-

o

$.2341 Let (a,) 21, an € (0,) such that lim —% = g > 0. Find:
n

—00 an~n\/n!

_ n+1)? n?
RN Ansr 4/An

Proposed by D.M.Bdtinetu-Giurgiu-Romania

S.2342 Solve for real numbers:

2e* =34 (1+e¥)l (3+x)
e’ = e”)log > x

Proposed by Khaled Abd Imouti-Syria

S.2343 If a, b, c,d —sides in a cyclic quadrilateral then:

2

l_[(a thtc—d) | <4(a®+cD)(b?+d?) H(a +b)

cyc cyc
Proposed by Daniel Sitaru,Claudia Nanuti-Romania
S.2344 Solve for real numbers:

x2+y2+2z2=3
t?+x+y+z+4t=-3
2xy + 2yz + 2zx = =3

Proposed by Daniel Sitaru, Dan Nanuti-Romania
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S.2345 If x,y > 0 then:

Proposed by Khaled Abd Imouti-Syria

$.2346 Find:
0t <1+Z”:k3+k2—2k—1)_ Sk +k+1
AN = B (G VA= BCR
Proposed by Daniel Sitaru, Claudia Nanuti-Romania
S.2347 Find:

SEEEEE)

Proposed by Daniel Sitaru, Claudia Nanuti-Romania

n
Q = lim (Z l
n—-oo
k=2

$.2348 a,b >0,a# b, f,(x) =a+ (x—a)™, gn,(x) =b+ (x — b)™
fmt (@, ) = (a,®), g (b, ®) - (b, )
G = {f;n/m € R*},H = {g,,/m € R*}. Prove that: (G,o) = (H,°).
Proposed by Daniel Sitaru, Claudia Nanuti -Romania
$.2349 Prove without any software:
9.4V5.5V6.6V7 < 25.92V3.3V2.gV5.7V6
Proposed by Daniel Sitaru-Romania

$.2350f m = 0and x,y,z > 0 then in AABC holds:

3m+< > +<y ) +< > >2(m+1V3-F

y+z Z+x xX+y

Proposed by D.M. Bdtinetu-Giurgiu, Alina Tigae-Romania

S$.2351 If M € Int(AABC) such that x = MA,y = MB,z = MC then:

xa b zc
+ 24 = >2. 427 VF
vz Vzxo \[xy

Proposed by D.M. Bdtinetu-Giurgiu, Cristina Ene-Romania
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$.2352 If m = 0 and x,y,z > 0 then in AABC holds:

m._m+2 m+1  pm+2 m+l m42 _
<x> 'am+<y) . m+<z> ~Cm22m+2(\/§)1m-F
\/ﬁ ha \/E hb VXY hc

Proposed by D.M. Bdtinetu-Giurgiu, Doina Cristina Calina-Romania

$.2353Ifm = 0 and x,y,z > 0 then on AABC holds:

m+1 a2m+1 ym+1 . b2m+1 m+1 , .2m+1

X V4 (o

1-m
>2m . (v .Fm
(y+z)m+1'ha+(2+x)m+1'hb+(x+y)m+1~hc_ ( 3)

Proposed by D.M. Bdtinetu-Giurgiu, Daniela Dirnu-Romania
$.2354 If x,y,z = 0,u, v € R then in AA; B Cy with areas Fy, k = 1,3 holds:

-V -v -V
Uop)V e omp bty af mi -cft™-a) " - bE

v v 4 -
by hCz haz

> ey ()T (VR (VR T (VR

Proposed by D.M. Bdtinetu-Giurgiu, Gilena Dobricd-Romania

u X
ma1 * a1

$.2355 If x,y, 2z > 0 then in AABC holds:x(i+§) -hib+y(§+1)-hib+z(§+i) £ 24v3

X
Proposed by D.M. Bdtinetu-Giurgiu, Oana Simona Dascdlu-Romania
$.2356 If m,n = 0,m # n and in AABC, A, A, € (BC), By, B, € (CA),Cy, C, € (AB) such that

BAl = mBlc, BAZ = nAzc, CBl = mBlA, CBZ = nBzA,Acl = mClB,ACZ = TLCZB then if a, =
Blcl, bl = ClAl' 1 = AlBl and a, = BzCz, bz = CzAz, Cy = Asz holds:

. . 4+/3 -Vmn .
a2 =i Do+ D

a,a, + byb,

Proposed by D.M. Bdtinetu-Giurgiu, Dorina Goiceanu-Romania

$.2357 Ifm = 0and x,y,z > 0 then in AABC holds:

2 m+1 2 m+1 2 m+1
xa yb zc
3m+< > +< > +< ) >2(m+1) -r(y+r, +71,)

y+z Z+x xX+y

Proposed by D.M. Bdtinetu-Giurgiu, Ramona Nalbaru-Romania

S$.2358 If in AABC,a,b,c = 0 ora, b,c < 1then holds:

V@t +a2+Db*+ b2+ 1)+ (b* + b2+ D(c* +c2+1) +

+/(c*+c2+D(a*+a2+1) 2 12V3 - F

Proposed by D.M. Batinetu-Giurgiu, Ileana Duma-Romania

117 ROMANIAN MATHEMATICAL MAGAZINE NR. 42



Romanian Mathematical Society-Mehedinti Branch | 2024

$.2359 If x,y,z > 0 then in AABC holds:
(x+y)ab+ (y+z)bc+ (z+ x)ca =8 /xy +yz+zx-F

Proposed by D.M. Bdtinetu-Giurgiu, Maria Lavinia Popa-Romania

$.2360If m = 0,M € Int(AABC) such that x = MA,y = MB,z = MC, then:

x - am+1 y - bm+1 7. Cm+1

N RN

Proposed by D.M. Bdtinetu-Giurgiu, Sorin Pirlea-Romania

> 2m+1 . (%)3—m ) (\/F)m+1

$.2361 If M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, = d(M, AB) then:

b s qosr
de dp di

Proposed by D.M. Bdtinetu-Giurgiu, Nicolae Radu-Romania
S.2362 If M € Int(AABC),d, = d(M,BC),d;, = d(M,CA),d. = d(M, AB) then:

a’bh b?c c?a
— —+

>
d, d. dq 24k

Proposed by D.M. Bdtinetu-Giurgiu, Mioara Mihaela Mirea-Romania
S.2363 If m = 0and M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d. = d(M, AB) then:

(@ab)™2  (bc)™*2  (ca)™*?

> .AMm+2 | 2
ady)™ T @pd)m T o = F

Proposed by D.M. Bdtinetu-Giurgiu, Catalin Pana-Romania

241 z2+1
Y p2 4+ ot > 16F2
zZ+x x+y

2
$.2364 If x,,z > 0 then in AABC holds: "y :Zl cat+

Proposed by D.M. Bdtinetu-Giurgiu, Alecu Orlando-Romania

$.2365 If f: R} X R} = R} and x,y > 0 then:

(62 +29) (2 + 2 (o)) (F () + 20 = 3 (xyxF G ) + 33 + Fe TGy

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania

$.2366 If t,x,y,z > 0 then:

x 2 z \? z x \? 27
( +— ) +t? ( Y ) +t? ( + ) +t% ) = —t*
y+z z+x z+x x+y x+y y+z 4

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania
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S.2367 Solve for real numbers: x3(x + 1)3 + 8x3 + 8 = 12x%(x + 1)
Proposed by Daniel Sitaru, Luiza Dumitrescu-Romania

S.2368 If S € Int[ABCD] —rectangle, S —fixed, M € (AB),N € (BC),P € (CD),Q € (DA),AM =
PC,BN = DQ then find the probability that a random point from Int[ABCD] lies in: [AMSQ] U
[NSPC].

