
 
SP.541 Find all continuous functions 𝒇: ℝ → ℝ such that: 

𝒇 (
𝒙

𝟑
) − 𝟑𝒇(𝒙) = 𝟏𝟓𝒙; (∀)𝒙 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Replace 𝒙 = 𝟎 in statement: 

𝒇(𝟎) − 𝟑𝒇(𝟎) = 𝟎 ⇒ −𝟐𝒇(𝟎) = 𝟎 ⇒ 𝒇(𝟎) = 𝟎 

𝟏

𝟑
𝒇 (

𝒙

𝟑
) − 𝒇(𝒙) = 𝟓𝒙  (1) 

Replace 𝒙 →
𝒙

𝟑
 in (1): 

𝟏

𝟑
𝒇 (

𝒙

𝟑𝟐
) − 𝒇 (

𝒙

𝟑
) = 𝟓 ⋅

𝒙

𝟑
 

𝟏

𝟑𝟐 𝒇 (
𝒙

𝟑𝟐) −
𝟏

𝟑
𝒇 (

𝒙

𝟑
) = 𝟓 ⋅

𝒙

𝟑𝟐       (2) 

Replace 𝒙 →
𝒙

𝟑
 in (2): 

𝟏

𝟑𝟐
𝒇 (

𝒙

𝟑𝟑
) −

𝟏

𝟑
𝒇 (

𝒙

𝟑𝟐
) = 𝟓 ⋅

𝒙

𝟑𝟑
 

𝟏

𝟑𝟑 𝒇 (
𝒙

𝟑𝟑) −
𝟏

𝟑𝟐 𝒇 (
𝒙

𝟑𝟐) = 𝟓 ⋅
𝒙

𝟑𝟒     (3) 

Replace 𝒙 →
𝒙

𝟑
 in (3): 

𝟏

𝟑𝟑
𝒇 (

𝒙

𝟑𝟒
) −

𝟏

𝟑𝟐
𝒇 (

𝒙

𝟑𝟑
) = 𝟓 ⋅

𝒙

𝟑𝟓
 

𝟏

𝟑𝟒 𝒇 (
𝒙

𝟑𝟒) −
𝟏

𝟑𝟑 𝒇 (
𝒙

𝟑𝟑) = 𝟓 ⋅
𝒙

𝟑𝟔      (4) 

Analogous: 

𝟏

𝟑𝒏+𝟏 𝒇 (
𝒙

𝟑𝒏+𝟏) −
𝟏

𝟑𝒏 𝒇 (
𝒙

𝟑𝒏) = 𝟓 ⋅
𝒙

𝟑𝟐𝒏      (n) 

By adding: (1); (2); (3); (4);…;(n): 

𝟏

𝟑𝒏+𝟏
𝒇 (

𝒙

𝟑𝒏+𝟏
) − 𝒇(𝒙) = 𝟓𝒙 (𝟏 +

𝟏

𝟑𝟐
+

𝟏

𝟑𝟒
+ ⋯ +

𝟏

𝟑𝟐𝒏
) 

𝟏

𝟑𝒏+𝟏
𝒇 (

𝒙

𝟑𝒏+𝟏
) − 𝒇(𝒙) = 𝟓𝒙 ⋅

𝟏
𝟑𝟐𝒏+𝟐 − 𝟏

𝟏
𝟑𝟐 − 𝟏

 



 

𝐥𝐢𝐦
𝒏→∞ 

(
𝟏

𝟑𝒏+𝟏
𝒇 (

𝒙

𝟑𝒏+𝟏
) − 𝒇(𝒙)) = 𝟏𝟓𝒙 𝐥𝐢𝐦

𝒏→∞

𝟏
𝟑𝟐𝒏+𝟐 − 𝟏

𝟏
𝟑𝟐 − 𝟏

 

𝟏

∞
⋅ 𝒇(𝟎) − 𝒇(𝒙) = 𝟓𝒙 ⋅

𝟏
∞ − 𝟏

𝟏
𝟗 − 𝟏

 

𝟎 ⋅ 𝟎 − 𝒇(𝒙) = 𝟓𝒙 ⋅
𝟎 − 𝟏

−
𝟖
𝟗

 

−𝒇(𝒙) =
𝟒𝟓𝒙

𝟖
 

𝒇(𝒙) = −
𝟒𝟓𝒙

𝟖
 

Solution 2 by Marin Chirciu-Romania 

𝒇 (
𝒙

𝟑
) − 𝟑𝒇(𝒙) = 𝟏𝟓𝒙 ⇔ 𝒇(𝒙) =

𝟏

𝟑
𝒇 (

𝒙

𝟑
) − 𝟓𝒙 

Given to 𝒙 the values: 
𝒙

𝟑
,

𝒙

𝟑𝟐 , … ,
𝒙

𝟑𝒏 we obtain successively: 

