
 
SP.547 Prove that if 𝒙, 𝒚 > 1 then: 

𝐥𝐧 𝒙 ⋅ 𝐥𝐧𝒚 (√𝐥𝐨𝐠𝒙 𝒚
𝟑

+ √𝐥𝐨𝐠𝒚 𝒙
𝟑

)
𝟑

≤ 𝟐 𝐥𝐧𝟐(𝒙𝒚) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

(√𝐥𝐨𝐠𝒙 𝒚
𝟑 + √𝐥𝐨𝐠𝒚 𝒙

𝟑
)
𝟑

≤
𝟐(𝐥𝐧𝒙 + 𝐥𝐧𝒚)𝟐

𝐥𝐧 𝒙 ⋅ 𝐥𝐧 𝒚
 

(√
𝐥𝐧𝒚

𝐥𝐧 𝒙

𝟑

+ √
𝐥𝐧𝒙

𝐥𝐧𝒚

𝟑

)

𝟑

≤
𝟐(𝐥𝐧𝒙 + 𝐥𝐧𝒚)𝟐

𝐥𝐧 𝒙 ⋅ 𝐥𝐧 𝒚
 

Denote: 𝐥𝐧 𝒙 = 𝒖𝟑; 𝐥𝐧 𝒚 = 𝒗𝟑 

(√
𝒗𝟑

𝒖𝟑

𝟑

+ √
𝒖𝟑

𝒗𝟑

𝟑

)

𝟑

≤
𝟐(𝒖𝟑 + 𝒗𝟑)𝟐

𝒖𝟑 ⋅ 𝒗𝟑
 

(
𝒗

𝒖
+
𝒖

𝒗
)
𝟑

≤
𝟐(𝒖𝟑 + 𝒗𝟑)𝟐

(𝒖𝒗)𝟑
 

(𝒖𝟐 + 𝒗𝟐)𝟑 ≤ 𝟐(𝒖𝟑 + 𝒗𝟑)𝟐      (to prove) 

(𝒖𝟐 + 𝒗𝟐)𝟑 = (𝒖𝟐 + 𝒗𝟐)(𝒖𝟐 + 𝒗𝟐)𝟐 = (𝒖𝟐 + 𝒗𝟐) (√𝒖 ⋅ √𝒖𝟑 + √𝒗 ⋅ √𝒗𝟑)
𝟐

≤ 

≤
𝑪𝑩𝑺

(𝒖𝟐 + 𝒗𝟐)(𝒖 + 𝒗)(𝒖𝟑 + 𝒗𝟑) ≤ 

≤
𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽

𝟐(𝒖𝟐 ⋅ 𝒖 + 𝒗𝟐 ⋅ 𝒗)(𝒖𝟑 + 𝒗𝟑) = 𝟐(𝒖𝟑 + 𝒗𝟑)𝟐 

Equality holds for 𝒙 = 𝒚. 

Solution 2 by Marin Chirciu-Romania 

With the substitution (𝒂, 𝒃) = (𝐥𝐧𝒙 , 𝐥𝐧 𝒚) the inequality can be written: 

𝒂𝒃(√
𝒂

𝒃

𝟑
+ √

𝒃

𝒂

𝟑

)

𝟑

≤ 𝟐(𝒂 + 𝒃)𝟐 

Denoting (𝒂, 𝒃) = (𝒖𝟑, 𝒗𝟑) the above inequality becomes: 



 

𝒖𝟑𝒗𝟑 (
𝒖

𝒗
+
𝒗

𝒖
)
𝟑

≤ 𝟐(𝒖𝟑 + 𝒗𝟑)𝟐 ⇔ 𝒖𝟑𝒗𝟑 (
𝒖𝟑

𝒗𝟑
+ 𝟑

𝒖

𝒗
+ 𝟑

𝒗

𝒖
+
𝒗𝟑

𝒖𝟑
) ≤ 𝟐(𝒖𝟔 + 𝟐𝒖𝟑𝒗𝟑 + 𝒗𝟔)