Proposed by Daniel Sitaru, lleana Stanciu-Romania
$.2369 Solve for real numbers: x3 +y3 +2 = 2(x + y) + log(x*y”)
Proposed by Daniel Sitaru, Lavinia Trincu-Romania
$.2370 Solve for real numbers: 23rctanx . parccotx — 2
Proposed by Daniel Sitaru, Mihaela Nascu-Romania
S.2371 Find:
1 slijk
a=lmss ), |
1gi<j<ksn
Proposed by Daniel Sitaru, Luiza Cremeneanu-Romania

$.2372 Find without any software:

=512 fzx-logxd f4x-logxd f6x-logxd
B 1 4+ xt x , 64+ x* X 3 324 +x* x

Proposed by Daniel Sitaru, Roxana Vasile-Romania

$.23731f0 < a < b,n € N* then:
vab 1
f t?2(t3 —a®)" 1dt < — (b3 + 3b%a + 3a?b — 7a®)"
a 24n

Proposed by Daniel Sitaru, Elena Grigore-Romania
S.2374 AA',BB’,CC' —internal bisectors in AABC with I —incenter. Prove that:
216 - [IBA'] - [ICB'] - [ICA'] < F3
Proposed by Daniel Sitaru, Meda lacob-Romania
$.2375 Find all continuous functions f: R = Rsuch that f(x?+y%) = f(xy) + f(x) + f»),(V)x,y ER
Proposed by Nguyen Van Canh-Vietnam
S.2376 Let n € N,n > 1. Find all continuous functions f: R — R such that
FO™ = f((xc+ D™ +nx™, (Vx € R

Proposed by Nguyen Van Canh-Vietnam
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$.2377 In AABC the following relationship holds:

> [2ns(4R + r)]*33"
raZn +Tb2n +r62n [ TT. ( )]

a4n + b4n + C4n A4n + B4n + C4n rc:m + Tl;m + Tc4n
a2n + b2n + CZn ’ A2n + BZn + C2n ’

Proposed by Radu Diaconu-Romania

S$.2378 O —circumcentre, G —centroid in AABC. Prove that:

a® + b? + ¢? 0G

@—b)2+(h-02+(c—aZ+ay3F R

Proposed by Khaled Abd Imouti-Syria
$.2379 Solve for real numbers: (x? + V3 +x)(x + V3 +x2) = 4
Proposed by Sakthi Vel-India

S.2380 If a, b, c > 0 then:

_ _ L, 2%+ 2P 420
2a b+2b c+2c a >

- 31/2a+b+c

Proposed by Daniel Sitaru, Simona Radu-Romania

5.23811fa € (0, g) then:

sina+cosa+\/§_ 2 * 2

sin2a 1 - sin2a sina + cosa

Proposed by Daniel Sitaru, Mihaela Ddianu-Romania
S$.2382 Ifin AABC,a # b # ¢ # a then:

b+c 9

>
b+c—a wiz+w,+w,
cyc

Proposed by Daniel Sitaru, Elena Alexie-Romania

S.2383If x,y,z,a,b > 0 then:

1

2
(xm + ym + Z\/E)ﬁ > (\/Xa+b + \/ya+b + \/Za+b)m

Proposed by Daniel Sitaru, Iulia Sanda-Romania
S.2384 ABCD —convex quadrilateral, AB = a,BC = b,CD =c,DA =d,AC = e,

BD = f,AC 1 BD. Prove that:
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a3b N b3c N c3d N d3a - 8e?f?
c2 d*?  a®  b? T (e+f)?

Proposed by Daniel Sitaru, Claudia Ndnuti-Romania

S.2385 If I —incenter in AABC then holds:

a 1 2R
=S OWES
b+c—a r r

cyc cyc

Proposed by Bogdan Fustei-Romania

S.2386 If a;, a,, ...,a, > 0,n € N* then:

a’f+a’§+---+a,’f>

nlog(a,a, * ... a,) < nlog< "

Proposed by Khaled Abd Imouti-Syria

S.2387 Prove that:

<Vvn+1,neN,[+] - GIF

> (-phA
k=0

Proposed by Khaled Abd Imouti-Syria

$.2388 In AABC the following relationship holds:

\/rarb+\/rbrc+\/rcra. T, +1,+7, <ﬁ
T4 2r

h, + hy, + h, W, +wp, +w,

Proposed by Bogdan Fustei-Romania

$.2389 In AABC the following relationship holds:

3

a abc
ZzﬁSZZﬁ+ﬁ_ﬁS8r2(4R+r)2. ;\/E

cyc cyc
Proposed by Daniel Sitaru, Catalin Nicola-Romania
$.2390a,b > 0,a # b, f(x) =a+ (x—a)™, gm(x) =b+ (x —b)™
fn: (0,00) = R, g (0,0) > R,G = {fn|m € R}, H = {gy,|m € R}
Prove that: (G,0) = (H,0).

Proposed by Daniel Sitaru, Claudiu Ciulcu-Romania
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$.2391 In AABC the following relationship holds:

2a+b)2c+b)+ 2b+c)2a+c)+ (2c+ a)(2c+ b) < 81R?

Proposed by Daniel Sitaru, Elena Nedelcu-Romania

$.2392
Q 1 Z ad Q 1 Z ad >0
= - ) = - ] X,
! 2x + z 2 x + 2y y
cyc cyc
Make a choice:
AQQ, =20 B.Q, Q, <0
Proposed by Daniel Sitaru, Camelia Dand-Romania

S.2393 Find:

_ o1 5l 6 (n + 4)!
Q= lim —( 4+ T+t

Proposed by Daniel Sitaru, Mihaela Dutd-Romania
$.2394 In AABC the following relationship holds:

a3 b3 c3 48+/3r3
+ + >
n,+n. n.+n, ng+n, 3R-2r

Proposed by Mehmet Sahin-Turkiye

S.2395 If a,b,c > 0 then:

<a+b+c+ 3¥abc ><%+%+?\’/E+ 3*Vabc >>4
3¥Vabc  VYa+ Vb + e 3¥abc VYa+3¥b+3c)

Proposed by Daniel Sitaru, Dan Mitricoiu-Romania

S.239%6 If a,b,c,d,e, f > 0,n > 1 then:

1 n-1
12 - 3abedef < Z @+bn| - Z d + e)ni
cyc(a,b,c) cyc(d.ef)
Proposed by Khaled Abd Imouti-Syria

$.2397 In AABC the following relationship holds:

a b c
—+—F5+——F<18R
sin= sin— sin-—
3 3 3

Proposed by Daniel Sitaru, Laura Zaharia-Romania
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$.2398 x,y,z > 0,n € N,n > 3,[*] —GIF
x™=n+ [x], y"l=n+1+[y], Z"2 =n+2+|z]
In these conditions: A.x<y<z, Bx=>y=z
Proposed by Daniel Sitaru, Claudia Ndnuti-Romania
$.2399 In AABC the following relationship holds:

2 2 2\2
42(a + b?% + ¢?)

R
81

Proposed by Daniel Sitaru, Claudia Ndnuti-Romania
$.2400 If I —incenter in AABC then:

(a? + b? + c?)?

IA* + IB*+ IC* <
+ + < 57

Proposed by Daniel Sitaru, Dan Nanuti-Romania

S.2401 If A,u > 0 then in AABC the following relationship holds:

r Ada+ub 3R(A+
4x/§(a+u)-Esz w2 < (F “)-\/91122—52

Te
cyc

Proposed by Mehmet Sahin-Turkiye
$.2402 K —Lemoine’s point, I —incenter in AABC. Prove that:
KA* + KB* + KC* = IA* + IB* + IC*
Proposed by Daniel Sitaru, Claudia Ndnuti -Romania
5.2403 Prove that: logx — sinx < x?z — g +/x, x €[1,)

Proposed by Khaled Abd Imouti-Syria

S.2404 If m = 0 then in AABC holds:

a™b b™c c™a 1-m
+ + > 2. (/3
he hg  hy-hl  he-hy (\/_)

Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.2405If m = 0 and x,y,z > 0 then in AABC holds:

xm+1 . am+2 ym+1 3 bm+2 Zm+1 . Cm+2

+ + >
G+ R GO R G )R

2-(vV3) " F

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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$.2406 In AABC the following relationship holds:

a>-m, b*-m., *-m,

\/mama \/mamb \/mbmc

>4/3-F

Proposed by D.M. Bdtinetu-Giurgiu, Monica Velea-Romania

$.2407 In AABC, g4, gp, 9. —Gergonne’s cevians, the following relationship holds:

a*- g b3~gl27 - g

+ +
VI, 9. V9.9, 9.9,

Proposed by D.M. Bdtinetu-Giurgiu, Marin Laura Nicoleta-Romania

>8J3-F

$.2408 If x,y,z > 0 then in AABC holds:

AR AL V3
hahb\/); hbhc\/z_x h.hxy — F
Proposed by D.M. Bdtinetu-Giurgiu, Dan Grigorie-Romania
$.2409 If x = 0 and in AABC, A, € (BC),B; € (CA),C, € (AB) such that AA; = xA,C,

CBl = XBlA,Acl = xClB and a, = BlCl, bl = ClAl' (e AlBl,then:

4x-\/§

aiby + bicy + c1a; = m :

Proposed by D.M. Bdtinetu-Giurgiu-Romania

$.2410 In AABC the following relationship holds:

cab=>4/3-F

Ty be+ T N T,

—— - bc - ca

NN el N Talb
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania

$.2411If m = 0 and x,y > 0 then in AABC holds:

1
o™t b . pmtl L . N g N 2(\/§)m+ oy
(ax+ by)™-h}'  (bx+cy)™-h (cx+ay)™-hl — (x+y)m-smtl

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania
$.2412 I1f m = 0 and M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d. = d(M, AB) then:

ab™ bc™ ca™

+ +
dg ~hy dy -he d-h,

> (2\/§)m+1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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$.24131fm = 0,u,v > 0and X € Int(AABC),x, = d(M,BC),x, = d(M,CA),x. = d(M, AB)
then:

a N b N c - 6v/3
(w-hg+v-x)™ (u-hy+v- )™ (u-h.+v-x)™  GBu+v)rm!