𝒇(𝒙) =
𝟏

𝟑
𝒇 (

𝒙

𝟑
) − 𝟓𝒙 =

𝟏

𝟑
[
𝟏

𝟑
𝒇 (

𝒙

𝟑𝟐
) −

𝟓𝒙

𝟑
] − 𝟓𝒙 =

𝟏

𝟑𝟐
𝒇 (

𝒙

𝟑𝟐
) − 𝟓𝒙 (𝟏 +

𝟏

𝟑𝟐
) = 

=
𝟏

𝟑𝟐
[
𝟏

𝟑
𝒇 (

𝒙

𝟑𝟑
) − 𝟓

𝒙

𝟑𝟐
] − 𝟓𝒙 (𝟏 +

𝟏

𝟑𝟐
) =

𝟏

𝟑𝟑
𝒇 (

𝒙

𝟑𝟑
) − 𝟓

𝒙

𝟑𝟒
− 𝟓𝒙 (𝟏 +

𝟏

𝟑𝟐
) = 

=
𝟏

𝟑𝟑
𝒇 (

𝒙

𝟑𝟑
) − 𝟓𝒙 − (𝟏 +

𝟏

𝟑𝟐
+

𝟏

𝟑𝟒
) = ⋯ =

𝟏

𝟑𝒏
𝒇 (

𝒙

𝟑𝒏
) − 𝟓𝒙 (𝟏 +

𝟏

𝟑𝟐
+

𝟏

𝟑𝟒
+ ⋯ +

𝟏

𝟑𝟐𝒏
) 

Passing the limit for 𝒏 → ∞ and taking into account that the function is continuous and 

𝒇(𝟎) = 𝟎 we obtain: 

𝒇(𝒙) = −𝟓𝒙 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝟑𝟐
+

𝟏

𝟑𝟒
+ ⋯ +

𝟏

𝟑𝟐𝒏
) = −𝟓𝒙 ⋅

𝟗

𝟖
=

−𝟒𝟓

𝟖
𝒙. 

We deduce that the searched function is 𝒇: ℝ → ℝ, 𝒇(𝒙) =
−𝟒𝟓

𝟖
𝒙 

Remark: The problem can be developed. 

Let 𝒂 > 𝟏, 𝒃 ∈ ℝ fixed. Find all continuous functions 𝒇: ℝ → ℝ such that: 

𝒇 (
𝒙

𝒂
) − 𝒂𝒇(𝒙) = 𝒂𝒃𝒙, (∀)𝒙 ∈ ℝ 

Marin Chirciu  



 
Solution 

𝒇 (
𝒙

𝒂
) − 𝒂𝒇(𝒙) = 𝒂𝒃𝒙 ⇔ 𝒇(𝒙) =

𝟏

𝒂
𝒇 (

𝒙

𝒂
) − 𝒃𝒙 

Given to 𝒙 the values: 
𝒙

𝒂
,

𝒙

𝒂𝟐 , … ,
𝒙

𝒂𝒏 we obtain successively: 

𝒇(𝒙) =
𝟏

𝒂
𝒇 (

𝒙

𝒂
) − 𝒃𝒙 =

𝟏

𝒂
[
𝟏

𝒂
𝒇 (

𝒙

𝒂𝟐
) − 𝒃

𝒙

𝒂
] − 𝒃𝒙 =

𝟏

𝒂𝟐
𝒇 (

𝒙

𝒂𝟐
) − 𝒂𝒙 (𝟏 +

𝟏

𝒂𝟐
) = 

=
𝟏

𝒂𝟐
[
𝟏

𝒂
𝒇 (

𝒙

𝒂𝟑
) − 𝒃

𝒙

𝒂𝟐
] − 𝒃𝒙 (𝟏 +

𝟏

𝒂𝟐
) =

𝟏

𝒂𝟑
𝒇 (

𝒙

𝒂𝟑
) − 𝒃

𝒙

𝒂𝟒
− 𝒃𝒙 (𝟏 +

𝟏

𝒂𝟐
) = 

=
𝟏

𝒂𝟑
𝒇 (

𝒙

𝒂𝟑
) − 𝒃𝒙 (𝟏 +

𝟏

𝒂𝟐
+

𝟏

𝒂𝟒
) = ⋯ =

𝟏

𝒂𝒏
𝒇 (

𝒙

𝒂𝒏
) − 𝒃𝒙 (𝟏 +

𝟏

𝒂𝟐
+

𝟏

𝒂𝟒
+ ⋯ +

𝟏

𝟐𝒏
) 

Passing to the limit for 𝒏 → ∞ and taking into account that the function is continuous and 

𝒇(𝟎) = 𝟎 we obtain: 

𝒇(𝒙) = −𝒃𝒙 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒂𝟐
+

𝟏

𝒂𝟒
+ ⋯ +

𝟏

𝒂𝟐𝒏
) = −𝒃𝒙 ⋅

𝒂𝟐

𝒂𝟐 − 𝟏
=

𝒂𝟐𝒃

𝟏 − 𝒂𝟐
𝒙 

We deduce that the searched function is 𝒇: ℝ → ℝ, 𝒇(𝒙) =
𝒂𝟐𝒃

𝟏−𝒂𝟐 𝒙 

Note: 

For 𝒂 = 𝟑, 𝒃 = 𝟓 we obtain Problem SP.541. from RMM Nr. 37 – Summer 2025 

 