⇔ 

⇔ 𝒖𝟔 + 𝟑𝒖𝟒𝒗𝟐 + 𝟑𝒖𝟐𝒗𝟒 + 𝒗𝟔 ≤ 𝟐𝒖𝟔 + 𝟒𝒖𝟑𝒗𝟑 + 𝟐𝒗𝟔 ⇔ 

⇔ 𝒖𝟔 − 𝟑𝒖𝟒𝒗𝟐 + 𝟒𝒖𝟑𝒗𝟑 − 𝟑𝒖𝟐𝒗𝟒 + 𝒗𝟔 ≥ 𝟎 ⇔ 

⇔ (𝒖 − 𝒗)𝟐(𝒖𝟒 + 𝟐𝒖𝟑𝒗 + 𝟐𝒖𝒗𝟑 + 𝒗𝟒) ≥ 𝟎, with equality for 𝒖 = 𝒗 ⇔ 𝒂 = 𝒃 ⇔ 

⇔ 𝐥𝐧𝒙 = 𝐥𝐧 𝒚 ⇔ 𝒙 = 𝒚 

Equality holds if and only if 𝒙 = 𝒚. 

Remark. 

The problem can be developed. 

If 𝒙, 𝒚 > 𝟏 then: 

𝐥𝐧 𝒙 𝐥𝐧 𝒚 (√𝐥𝐨𝐠𝒙 𝒚
𝟒 + √𝐥𝐨𝐠𝒚 𝒙

𝟒
)
𝟒

≤ 𝟒 𝐥𝐧𝟐(𝒙𝒚). 

Marin Chirciu  

Solution 

With the substitution (𝒂, 𝒃) = (𝐥𝐧𝒙 , 𝐥𝐧 𝒚) the inequality can be written: 

𝒂𝒃(√
𝒂

𝒃

𝟒
+ √

𝒃

𝒂

𝟒

)

𝟒

≤ 𝟒(𝒂 + 𝒃)𝟐. 

Denoting (𝒂, 𝒃) = (𝒖𝟒, 𝒗𝟒) the above inequality becomes: 

𝒖𝟒𝒗𝟒 (
𝒖

𝒗
+
𝒗

𝒖
)
𝟒

≤ 𝟒(𝒖𝟒 + 𝒗𝟒)𝟐 ⇔ 𝒖𝟒𝒗𝟒 (
𝒖𝟒

𝒗𝟒
+ 𝟒

𝒖𝟐

𝒗𝟐
+ 𝟔 + 𝟒

𝒗𝟐

𝒖𝟐
+
𝒗𝟒

𝒖𝟒
) ≤ 

≤ 𝟒(𝒖𝟖 + 𝟐𝒖𝟒𝒗𝟒 + 𝒗𝟖) ⇔ 

⇔ 𝒖𝟖 + 𝟒𝒖𝟔𝒗𝟐 + 𝟔𝒖𝟒𝒗𝟒 + 𝟒𝒖𝟐𝒗𝟔 + 𝒗𝟖 ≤ 𝟒𝒖𝟖 + 𝟖𝒖𝟒𝒗𝟒 + 𝟒𝒗𝟖 ⇔ 

⇔ 𝟑𝒖𝟖 − 𝟒𝒖𝟔𝒗𝟐 + 𝟐𝒖𝟒𝒗𝟒 − 𝟒𝒖𝟐𝒗𝟔 + 𝟑𝒗𝟖 ≥ 𝟎 ⇔ (𝒖𝟐 − 𝒗𝟐)𝟐(𝟑𝒖𝟒 + 𝟐𝒖𝟐𝒗𝟐 + 𝟑𝒗𝟒) ≥ 𝟎 

with equality for 𝒖 = 𝒗 ⇔ 𝒂 = 𝒃 ⇔ 𝐥𝐧𝒙 = 𝐥𝐧𝒚 ⇔ 𝒙 = 𝒚. 

Equality holds if and only if 𝒙 = 𝒚. 