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania

S.2414 If t > 0 thenin AABC holds:

@ 2+t2 A 2+t2 i 2+t2 > e’ F?
bR + cr cR + ar aR + br “(R+r1r)?

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania

S$.24151f x,y > 0and in AABC, x - s = y - max{a, b, c}, then:

al b3 c3 4\/3_’

+ + > -F
xs—ya xs—yb xs—yc 3x-—y

Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.2416 If u,v > 0 and X € Int(AABC),x, = d(M,BC), x, = d(M,CA),x. = d(M, AB) then:

a b c 6\/§

+ + >
u-h,+v-x, u-hy+v-x, u-h.+v-x. 3u+v

Proposed by D.M. Bdtinetu-Giurgiu-Romania
S.2417 If M € Int(AABC),d, = d(M,BC),d;, = d(M,CA),d. = d(M, AB) then:

a’b b%c c’a

+ + > 6F
d,+h, d.+h, d,+h,

Proposed by D.M. Bdtinetu-Giurgiu-Romania

S.2418 If x > 0 then in AABC holds:

méx+4 mIZ)x+4 mgx-{—‘l— 81 ,
2x-l-l 2x+1 2x+1 Z—ZX-F
(myR + m.r) (m.R + m,r) (m,R + myr) 4(R+71)

Proposed by D.M. Bdtinetu-Giurgiu-Romania

S.2419 If x = 0 then in AABC holds:

mgx+4 mIZ)x+4 mgx-{—‘l— 81 ,
2x+2 2x+2 2x+2 Z—Zx-F
(m,R + m,.r) (m.R + m,r) (m,R + myr) (R+71)

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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S.2420 If M € Int(AABC),x = [MBC),y = [MCA], z = [MAB] then:

F F
(x1+x + y1+x + Zl+x) + (x1+y + y1+y + Zl+y) + (x1+z + y1+z + Zl+z) > 31—5 . F1+§
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti -Romania
$.2421 Let a, b,c > 0. Prove that:

a b c 3 2022%(a?+ b% +c?)
+ + <-+
b+c a+c a+b” 2 a?b + b%c + c%a

(la=bl+[b—cl+lc—al)

Proposed by Nguyen Van Canh-Vietnam

$.2422 Letn = 2. In AABC, prove that:

S e Y
2b + 3c 2r) 2c+3b

Proposed by Nguyen Van Canh-Vietnam

$.2423 In AABC:

’ ha + il + he >332
hZ + h.(hg + hyp) h% + h,(h, + h.) hZ + hy(he + hy) — r

Proposed by Marin Chirciu - Romania

$.2424 |n AABC the following relationship holds:

3 3
(mS +2mZmi(mg + my) +m)”  (m} + 2méimZ(my + m.) + ml) N

mg + 2mgm,(m2 + m2) + mp m} + 2mym.(m3 + m2) + m¢

(m2 + 2mZmZ(m; + m,y) + m3)3

meg + 2momg(m? + m2) + m

>4'314'T11

Proposed by Zaza Mzhavanadze - Georgia
S.2425f a,b,c,n, k > 0 then:

a b3 c3 3

+ + >
nab? + kc® nbc?+ka® nca?+cb3 n+k

Proposed by Marin Chirciu - Romania

$.2426 If n € N. Then prove that:

n n+1
(1+3) (+2)<(+77) (1 7m7D)

Proposed by Hikmat Mammadov-Aze rbaijan

S.2427 1.let a,b > 0. Prove that |a — b| + Va2 —ab + b2 > \/Z(a2 + b2) —3ab
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2. Find all value of @, B € R such that |a — b| + \/oc(a2 —ab + b2) = ﬁ\/z(a2 + b2) — 3ab,
VYa,b >0
Proposed by Nguyen Van Canh-Vie tnam

S$.2428 Let a, b, c > 0. Prove that

1 1 1
<
(ab+bc+ca)<(a+b)2+(b+c)2+(c+a)2)_
9 2023%(a?+ b% +c?
<-—+ ( )(Ia—b|+|b—c|+|c—a|)
4 abc

Proposed by Nguyen Van Canh-Vietnam

$.24291f0 < a; < a, < --- < a, then prove that:

Proposed by Hikmat Mammadov-Azerbaijan

2
a(b+c) <
a+1l

S.24301fa,b,c > 0,a + b + ¢ = 1then: ),

1
3

Proposed by Marin Chirciu - Romania

A 3R |1 R
Z\/cotAsec—S— —(2+—)
2 2 |F r

Proposed by Marin Chirciu - Romania

S.2431 In acute AABC

$.24321f f(f(x+y)+x+y) =xf(y)+ yf(x) then: f(x) =xVx,ye Nand f(2) =2,f(1) =1

Proposed by Sidi Abdallah Lemrabott

. 10 10 10
$.2433 1. Find: e+ o t o t Imoaz e

2. Find x: /x+\/x +x = 2022

$.2434 In AABC:

Proposed by Nguyen Van Canh-Vietnam

Zhbhc+2(p—b)(p—c)gazmg’lzg

Proposed by Marin Chirciu - Romania
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S.2435 Prove that forn € N:

l\/n2+4n+5+\/n2+4n+3j+l\/n2+4nJ=

= l\/n2+4n+\/n2+4n+6j + l\/n2+4n—1J
Proposed by Kerimov Elsen-Azerbaijan

S.2436If a,b,c > 0anda + b + ¢ = 3 then find:

a b c }

max{a+2+b+2+c+2

Proposed by Sidi Abdallah Lemrabott-Mauritania

S.2437 Leta,b,c > 0:ab + bc + ca = a + b + c. Prove that:

a b c
—+—+—+33>4(V8a+1+V8h+1+V8c+1)
bc ca ab

Proposed by Phan Ngoc Chau-Vietnam
$.2438 In AABC the following relationship holds:

&+ N Ty + 1t N g - 27(81R° — 256071°)
.1, TaTp Tty 1673

Proposed by Zaza Mzhavanadze - Georgia

$.2439 Find all values of @, § € R such that:

ala — b| +ﬁ\/2a2 —ab + 2b% = \/3((12 —ab +b?),Va,b =0
Proposed by Nguyen Van Canh-Vietnam

S.2440 In AABC,AA'B'C',AA""B""C"". Prove that:

. a3 a13 a//Z RR'R" a
min Z a3 + b3 'Z a+ b’3'z ) 8+ Zb +c

Proposed by Nguyen Van Canh-Vietnam

$.2441 In AABC the following relationship holds:

3 T 3 T 3 T 81
3 - Tt P43, < >_—.p3
T, + 1, .+, n+n V2

Proposed by Zaza Mzhavanadze - Georgia

S.2442 Solve in R:
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3
fx+ fx+\/§22022 +x

Proposed by Nguyen Van Canh-Vietnam
$.2443If x; > 0 (i = TOZS) such that xq + x5 + +*+ + X023 = X1 X3 ... X2023, find
min(max{x;|i = 1,2023})
Proposed by Neculai Stanciu - Romania

S.2444 O-the circumcenter of AABC lies on the incircle of AABC. Prove that:

A—-B B-C C—A
8V2 + cos > cos > cos > > 12

Proposed by Daniel Sitaru , Claudia Nanuti - Romania

5 -3 -1
A= (—3 16 5 )
-1 5 =3

Find B, C € M3(R) such that: 42023 = p2023 4 (2023

S.2445 Let be:

Proposed by Daniel Sitaru , Claudia Ndnuti - Romania

S.2446 If p > 1,n € N* then:

p!-1 p!—-1

1, n n | ﬁ n p 2P—1 n 2pt 2P—1
Wy k) < (R (Y] ke
k=1 k=1 k=1

k=1

Proposed by Khaled Abd Imouti-Syria
$.2447 uy = 2,Up4q = %un + n? 4+ n,n € N. Find:

1 n
ﬂm(iuk)

k=1
Proposed by Khaled Abd Imouti-Syria

$.2448 Let a,b,c > 0 such thata + b 4+ ¢ = 3abc. Prove that

Vaz +1+yb2 +1++/c2+1 < /a? + b2 +c? + 4(ab + bc + ca) + 3.
Proposed by Mohamed Amine Ben Ajiba-Morocco

