
 
SP.546 If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) then: 

√𝟑𝒂 − 𝒂𝟐 +√𝟓𝒃 − 𝒃𝟐 + √𝟕𝒄 − 𝒄𝟐 ≤ √𝟏𝟓(𝒂 + 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 

Proposed by Daniel Sitaru – Romania 

Solution 1 by proposer 

Let be 𝒙, 𝒚, 𝒛 > 0 such that: 
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Let be 𝒇: (𝟎, 𝟏) → ℝ; 𝒇(𝒙) = √𝒙 − 𝒙𝟐 

𝒇′(𝒙) =
−𝟏

𝟒√𝒙−𝒙𝟐(𝒙−𝒙𝟐)
< 0 ⇒ 𝑓 concave 

By Jensen’s inequality: 
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≥ 𝟑√𝒙 − 𝒙𝟐 + 𝟓√𝒚 − 𝒚𝟐 + 𝟕√𝒛 − 𝒛𝟐 

𝟑√𝒙 − 𝒙𝟐 + 𝟓√𝒚 − 𝒚𝟐 + 𝟕√𝒛 − 𝒛𝟐 ≤ 𝟏𝟓√
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√𝟗𝒙 − 𝟗𝒙𝟐 + √𝟐𝟓𝒚 − 𝟐𝟓𝒚𝟐 + √𝟒𝟗𝒛 − 𝟒𝟗𝒛𝟐 ≤ 

≤ √𝟐𝟐𝟓 (
𝟑𝒙 + 𝟓𝒚 + 𝟕𝒛
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− (
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√𝟑 ⋅ 𝟑𝒙 − (𝟑𝒙)𝟐 + √𝟓 ⋅ 𝟓𝒚 − (𝟓𝒚)𝟐 +√𝟕 ⋅ 𝟕𝒛 − (𝟕𝒛)𝟐 ≤ 

≤ √𝟏𝟓(𝟑𝒙 + 𝟓𝒚 + 𝟕𝒛) − (𝟑𝒙 + 𝟓𝒚 + 𝟕𝒛)𝟐 

√𝟑𝒂 − 𝒂𝟐 +√𝟓𝒃 − 𝒃𝟐 + √𝟕𝒄 − 𝒄𝟐 ≤ 

≤ √𝟏𝟓(𝒂+ 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 

Solution 2 by Marin Chirciu-Romania 

√𝟑𝒂− 𝒂𝟐 + √𝟓𝒃 − 𝒃𝟐 +√𝟕𝒄 − 𝒄𝟐 ≤ √𝟏𝟓(𝒂+ 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 

Using CBS inequality, we obtain: 

𝑳𝑯𝑺 = √𝟑𝒂 − 𝒂𝟐 + √𝟓𝒃 − 𝒃𝟐 +√𝟕𝒄 − 𝒄𝟐 = √𝒂√𝟑 − 𝒂 + √𝒃√𝟓 − 𝒃 + √𝒄√𝟕 − 𝒄 ≤
𝑪𝑩𝑺

 

≤
𝑪𝑩𝑺

√(𝒂 + 𝒃 + 𝒄)(𝟑 − 𝒂 + 𝟓 − 𝒃 + 𝟕 − 𝒄) = √(𝒂 + 𝒃 + 𝒄)(𝟏𝟓 − 𝒂 − 𝒃 − 𝒄) = 

= √𝟏𝟓(𝒂 + 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 = 𝑹𝑯𝑺 

Observation: 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) ⇒ √𝒂,√𝒃, √𝒄 > 𝟎 and √𝟑 − 𝒂,√𝟓 − 𝒃, √𝟕 − 𝒄 > 𝟎 

Equality holds if and only if 
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=
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⇔
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Remark: The problem can be developed. 

If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) and 𝒙, 𝒚, 𝒛 ∈ (𝟏, ∞) then: 

√𝒙𝒂 − 𝒂𝟐 +√𝒚𝒃 − 𝒃𝟐 +√𝒛𝒄 − 𝒄𝟐 ≤ √(𝒙 + 𝒚 + 𝒛)(𝒂 + 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 

Marin Chirciu  

Solution:  Using CBS inequality, we obtain: 

𝑳𝑯𝑺 = √𝒙𝒂 − 𝒂𝟐 + √𝒚𝒃 − 𝒃𝟐 + √𝒛𝒄 − 𝒄𝟐 = √𝒂√𝒙 − 𝒂 + √𝒃√𝒚 − 𝒃 + √𝒄√𝒛 − 𝒄 ≤
𝑪𝑩𝑺

 

≤
𝑪𝑩𝑺

√(𝒂 + 𝒃 + 𝒄)(𝒙 − 𝒂 + 𝒚 − 𝒃 + 𝒛 − 𝒄) = √(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝒚 + 𝒛 − 𝒂 − 𝒃 − 𝒄) = 

= √(𝒙 + 𝒚 + 𝒛)(𝒂 + 𝒃 + 𝒄) − (𝒂 + 𝒃 + 𝒄)𝟐 = 𝑹𝑯𝑺 

Observation: 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) ⇒ √𝒂,√𝒃, √𝒄 > 𝟎 and √𝒙 − 𝒂,√𝒚 − 𝒃,√𝒛 − 𝒄 > 𝟎 

Equality holds if and only if 
𝒂

𝒙−𝒂
=
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=
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Note: For 𝒙 = 𝟑, 𝒚 = 𝟓, 𝒛 = 𝟕 we obtain Problem SP.546 from RMM Nr. 37 – Summer 2025 


