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SP.547 Prove that if x, y > 1 then:

3

Inx- lny(3 log,y + 3/logyx) < 21n%(xy)

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
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Denote:Inx = u3;Iny =v
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Equality holds for x = y.
Solution 2 by Marin Chirciu-Romania

With the substitution (a, b) = (In x, In y) the inequality can be written:

3
ab(i/%+ i/g) < 2(a+ b)?

Denoting (a, b) = (u?, v3) the above inequality becomes:
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udv? (E + 2)3 <2 +v3)% o udvd (u_z +3=4324 v_i) < 2(ub + 2udv® + v°)
u v v u u
=
o ub + 3utv? + 3utvt + v® < 2ub +4udvi + 200 &
o ub - 3utv? + 4l -3utrt+ b >0 &
e (u—-v)?(u* + 2udv + 2uv® + v*) > 0, with equalityforu =vea=»b
Slhx=lhysx=y
Equality holds if and only if x = y.
Remark.
The problem can be developed.

If x,y > 1 then:

4
lnxlny(f/logxy + 4’logy x) < 41n?(xy).

Marin Chirciu
Solution

With the substitution (a, b) = (In x, In y) the inequality can be written:
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ab /b+ /a <4(a+b)

Denoting (a, b) = (u* v*) the above inequality becomes:
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with equalityforu =vea=bsIlnx=Inyo x=y.

Equality holds if and only if x = y.