$.2449 In non- obtuse AABC, w—Brocard’s angle. Prove that
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csc? w + 4(sin? A + sin? B + sin? €) = 13.When does equality holds?
Proposed by Mohamed Amine Ben Ajiba-Morocco

$.2450If x,y,z > 0, then:

x y z xyz+1 1
GIDGC+D T O+FDe+D CrDO+D TG DG+ DE+D

Proposed by D.M.Bdtinetu-Giurgiu-Romania
$.2451 In AABC the following relationship holds:

37 r
(sind + 2sinB)* + (sinB + 2sinC)* + (sinC + 2sin A)* < ﬁ(l _E)

Proposed by Marian Ursdrescu - Romania
S.2452 In AABC,BA’,CB’, AC' - external bisectors,

CB'=CB,BA' = BA,CB' =CB,BC' =a',CA' =b',AB' = ¢, R, R,, R5, R — circumradies
of AA'BC,AB'CA,AC'AB, AABC. Prove that:Ra'b’c’ = RyR,R;(a + b + ¢)
a b s

4 >
R, "R, R,"2R

Proposed by Mehmet Sahin - Turkey

’1+ /x+\/§2n+\/n—x

Proposed by Nguyen Van Canh - Vietnam

S.2453 Solve in R:

s.24541fa,b,c > 0,a+ b+ c =mand ab + bc + ca = n.Prove that:

4
max(a, b,c) — min(a, b,c) < 5\/ m2—3n

Proposed by Hikmat Mammadov-Azerbaijan
$.2455 In AABC the following relationship holds:

a b c 3V3
- - P >
b+c\/tanA+C+a\/tanB+a+b tanC > >

Proposed by Vasile Mircea Popa-Romania
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$.2456 If m,n € R}, then in any triangle ABC holds

cot cot2 cot< 9p
2 + 2 — + ZA = 2
m+n-tan§-tan§ m+n-tan§-tan; m+n-tan> - tan 4mR + (m + 3n)r

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu
S.2457 In acute AABC

tan A cotA
=3
bc bc

Proposed by Marin Chirciu - Romania

$.2458 In AABC the following relationship holds:

chc b:::az (b + C)Z chc chc chc WpW, R4 - 1
(chc((b + C)3 - aZ (b + C))) ¢ (ZC_'YC Wa) chc az ; 2592

Proposed by Elsen Kerimov & Murad Shikmatov-Azerbaijan

$.2459 In AABC the following relationship holds:

o e, a5

2r = hy s+na

Proposed by Bogdan Fustei - Romania

$.2460 In any triangle ABC, inequalities occur:

3y + pr3 — 8Rr? —a B-C 34+ 12p —8Rr
p°r+p pszhg.p - cos? PPty p
2R3 2 4R2
cyc

Proposed by Radu Diaconu - Romania

$.2461If x,y,z > 0, then in AABC holds:

x .y Z>1\/xy yz zX

=+
2 2 2= AT B
hg h, h 2F |sin2 sin? 3 sin? >

Proposed by D.M.Bdtinetu-Giurgiu, Dorin Mdrghidanu-Romania
$.2462 If x,y,z = 0, then in AABC holds:

ayz bxz Xy _

- - 2
h. + ™ + B S 2F(x+y+z)

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndanuti-Romania

$.2463 If m = 0 and x,y,z > 0, then in AABC holds:
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xm+1a2 ym+1b2 Zm+1CZ

> 213 . F
(y + Z)m+1 + (Z + x)m+1 + (x + y)m+1 - \/_

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti-Romania

$.2464 If m > 0 and M € Int(AABC),d, = d(M, BC),d, = d(M, CA),d.) = d(M, AB) then:

2m+1 b2m+1 C2m+1

3-m
>22m+1 .Fm
. g, tTa (V3)

a

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti-Romania

$.2465 If m = 0, then in AABC holds:

am+2 bm+2 Cm+2

1-m
2m+2 . F
T e (v3)

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania

$.2466 In AABC the following relationship holds:

2 A 2 B 2 C
hg - cotz + hj, - cotE + h - cotE > 9F

Proposed by D.M.Batinetu-Giurgiu, Dan Ndnuti-Romania
$.2467 If x,y,z > 0, then in AABC holds:

2 2 2
a*e*” b*eY" c*e?

y+z z+x x+y

> 16F?

Proposed by D.M.Bdtinetu-Giurgiu, Dan Ndnuti-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

Romanian

Magazine

U.2341 Let t > 0 and (a,) 551, (bn)n=1 sequences of real numbers strictly positive such that

lim 22 = g, lim bntr _ p 5 0. Find:

n—oo N-ap n—-oo n-TLt
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t+1 t+1
n+1

Q= lim

0o " /by

Proposed by D.M.Bdtinetu-Giurgiu, Gheorghe Stoica-Romania

* : an+1 _ PR
U.2342 Let (a,)ps1, an € (0,0),n € N* such that Aﬂm = a > 0. Find:

(n+ 1)2 n?
= lim n+1
noe Y An+1 \/ an

Proposed by D.M.Bdtinetu-Giurgiu, lonel Tudor-Romania

U.2343 Let (@) ps1, 01 = 1, @01 = ay - 3/ (2n 4+ DM and (by)ps1, by € (0, 00) such that

lim 2L = p > 0. Find:

nooo bp-fa,

~ im <(n+1)2 n2>
= lim

Proposed by D.M.Bdtinetu-Giurgiu, Nicolae Musuroia-Romania

n Hyp—-logn
=1 Z 1 H—l

Proposed by Khaled Abd Imouti-Syria

U.2345 Find:

U.2346 Find a closed form:

0= Y (o tp-1m-(2)

Proposed by Khaled Abd Imouti-Syria

n

U.2347 If 1 € (0,1), 2 —fixed then solve for complex numbers:
e™(z+ 1) —e ™ (z—-1)"=0,n e N,n > 2
Proposed by Khaled Abd Imouti-Syria

U.2348If n € N,n > 2 then:

Proposed by Khaled Abd Imouti-Syria
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U.2349

Q=lim( ox )m

Proposed by Daniel Sitaru-Romania
U.2350 Find all functions y(x) € C3(R) such that: y"" + y" = (6y? + 2y + 2)y'
Proposed by Khaled Abd Imouti-Syria

U.2351 For x,y,z > 0 prove that: (x3 + y3 + 2z3) — (x + y + z) > 2log(xyz)

|Proposed by Jalil Hajimir — Canadal|

U.2352 Find:

in(l
q =fsm( ogx) x

xn

|Proposed by Jalil Hajimir — Canadal|

U.2354 Evaluate:

N 1
2x? — coS—
X

4= Jgi_’rg’%(log(l + %) — sin%)

|Proposed by Jalil Hajimir — Canada

U.2355 up > 0,Upyq = Uy + uiz

n

Proposed by Khaled Abd Imouti-Syria

U.2356 Find:

Q_i(—n"( L SR )
N 4n \4n+1 4n+2 8n+6

Proposed by Khaled Abd Imouti-Syria
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U.2357 Find the general solution for:

d x? +y? y
—y_1+ y~2x

dx xy

|Proposed by Jalil Hajimir — Canada

U.2358 Evaluate:

Lsin3(log x
sz sin*(logx)
0

log3 x

|Proposed by Jalil Hajimir — Canada

U.2359 Prove:

Q=f 1+ 2271 —x) xdx>§
0

|Pr0p0sed by Jalil Hajimir — Canada

U.2360 Solve for x:

|Proposed by Jalil Hajimir — Canadal|

U.2361 Let x, y be real numbers. Prove:

1 <x+m>
gl ——
y+J1+y?

<Ix—yl

|Proposed by Jalil Hajimir — Canada

U.2362 Prove that:

a a
f m\/a—xndx:f Na—xmdx,mneN
0 0

|Proposed by Jalil Hajimir — Canadal|

U.2363 Calculate the surface area of: S = {(x,y,z)|x? +y? +2z>=1,-1<z < 1}

|Proposed by Jalil Hajimir — Canadal|

U.2364 Prove without softs: fOE(sin x)V2(1+V2cosx)cosx gy %

|Proposed by Jalil Hajimir — Canadal|
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U.2365 Let x4, x5, ..., X;; be non-negative real numbers. Prove:

m m 2
2 n
$ =52
n=1

n=1

|Proposed by Jalil Hajimir — Canada

U.2366 Prove:

xdx

1
fo JA =216 — x2)

1
<=
4

|Proposed by Jalil Hajimir — Canada

U.2367 Prove:

10g1011 2 ¢ 10g1011 4 T 10g1011 2020 < 1

|Proposed by Jalil Hajimir — Canadal|

U.2368If P(z) = z3 + 72?2 — 2z —8,5S = {Z € C||z + 1| < 1}. Prove that |P(z)| < 18.

|Proposed by Jalil Hajimir — Canadal|

U.2369 Find:

fzozo(x —[2xD+/x — [x] dx, [x] — GIF
0

|Proposed by Jalil Hajimir — Canada

U.2370 For what values of 4, B, C and D is the value of:

f:(A + B cosx + C cos 2x + D cos 3x — cos® x)?dx minimum?

