
 
SP.543 Let be 𝒇: [𝟎, 𝟏] → [𝟎, 𝟐𝟎]; 𝒇(𝒙) = 𝟐 ⋅ 𝟑𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟔. Find: 

𝛀 = ∫ 𝒇−𝟏
𝟐𝟎

𝟎

(𝒙)𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒇′(𝒙) = 𝟐 ⋅ 𝟑𝒙 𝐥𝐨𝐠𝟑 + 𝟒 ⋅ 𝟓𝒙 𝐥𝐨𝐠𝟓 > 𝟎 

𝒇 strictly increasing 

𝒇(𝟎) = 𝟐 + 𝟒 − 𝟔 = 𝟎; 𝒇(𝟏) = 𝟔 + 𝟐𝟎 − 𝟔 = 𝟐𝟎 

𝒇 continuous ⇒ 𝒇([𝟎,𝟏]) = [𝟎, 𝟐𝟎] 

By Young’s theorem: 

∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 +∫ 𝒇−𝟏
𝟐𝟎

𝟎

(𝒙)𝒅𝒙 = 𝟏 ⋅ 𝟐𝟎 

∫ (𝟐 ⋅ 𝟑𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟔)
𝟏

𝟎

𝒅𝒙 +∫ 𝒇−𝟏(𝒙)
𝟐𝟎

𝟎

𝒅𝒙 = 𝟐𝟎 

𝛀 = ∫ 𝒇−𝟏(𝒙)
𝟐𝟎

𝟎

𝒅𝒙 = 𝟐𝟎 − 𝟐∫ 𝟑𝒙
𝟏

𝟎

𝒅𝒙 − 𝟒∫ 𝟓𝒙
𝟏

𝟎

𝒅𝒙 + 𝟔(𝟏 − 𝟎) = 

= 𝟐𝟎 − 𝟐(
𝟑𝟏

𝐥𝐨𝐠 𝟑
−

𝟑𝟎

𝐥𝐨𝐠 𝟑
) − 𝟒(

𝟓𝟏

𝐥𝐨𝐠 𝟓
−

𝟓𝟎

𝐥𝐨𝐠 𝟓
) + 𝟔 = 𝟐𝟔 −

𝟒

𝐥𝐨𝐠 𝟑
−

𝟏𝟔

𝐥𝐨𝐠𝟓
 

Solution 2 by Marin Chirciu-Romania 

Using Young equality: 

If 𝒇: [𝟎, 𝒂] → [𝟎, 𝒃] is a derivable function strictly increasing with 𝒇(𝟎) = 𝟎 and 𝒇(𝒂) = 𝒃, 

then the following equality holds ∫ 𝒇(𝒙)
𝒂

𝟎
𝒅𝒙 + ∫ 𝒇−𝟏(𝒙)

𝒃

𝟎
𝒅𝒙 = 𝒂𝒃. 

In our case 𝒇: [𝟎, 𝟏] → [𝟎, 𝟐𝟎], 𝒇(𝒙) = 𝟐 ⋅ 𝟑𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟔 is a derivable function, strictly 

increasing (exponentials with a superunit base) with 𝒇(𝟎) = 𝟎 and 𝒇(𝟏) = 𝟐𝟎. 

Applying Young equality we obtain: 

∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒇−𝟏(𝒙)
𝟐𝟎

𝟎

𝒅𝒙 = 𝟐𝟎 

We have ∫ 𝒇(𝒙)
𝟏

𝟎
𝒅𝒙 = ∫ (𝟐 ⋅ 𝟑𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟔)

𝟏

𝟎
𝒅𝒙 = (𝟐 ⋅

𝟑𝒙

𝐥𝐧 𝟑
+ 𝟒 ⋅

𝟓𝒙

𝐥𝐧 𝟓
− 𝟔𝒙)|

𝟎

𝟏

= 



 

= (𝟐 ⋅
𝟑

𝐥𝐧𝟑
+ 𝟒 ⋅

𝟓

𝐥𝐧𝟓
− 𝟔) − (𝟐 ⋅

𝟏

𝐥𝐧𝟑
+ 𝟒 ⋅

𝟏

𝐥𝐧 𝟓
) =

𝟒

𝐥𝐧 𝟑
+

𝟏𝟔

𝐥𝐧 𝟓
− 𝟔 

We obtain: 

𝛀 = ∫ 𝒇−𝟏(𝒙)
𝟐𝟎

𝟎

𝒅𝒙 = 𝟐𝟎 − (
𝟒

𝐥𝐧𝟑
+

𝟏𝟔

𝐥𝐧𝟓
− 𝟔) = 𝟐𝟔 −

𝟒

𝐥𝐧𝟑
−

𝟏𝟔

𝐥𝐧𝟓
 

Remark: In the same way. 

Let be 𝒇: [𝟎, 𝟏] → [𝟎, 𝟐𝟓], 𝒇(𝒙) = 𝟑 ⋅ 𝟒𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟕. Find: 

𝛀 = ∫ 𝒇−𝟏(𝒙)
𝟐𝟓

𝟎

𝒅𝒙 

Marin Chirciu 

Solution:    Using Young equality: 

If 𝒇: [𝟎, 𝒂] → [𝟎, 𝒃] is a derivable function, strictly increasing with 𝒇(𝟎) = 𝟎 and 𝒇(𝒂) = 𝒃, 

then the following equality ∫ 𝒇(𝒙)
𝒂

𝟎
𝒅𝒙 + ∫ 𝒇−𝟏(𝒙)

𝒃

𝟎
𝒅𝒙 = 𝒂𝒃. 

In our case 𝒇: [𝟎, 𝟏] → [𝟎, 𝟐𝟓], 𝒇(𝒙) = 𝟑 ⋅ 𝟒𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟕 is a derivable function, strictly 

increasing (exponentials with a superunit base), with 𝒇(𝟎) = 𝟎 and 𝒇(𝟏) = 𝟐𝟓. 

Applying Young’s equality we obtain: 

∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 +∫ 𝒇−𝟏(𝒙)
𝟐𝟓

𝟎

𝒅𝒙 = 𝟐𝟓. 

We have ∫ 𝒇(𝒙)
𝟏

𝟎
𝒅𝒙 = ∫ (𝟑 ⋅ 𝟒𝒙 + 𝟒 ⋅ 𝟓𝒙 − 𝟕)

𝟏

𝟎
𝒅𝒙 = (𝟑 ⋅

𝟒𝒙

𝐥𝐧 𝟒
+ 𝟒 ⋅

𝟓𝒙

𝐥𝐧 𝟓
− 𝟔𝒙)|

𝟎

𝟏

= 

= (𝟑 ⋅
𝟒

𝐥𝐧𝟒
+ 𝟒 ⋅

𝟓

𝐥𝐧𝟓
− 𝟕) − (𝟑 ⋅

𝟏

𝐥𝐧𝟒
+ 𝟒 ⋅

𝟏

𝐥𝐧𝟓
) =

𝟗

𝐥𝐧 𝟑
+

𝟏𝟔

𝐥𝐧𝟓
− 𝟕. 

We obtain: 

𝛀 = ∫ 𝒇−𝟏(𝒙)
𝟐𝟎

𝟎

𝒅𝒙 = 𝟐𝟓 − (
𝟗

𝐥𝐧𝟒
+

𝟏𝟔

𝐥𝐧𝟓
− 𝟕) = 𝟑𝟐 −

𝟗

𝐥𝐧𝟒
−

𝟏𝟔

𝐥𝐧𝟓
. 