Proposed by Jalil Hajimir — Canada

U.2371 Find without softs:

Q_f°°xsin5xd
)y x2+25 X

Proposed by Jalil Hajimir — Canada

U.2372 Find a closed form:

Q_f‘” sinx 4
o x(x2+1) X

|Proposed by Jalil Hajimir — Canadal|
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U.2373 Find:

481 =27 -9¥ -3 -1
Q = lim 3
x>0 1—V1+x+x?
Proposed by Mohamad Hamed Nasery-Afghanistan

U.2374 Prove that:
11 3n
J;) ;log2 (x+ 1+x2) cos‘lxdx:3—2{(3)

Proposed by Ose Favour-Nigeria

U.2375 Prove that:

J‘l cos™x 4 4Liy(V=a) — Li;(—a) 1
—— " dx= a>—
0o V1+ax? 4N—-a

Proposed by Le Thu-Vietnam

U.2376 Prove that:

fll <1+X)1 <1+\/1—x2>d 1(166 2
0 og| ———|dx == -
0 ¥ x) %8 1—-V1—x? 2

Proposed by Ose Favour-Nigeria

U.2377 Find:

lOg (logx+1/log2x+1>
. logx+y/log?x—1
Q = lim

logx+1
X—00 2 wygsT
lOg (logx—l)

Proposed by Daniel Sitaru, Claudia Ndnuti -Romania
U.23781fa € (0, g),b € (0,7),

sin?a + 2sina - cosa - sinb + 2sina - cosa - cosb + 2cos?a = 0 then find:

a b u3v5
a'bandﬂzff(1+u1°)(1+v16)dudv
—a —-b

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

1 1 1 1 1 1 1 1

a b c d a b c d
vasrov=|% 0 S Ll w=h ) 5%

at b® 3 d3 a* b* c¢* d*
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1 1 1 1 1 1 1 1
a b c d a? b? 2 g2
a* b* c* d* a* b* c¢* d*

Solve for real numbers: V,V,Vox3 — VV,Vax2 + VV Vax — VV V, = 0
Proposed by Daniel Sitaru-Romania

U.2380 Find a € R such that: x]° + x3° + x3° = 90 where x4, x,, x3 —are the roots of the
equation: x3>+ ax+1 = 0.

Proposed by Daniel Sitaru-Romania

U.23811fp > 1,0 < a,f < 1then:

PIC (2—a— B+ (B — Daktt + (a — DB\, 2—a-8
;( l—a—-B+af > S\/ﬁ(l—a—ﬁ+aﬁ)

Proposed by Khaled Abd Imouti-Syria

U.2382 Find:

O =

11

arcsin (xy) arccos(xy)
f f dxdy
00

Proposed by Togrul Ehnmedov-Azerbaijan

U.2383 4 = (1 (1)),B = ((1) 1) Solve for real numbers:

e4 - ()(;) +efB - (2) = (;Z : 1), e —exponential matrix

Proposed by Daniel Sitaru, Claudia Ndnuti -Romania
U.2384 f(0) =0,f(1) =e3,f € C3(R), f"(x) =5f'(x) + 6f(x) =0,vx ER
Find:

2=t (- 75)

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

1 1 1 .. 1
1 22 23 Zn

U.2385 (), = 1 32 33 - 3™ neN* Find:
1 n? 3 .. nn
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Proposed by Daniel Sitaru, Dan Grigorie-Romania

U.2386 u, = V5,u,,; = u2 —2,n € N. Find:

Proposed by Khaled Abd Imouti-Syria

U.2387 Find a closed form:

O (DT (n+ 1)
Q_;(n+2)-n!-2"‘1

Proposed by Khaled Abd Imouti-Syria
U.2388
0, = i 1 Q, = N (_1)n
L@t DEn+DMEn+3) 7 L+ D(n+2)(2n+3)

A.Ql > Qz, BQl = Qz, CQl < QZ

Proposed by Daniel Sitaru-Romania

U.2389
& (—1)™(2n — 1! S (=)™ (2n — 1!
= ; aon = nZ (2n+ 2)!

Solve for real numbers: 4* + 230, = 27* + 23Q,
Proposed by Daniel Sitaru-Romania

U.2390 Find all values of m € R such that the equation

fx arctany
0 y

dy = mx has two real roots: x; € (—,0),x, € (0,0).

Proposed by Daniel Sitaru-Romania

1
i+j-1

Q= i det(Aniy)
~ now <(n!)3 : det(An)>

U.2391 4, = (aij)1<ij<n, a; = ,n € N,n > 2. Find:

Proposed by Daniel Sitaru-Romania
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U.2392 Solve for natural numbers:
{(Zx) +2(g )4y )+t () =¥
x-2Y =8

Proposed by Daniel Sitaru-Romania

U.2393 If a,b,c,d > 0,4 € M;5(C), B € Mgo(C),C € M,5(C), D € M54(C) then:
32(a?+b*+c?2+d?*)=>(a+b+c+d)? -rank(AB + CD)

Proposed by Daniel Sitaru-Romania
U.2394 If A € M,,(C),n € N,n > 2 then: rank(A%) + rank(4) > rank(A*) + rank(A?)

Proposed by Daniel Sitaru-Romania

U.2395n € N, 1 € R, 1 —fixed. Find a € R such that:

1
(n+)—(l—n)-x""1=a, Vx>0

x4 (x2 - Inx)
Proposed by Khaled Abd Imouti-Syria
U.2396 If x > 1,n € N* then:

= logxy? 6(xlogx)?
kZl( ) “nn+1D(n+2)(x — logx)*

Proposed by Khaled Abd Imouti-Syria

U.2397 Find a closed form:

o)

Q(x’p)zz<(n+p)(n+p—1).___.(p_l)(l_ ) x)n>

n! 1+e

Proposed by Khaled Abd Imouti-Syria

U2398A1(x)—( 11 ) (x;}n )neN [0},

3(x2+1),y1 /4062 Tk > 0.Find: Q = llm (xn + y,).

Proposed by Daniel Sitaru-Romania

U.2399 4, B, C € M,(R),detA = 1,A?> = BC,B? = CA,C? = AB. Solve for complex
numbers: x* + 6(xdetB)® — 14(xdetC)?> + 6x +1 = 0.

Proposed by Daniel Sitaru-Romania
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U.2400 If x; € [e?Ve,),i € T,n,n € N* then:

n n
n 1 n 1 1
E——— + log —E — <1
Xk e n Xk

k=1 k=1 k=1

Proposed by Khaled Abd Imouti-Syria

U.2401 Find a closed form:

0 it (VA —2van? =1
= an
1+v4n? -1

n=1

Proposed by Neculai Stanciu-Romania

U.2402 Let (F,) s, Fy = F; = 1,F,., = F,41 + E, be the Fibonacci’s sequence, and Ty, is the k"
triangular number defined by T}, = (k;rl) forall k = 1. Prove that:

n
Fk2m+2 3m(FnFn+1)m+1
z m = mm ,n=>1m>0
k=1 Kk n+1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

U.2403 Let a, b € R}, f: R = Ris an even continuous function such that foaf(x) dx = c. Find:

a
0= f f(x) .
—ab? + arctan x + Vb* + arctan? x

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

U.2404 If (a,) 20, (br)nso aregivenby ag = by = 1,ap41 = @y + by bper = M2 +n+ Da, +
b,, n = 1then compute: Q = lim

n
n—oo n[bibz..bn
aiaz..an
Proposed by Neculai Stanciu-Romania

U.24051f a,b € R,a < b,c € R} and f:R = R} is a continuous function, then prove that:

1
b e/ =D (f(x — a))* b—a
f T Tdx = >
@ efx=a)(f(x —a)) + e/ (f(b—x))°

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
U.2406 If A1A; ...Ay,n = 3isapolygon,and M € Int(A14; ... Ay), With pry, 4, M =Ty €
[AxAk41], forany k € {1,2 ...,n},Ap41 = A4, then: Zﬁﬂ% >2n tan%

k

Proposed by D.M. Badtinetu-Giurgiu, Neculai Stanciu-Romania
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U.2407 Prove that:

D2

a=1b=1

H? H? H 1
n n n n n n n
242 -3 -3—>+3 +6—4—-6— f(n)

n2

Where: H,, = Harmonic number and H,(lm) — Generalized harmonic number of order “m”

Proposed by Izumi Ainsworth-Japan

U.2408 Prove that:

101
Q= f f (xIn(arccos(1 — y)) + arctan(1 — y)?) dxdy =
o Jo

- 1—16(7'[ In(16) + 72 + 8Ci (g) — 8y — 166)

Proposed by Tahirov Shirvan-Azerbaijan
U.2409 If we have the recurrence relation 5a(n+2) + 3a(n+1) +a(n) =2n+1

a(0) = 1,a(1) = 3 then show that

[ee)

z o~ onsq _ X(19x% —30x* + 8x* +5)
X - x8 +x6 —7x2 45

n=0
Proposed by Srinivasa Raghava-AIRMC-India
U.2410 Show that
1 OH 2
= I

——dx =In(4) ——
fo y X=® -5

where O, is the sum of the reciprocal of the first n odd numbers.
Proposed by Vincent Nguyen-USA

U.2411 Find:

flln(l +x)
o 1l+mx

Proposed by Basir Ahmad Alizada-Afghanistan
U.2412 Prove the below closed form.

1 In?(1 + x)
o I+x)2+x)(3+x)

dx = 2Li5(=2) + Lis (— %) ~21n(2) Liy(=2) + 25(3) _
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TCZ

2
—5In(@) +5*2) - In*(2) In(3)

Where, Lis(z) is a polylogarithm of Jonquiere’s function and {(3) is the Apery’s constant
Proposed by Ankush Kumar Parcha-India

U.2413 Find a closed — form:

Q_flln(x+1)L_ x? 4
)y x+1 2\1+2)

Zzn

Where: Li,(z) denotes the dilogarithm function and Li,(z) = Ypy = (lz] < 1)

Proposed by Pham Duc Nam-Vietnam

U.2414 Prove the summation:

o (Frn = " D (Fpoq + ™) 1
; o =229 -3)

where F, is Fibonacci number & ¢ is Golden ratio.
Proposed by Srinivasa Raghava-AIRMC-India
U.2415 Prove that:

i (—1)m+l . 5n-l Z“’: (1)1 . 71 © (=) 117! 64

—_— < JRE—

4 26" 4 50" 122" 27
n= n=

n=1

Proposed by Daniel Sitaru-Romania

U.2416 Find a closed form:
I nm AL
Q:ZCOS(T).(E 2
FnFnio
Proposed by Khaled Abd Imouti-Syria
U.2417 Find:
n 1 n -1
Q=lim(n Z k?sink-1 (—) - (Z k2>
n—-oo n
k=1
Proposed by Khaled Abd Imouti-Syria

U.2418 If n > 1 then:
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1+1
2 2n

1
f logx - log(1 — x)dx < —log*2
n

2 2n

Proposed by Khaled Abd Imouti-Syria

U.2419 Find: 0(x) = lim X, arctan (
n—-oo

1+cosx+cos(2x)+---+cos(ix))
sinx+sin(2x)+---+sin(ix)

Proposed by Khaled Abd Imouti-Syria

U.2420 If n > 1 then:

2
2+log(6((n+1)!—1) )sz

n(2n2 +3n+1)

Proposed by Khaled Abd Imouti-Syria
U.2421 Solve for natural numbers:
n n
31+ z (Z) . z mn—k — 3130
k=1 m=1
Proposed by Daniel Sitaru-Romania

U.2422 Prove that:

(o] 2 [e] -1
((2i)1) ey 2 1
Z 22 (ayt 1O (logi) ' Z Kt
k=0 k=0
Proposed by Khaled Abd Imouti-Syria

1+sinx

U.2423 If x € [0,) then: 2e%™ - log (*=

) + 1 < 2tanx - et@x 4 ptanx

Proposed by Khaled Abd Imouti-Syria

U.2424 If x,y,z > 0,x? + y? + z% < 1 then:

1 N 1 N 1 l (36)
> log|—
Vi+x? J1+y2 V14272 \2
Proposed by Khaled Abd Imouti-Syria

a+2b 2b

u.2425Letbe:a = (“ 7% 0

). Find a,b € Z such that: A° + 94 = 6A% + 271,

Proposed by Daniel Sitaru-Romania
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U.2426 Find:

280 © "
Q = lim (1 +—gz k*(n — k)3>
n—-oo n ]

Proposed by Daniel Sitaru-Romania

U.2427 A € Ms(Z), A* = 0s. Solve for complex numbers:
7 —1 5d€t(A2+15)
(-
Z+1

Proposed by Daniel Sitaru-Romania

U.2428 Find:

|

Q= lim (Vx3(x +1)— Yx3(x - 1))30[5 [+] - GIF

Proposed by Daniel Sitaru-Romania

U.2429 Find:

0o z”: < vk 1 )
= l1m COS— — CO0S
n—o L n Vn+k
Proposed by Daniel Sitaru-Romania

U.2430 If a, b,c = 1 then:
211 ee

ea+1+b+1 c+1 >

- 4\/ abc

Proposed by Daniel Sitaru-Romania

U.2431If x,y € [0,1],p,q € (1, oo),% +$ = 1 then:

X
Z(x+y)kS2n(,, + )
£ V1—x? 1-—x1
Proposed by Daniel Sitaru-Romania

U.24321f0<a < g,n € N* then:
X

1
f sint(cosa — cost)" 1dt < — (cosa — cosx)"
n

a

Proposed by Daniel Sitaru-Romania
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U.2433 Find:

n

[ [
2k +1
1

k=

Proposed by Daniel Sitaru-Romania

U.2434 In AABC the following relationship holds:

e® + el + e + 24/ e®th 4 24/ ebtc 4 24/ecta > 93/ e?s

Proposed by Daniel Sitaru-Romania

U.2435 Find:

Proposed by Daniel Sitaru-Romania
U.2436 If a < b then:

arctanb — arctana 4 N (b — a)?
<
b—a (a+b)%+4 48

Proposed by Daniel Sitaru-Romania

U.2437 If x € (0, g) then:

1 1

((sinx)s MY 4 xS 4 (tanx)S™ >m <(sinx)x +x* + (tanx)x>;
< <

3 3

1
((sinx)mnx + xtonx 4 (tanx)mnx>m"~x
<

3

Proposed by Daniel Sitaru-Romania

1.1 1
U.2438If a, b,c > 1 then: (abc)?-ea'sc < g¥th+e
Proposed by Daniel Sitaru-Romania

U.2439 Prove that:

ﬁ <tanh <27T_3 (n+ 1)) coth (Ln)> _ 8 487t2(7 + 4\1/5)1"4 (g)

7 o 0

Proposed by Toubal Fethi -Algeria

n=1
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U.2440 Show that:

arctan(x? + 1 ’
f #dx = marctan_|2 + 2V2
R xc+1

Proposed by Vincent Nguyen-USA

U.2441 Prove the below closed form

fff 1+xy 1—1xyz)dxdydz=_26(3)—%2—1n(2)+6

Proposed by Ankush Kumar Parcha-India

U.2442 Prove that
- w1 1 1\ sinh™1(1) log2(2
Z (2n)(4n)=_+___u2(_)_ O8N g()’
— (2n — 1)264“ 2n 48 2 m V2 21 8w

C (2:) (;Z) 7m i 2V2 2 ,2( 1 ) log2(2)

L (2n - 264" 24 V2 4’

Proposed by Narendra Bhandari -Nepal

U.2443 Prove the summation

log®(4)
3

ZZ(Z(Hn)Z —6(2)—@+(4 2¢(2)) log(2) — log?(4) +

n)3
Proposed by Srinivasa Raghava-AIRMC-India

U.2444 Find a closed form of:

. _1/[ sinh(x+tan x—cscx—secx
sin?(x) sin 1< ( ))\
Jcosh(2x+tan cot | sin‘*(x)

2= f_°°| 2 (1-cos(2x))x—sin(2x) ((1—cos(2x))x—sin(2x))2 X

Proposed by Toubal Fethi -Algeria

U.2445 Prove that:

7
1 1 1 In(2) 2Vrr(;
Q= f arccos(x?) +In| |——+ dx=1 @) + (4)
0

1+x 1-x 2 3r (%)

Proposed by Tahirov Shirvan-Azerbaijan
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U.2446 Show that

L/ m2x Li,(—x) 2 5
J;, <12 In(x)  1-—x )dx - E(F +In(2)) - §€(3)

Proposed by Vincent Nguyen-USA

U.2447 Find a closed form of:

2
NAY F(n+k+1)2k -1
0=
;;<r(n+k+§)r(k+1)m>

Proposed by Fethi Toubal-Algeria

U.2448 Find:

®  In(1+x)
9=f oS R
0o x(x*—x%24+1)

Proposed by Vasile Mircea Popa - Romania

U.2449

1 mr tan~?!

1
nvi+m?2x? dx
14+ @ +7r2)m2x2)V1 + m2x2

Qim;n;r) = f
0

111

Q(m;n;r)+Q(—;—;—)=tan_ tan"tm+/1 + 12
nm’'r

Proposed by Hikmat Mammadov, Nuran Mammadi -Azerbaijan

U.2450 Inspired by professor Daniel Sitaru

a+2b 2b

'sz( b a-—2b

) such that X3 + 9X = 6X? + 271, thenfind a,b € R.

Proposed by Hikmat Mammadov-Azerbaijan
U.2451 Prove the integral
@ tanh(2x dx 77(3
(x) dx_g 8log(4 — 2v2) — (3)
X z x 2
- (sinh2 (—) + 1)
2

Proposed by Srinivasa Raghava-AIRMC-India

U.2452 Show that
2 2 1\?
j- 3 dx = 3
0 Vx 64132
Proposed by Srinivasa Raghava-AIRMC-India
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U.2453 Show that

[ B acar= 55+ 2m ()

where {x} = x — | x| denotes the fractional part.
Proposed by Vincent Nguyen-USA

U.2454 Prove the below closed form

© e 1 1 x? y? \In(x) _n_z
jojo(1_ﬁ><1_ﬁ)<1__1+x2><1_—1+y2>mdxdy_zﬁln(“—ﬁ)

Proposed by Ankush Kumar Parcha-India

U.2455 Find the value of a:

11
Va=6+ =
124+——5—
12+12+

Proposed by Jay Jay Oweifa-Nigeria

U.2456 Show that

o)

S coma(i v 2) s &)

n=1

5@ (1
Y log(4) 1 57 N 191og(2) log(m) 7log(3) N Y 3)  log(wg)
3 %% 12 18y3 36 6 24 1237 3
where y is the Euler — Mascheroni constant, A is the Glaisher-Kinkelin constant, H,, denotes
_ _ _ 2vr(1+2)
the n — th harmonic number, ) denotes the trigamma function, and @, W
2 n

denotes the n — th clover constant

Proposed by Vincent Nguyen-USA

U.2457 Show that:

Z( N 1n H —log/n(n+1) — ) (1—y+log(4))

where y is the Euler — Mascheroni constant and H,, is the n —th harmonic number.

Proposed by Vincent Nguyen-USA
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U.2458 Find:

® arctan(x)
Q =f 2 > X
o Xx(x*+x2+1)

Proposed by Vasile Mircea Popa - Romania

n(n+1)

U.2459 If we have the recurrence relation ¢(n+ 1) + p(n+ 2) + p(n) = (-1)" 2

¢(0) =1, ¢9(1) = —1 then show that

e n(n+1)
-1z on) 21 1 =
nZl %n(n+1) —ﬂ+2—ﬁ+10g<1—6(2+\/§)\/_>

Proposed by Srinivasa Raghava-AIRMC-India

112(x) _ 4¢3  g(s) .
U.2460 If fO de = % — % Prove that:

a+b

2 m
2

son — _ o

nilj; log(cos(x)) sin™(2x) dx T 2 5

Proposed by Amin Hajiyev-Azerbaijan

U.2461 Prove that:

8G
f°° L-e™\'ex—e ~_ (12288n%n
o \1+e% x * = 08 [16 (l)
4
Proposed by Amin Hajiyev-Azerbaijan
U.2462 Prove:
1 lnln%
— X dx =
o i+ 15
_ 15 @)+ (3)_'_111 2 271 N 23 799l ) 121
=320 W T 166 8 " 1152 192" T 2880 " “ T 1152
Proposed by Fao Ler-Iraq

U.2463 Determine the value of

el dx dy , 1\ n? 1In?(3)
[f )
0 Jo a2—alx+y—xy)—(x+y) 3 12 2

Proposed by Ankush Kumar Parcha-India
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U.2464 Show that
f veroet o2
o z(e?2+1)2 /[
Proposed by Vincent Nguyen-USA
U.2465 If

xy vz zx

2 r3
— (1+0)(2+y)  (1+y)(2+2)  (1+2)(3+x)
Q= fl L L C+0A+y)  2+y)(+2)  (2+2)(1+x) dx dydz

yz zx xy
Then, show that:
789 1017
0= Tln2 (3) — 4321In3(2) — 2161In(2) In?(3) + 6481n%(2)In(3) + s In?(2) —
2256 9731 66131 29719
- 5 11’1(2) 11‘1(3) - 600 ln( ) ln( ) - m
Proposed by Ankush Kumar Parcha-India

U.2466 Find:

-1
Q = lim E [E l+
n—->oo

Proposed by Vasile Mircea Popa - Romania

U.2467 Show that

2G
em !

lim 16"n?"*1q, =
n-oo 4

where G is Catalan’s constant.

Proposed by Vincent Nguyen-USA

U.2468 Let u; = > Mitpyy = (M + Dy +1+2,(n € N,n > 1).Find: lim 2
n-+oo

Proposed by Nguyen Van Canh-Vietnam

U.2469 Prove the below closed form

flflfl(l+xyZ)(3+x3’Z)(5+xyZ)d xdy dz =

2+ xyz)(4 + xyz)(6 + xyz)

_ 143 1>+3L' 1>+15L'<1)
= 813(2 413(4 A
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Where, Li;(2) is a trilogarithm function
Proposed by Ankush Kumar Parcha-India

U.2470If a,b,c > 0,a? + b? + ¢3 = 3abc then find max of

_Z a
Q= 2a3 +1

Proposed by Marin Chirciu - Romania

U.2471 In AABC, g, —Gergonne’s cevian, M € Int(AABC) holds:
xyhagp + VZhpge + zxhogg = 4F?
Proposed by D.M.Bdtinetu-Giurgiu, Gheorghe Boroica-Romania

U.2472 If t,u = 0 and x,y,z > 0, then in AABC holds:

x+y

+z zZ+x 4—t— t+
cathy 42T E preun -ctat = 21+t+u(Y/3) u(\/f) :
x y
Proposed by D.M.Bdtinetu-Giurgiu, Flaviu Cristian Verde-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.496 In AABC the following relationship holds:

T2 +71)] )+ 7] rl +7r’ -
(ra + rb)5 (rb + rc)5 (rc + ra)s -

2(4R +1)% > 652

Proposed by Alex Szoros-Romania
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JP.497 If a, b, c > 0, then:

ad b® 3 1, 5 5
ﬁ+ﬁ+?22(\/7a3+b3+\/7b3+c3+\/7c3+a3)

Proposed by Marin Chirciu-Romania

JP.498 If a, b > 0 then:

Z(a+1)(b+1)>3+z ab
a+b+2 2 a+b

cyc cyc
Proposed by Daniel Sitaru-Romania
JP.499 Find A > 0 so that the double inequality

2>(a+b+c)3—a3—b3—c3
- Ala+b+c)

> 2Rr

holds in any triangle ABC.
Proposed by Alex Szoros-Romania

JP.5001If a,b,c > 0,abc = 1 then:

a2+1+b2+1+cz+1>3
a+1 b+1 c+1

Proposed by Daniel Sitaru-Romania

JP.501If a,b,c > 0, then:

a10 b10 c10 3

>
(b+c¢)5(2a+ b + )’ + (c+a)5(a+2b+c)’ + (a+b)(a+b+2c)5 85

Proposed by D.M. Batinetu-Giurgiu-Romania

JP.502Ifm,n=>0m+n=4andx,y,z > 0 thenin AABC holds:

x-am N y-b" N z-c" S gm-1. pzen
(y+2)hy  (z+x)hy  (x+y)hg ~

Proposed by D.M. Batinetu-Giurgiu-Romania

JP.503 In acute AABC the following relationship holds:

Za+b h >a+b+c
ab €= R

cyc

Proposed by Marian Ursdarescu-Romania
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JP.504 In AABC the following relationship holds:

A N B N C <3+1r
mA+BC+12 wB+CA+12 nwC+AB+ 12~ 32

Proposed by Radu Diaconu-Romania

JP.505 For n € N*, x € (0, ) prove that:

i 4k + (k — 1)? sin? 2x
(k—1)% + 4k csc? 2x

> < (n+ 1)>?
k=1
Proposed by Florica Anastase, Flavius Pacionea-Romania

JP.506 Fora,b,c > 0,a+ b + c =1andk € N prove:

a N b N c - (27)"+1
(a% + abc)k+1 (b2 + abc)k*1 * (c% + abc)*t1 ~— \ 4

Proposed by Florica Anastase, Andreea Lixandru-Romania
JP.507 Let ABCD be a cyclic quadrilateral with circumradius R

A
ec?S  16R*

A —_
Zsec_zi F?

and area F. Prove:

where the sums are taken over all angles of the quadrilateral.
Proposed by George Apostolopoulos-Greece

JP.508 Let ABCD be a cyclic quadrilateral with circumradius R and area F. Prove

8R?
cscA+cscB+cscC+cscD < T

Proposed by George Apostolopoulos-Greece

JP.509 Let ABC be a triangle with inradius 7 and circumradius R. Prove that:

<1+ tA><1+ tB>(1+ tC>>(1+\/§ Zr)
CcO 2 CcO 2 CcO 2) = R

Proposed by George Apostolopoulos-Greece

3

JP.510 In AABC the following relationship holds:

—T'
9 <Z / 2 452 < (4R
V2r rZ+r2<(4R+r) |6 R+r

cyc

Proposed by Marin Chirciu-Romania
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PROBLEMS FOR SENIORS

SP.49% If f:R — R, f —derivable, f(0) = 0, f'(0) = 1 then find:

0= tim (tim 2 (10 +£(5) 47 (5) + -+ £ (5) = tam)
Proposed by Marin Chirciu-Romania

SP.497 Let D ABC be a triangle with circumradius R. Let 1, rp, T be the exradii. Prove
that:

ri T} ré 813

> R*
sin(24) + sin(2B) + sin(2€) — 8

Proposed by George Apostolopoulos-Greece
SP.498 Let A, B € M;(R) such that AB = BA. Prove that
det(4% + B?) = O ifand only if det(4 + B) = 2(detA + detB) and
det(A — B) = 2(detA — detB).
Proposed by Florentin Visescu-Romania
SP.499 Let A, B € M;(R) such that AB = BA. Prove that

det(A% + AB + B%?) = O ifand only if det(4 + B) = detA + det B and det(4 — B) =
3(detA — detB).

Proposed by Florentin Visescu-Romania

SP.500 Find:

Q—fz_t 3cosx—4sinx d
~ Jo 12sin2x + 7 cos2x + 4cosx + 3sinx+ 9 o

Proposed by Daniel Sitaru-Romania

SP.501 If M € Int(AABC) suchthat x = MA,y = MB,z = MC, then:

X y z V3
+ + >
hohp/yz hyhNzx h.h,/xy  F

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

SP.502 If x,y,z > 0, then:
9
2x2+1)2y* +1)(2z* +1) > E(xy + yz + zx)

Proposed by D.M. Batinetu-Giurgiu, Claudia Nanuti-Romania
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SP.503 Solve for real positive numbers:
e-(x*+(1+logx)®)°=1
Proposed by Daniel Sitaru-Romania
1.1, 1
SP.5041If x,y,z > 0,-+ -+ - = 3, then:
x 'y z
4
4Zx2 +9 22(5x+—)
x+1
cyc cyc

Proposed by Daniel Sitaru-Romania

1 1 1
SP.5051f x,y,z > 0'ﬁ+ ﬁ + e 3, then:

x2Nx + ¥y + 22z > x* + y* + 2*
Proposed by Daniel Sitaru-Romania
SP.506 Determine the sequence (a@,),>1, @, € R* such that:
n-1 m-1 n—-1\ m n—1 n 2n
( 0 )( 1 >a1+< 1 >'(2)“2+'"+(n—1)'(n)“"= [(n)_l]a"
WMn=>1
Proposed by Marian Ursdrescu-Romania

SP.507 In acute AABC the following relationship holds:

Za+b >a+b+c
ab Te = R
cyc

Proposed by Marian Ursdrescu-Romania

SP.508 Let A4, ... A,, a convex polygon, n € N,n > 3. Prove that:

n

k
A1 - [(n—2)m+ n]k
i=

, D, kEN

Proposed by Radu Diaconu-Romania
SP.509 Let ABC be an acute triangle. Prove that:
(9v3 cot® A + 2)(9v3 cot® B + 2)(9V3 cot® € + 2) > 125

Proposed by George Apostolopoulos-Greece
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SP.510 Let ABC be an arbitrary triangle having the sides a, b, c. Denote by m,, s, the
lengths of the median and the symmedian corresponding to the side a, and the analogs.
Let w Brocard’s angle and M be the set

M = {ﬂ,ﬂ,ﬁ}. Prove that:
Sa  Sp  Sc
2R 1 2R .
—maxM > > —minM

Proposed by Vasile Jiglau-Romania
UNDERGRADUATE PROBLEMS
UP.496 Prove that:

2

fl fl log(1 + x?)log(1 + y) dx (r—21log(2))
0 Y0

xyz
Proposed by Said Attaoui- Algerie

UP.497 Prove that:

1
x—1 1 1./ 1 log(1+x—z) 2 1
F(x) =f > log(1+—2> dx = - Li, (--) ——_——_ t2arctan (‘)

X X X X X

+

Proposed by Said Attaoui -Algerie

UP.498 Prove that:

flfl (1+2x—x2)1-2y+y?)
0 Jo

9
dxdy = 5¢(2)
Jx2y? — 2yx? — 2xy? + 4xy 8

Proposed by Said Attaoui-Algerie

UP.4991f 0 < a < b then:

b bdxdy< 2(b — a)?
faf 1+xy~ (14+a)(1+b)

a

Proposed by Daniel Sitaru-Romania

UP.500Let 0 < a < b and f: [a, b] — R. If f —differentiable on [a, b] and f(a) = f(b),
then (3) ¢4, ¢, € (a,b) suchthat af(cy) + bf(cy) = 0.

Proposed by Marian Ursdarescu-Romania
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UP.501 Determine all functions f: R — (0, ) such that
fC)-fBx)- f(9%) - f(27x) = 3%, (V) x €R
Proposed by Marian Ursdrescu-Romania

UP.502 Let A4, ... A,, a convex polygon, n > 3,n € N. Prove that:

-1 a a .. a -1 b b .. b
a -1 a .. a b -1 b .. b
a a -1 - al|-|b b -1 b|=
a a a - —-1llp p bp - 2

=p+1D)"I(n-12p-1][((n-2)r+ 1" {(n-1)(n- 2)r —1].

wherea=a, +a, +--+a, =2p,(n—1)2p—1>0,b = A, + A, + -+ A,, and the
order of the determinants is n.

Proposed by Radu Diaconu-Romania

UP.503 Let f: [n — 1,n] —» [n,n + 1] continuous function such that

fn (1 + xf’(x)) dx <nf(n) — (n—1)f(n— 1),then prove:
-1

n
j‘" dx - 2 e N
___,n
n1f(x) T n+1

Proposed by Florica Anastase-Romania

UP.504 Let a,b,c,d > 1 and f:[a, b] - [c,d]continuous function for which

yl b
(3)2 € (a, b) such that af f(x)dx + bf f(x)dx = a + c,then prove:
a s

fb x <(1+1> b2 —a%2-2
— x_ — —_—  ———
af(x) a ¢ 2

Proposed by Florica Anastase-Romania

UP.505 Find:
1 1 1
Q = lim ([Zx] (2x)2x] — [x]xlxl — [x + ED
xX—00

where [a] is the greatest integer less than a.

Proposed by Cristian Miu-Romania
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UP.506 Let R and r be the circumradius and inradius, respectively, of triangle ABC. Let
D, E and F be chosen on sides BC, CA and AB so that AD, BE, and CF bisect the angle of

ABC. Prove that:
(EF)4 4 (FD)4 4 (DE)4 4 3 < 3 ( R)
BC CA AB 16 — 8 \2r

Proposed by George Apostolopoulos-Messolonghi-Greece

2

UP.507 Prove that:

flfl vl dxdy = 26 +24(2)
o Jo G- D@+ Aty T T2t gs
_ vy DT ’ _
where G = ), anri? IS Catalan’s constant and {(k) =
et ﬁ is a zeta function.

- 1
Find the value of the series: Q = Z) m
n=

Proposed by Said Attaoui-Algerie

1.1 1
UP.508 Find: @ = lim e'*2"3%"*n . (/73 — Ve3)

n—-oo

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

UP.509 Find:
T 3H 3H,\ (" 2
Q = lim (e3Hn+1 — 3Hn) (Y — 1)
n—->oo
Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
UP.510 Find:

n4

Q=i Z 1 1
= noo n?+k| logn

k=1

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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