
 
SP.549 Let be 𝚫𝑨𝑩𝑪 with sides 𝒂, 𝒃, 𝒄. Let be 𝒙, 𝒚, 𝒛 ∈ ℝ such that: 

𝐜𝐨𝐬 𝒙 =
𝒂

𝒃 + 𝒄
; 𝐜𝐨𝐬 𝒚 =

𝒃

𝒄 + 𝒂
; 𝐜𝐨𝐬 𝒛 =

𝒄

𝒂 + 𝒃
 

Prove that: 

𝐭𝐚𝐧
𝒙

𝟐
𝐭𝐚𝐧

𝒚

𝟐
𝐭𝐚𝐧

𝒛

𝟐
≤

√𝟑

𝟗
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝐭𝐚𝐧
𝒙

𝟐
= √

𝟏 − 𝐜𝐨𝐬 𝒙

𝟏 + 𝐜𝐨𝐬 𝒙
= √

𝟏 −
𝒂

𝒃 + 𝒄

𝟏 +
𝒂

𝒃 + 𝒄

= √
𝒃 + 𝒄 − 𝒂

𝒂 + 𝒃 + 𝒄
= 

= √
𝒂 + 𝒃 + 𝒄 − 𝟐𝒂

𝒂 + 𝒃 + 𝒄
= √

𝟐𝒔 − 𝟐𝒂

𝟐𝒔
= √

𝒔 − 𝒂

𝒔
 

𝒔 =
𝒂+𝒃+𝒄

𝟐
 – semiperimeter; 𝑭 – area 

𝐭𝐚𝐧
𝒙

𝟐
𝐭𝐚𝐧

𝒚

𝟐
𝐭𝐚𝐧

𝒛

𝟐
= √

𝒔 − 𝒂

𝒔
⋅ √

𝒔 − 𝒃

𝒔
⋅ √

𝒔 − 𝒄

𝒔
= 

= √
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔𝟑
= √

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔𝟒
= 

=
𝑯𝑬𝑹𝑶𝑵 𝑭

𝒔𝟐
=

𝒓𝒔

𝒔𝟐
=

𝒓

𝒔
≤

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝒓

𝟑√𝟑𝒓
=

𝟏

𝟑√𝟑
=

√𝟑

𝟗
 

Solution 2 by Marin Chirciu-Romania 

Using 𝐭𝐚𝐧𝟐 𝒙

𝟐
=

𝟏−𝐜𝐨𝐬 𝒙

𝟏+𝐜𝐨𝐬 𝒙
=

𝟏−
𝒂

𝒃+𝒄

𝟏+
𝒂

𝒃+𝒄

=
𝒃+𝒄−𝒂

𝒃+𝒄+𝒂
=

𝟐𝒔−𝟐𝒂

𝟐𝒔
=

𝒔−𝒂

𝒔
 we obtain: 

𝑳𝑯𝑺 = ∏ √
𝒔 − 𝒂

𝒔
= √

𝒓𝟐𝒔

𝒔𝟑
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝒓

𝟑√𝟑𝒓
=

𝟏

𝟑√𝟑
=

√𝟑

𝟗
= 𝑹𝑯𝑺 

Equality holds if and only if the triangle is equilateral. 

Remark. 



 
In the same way. 

Let be 𝚫𝑨𝑩𝑪 with 𝒂, 𝒃, 𝒄 sides and 𝒙, 𝒚, 𝒛 ∈ ℝ such that 

𝒙 =
𝒂

𝒃 + 𝒄
, 𝐜𝐨𝐬 𝒚 =

𝒃

𝒄 + 𝒂
, 𝐜𝐨𝐬 𝒛 =

𝒄

𝒂 + 𝒃
 

Prove that: 

𝐜𝐨𝐭
𝒙

𝟐
+ 𝐜𝐨𝐭

𝒚

𝟐
+ 𝐜𝐨𝐭

𝒛

𝟐
≥ 𝟑√𝟑 

Marin Chirciu 

Solution: 

Using 𝐜𝐨𝐭𝟐 𝒙

𝟐
=

𝟏+𝐜𝐨𝐬 𝒙

𝟏−𝐜𝐨𝐬 𝒙
=

𝟏+
𝒂

𝒃+𝒄

𝟏−
𝒂

𝒃+𝒄

=
𝒃+𝒄+𝒂

𝒃+𝒄−𝒂
=

𝟐𝒔

𝟐𝒔−𝟐𝒂
=

𝒔

𝒔−𝒂
 we obtain: 

𝑳𝑯𝑺 = ∑ √
𝒔

𝒔 − 𝒂
≥

𝑨𝑴−𝑮𝑴
𝟑√∏ √

𝒔

𝒔 − 𝒂

𝟑

= 𝟑√√
𝒔𝟑

𝒓𝟐𝒔

𝟑

= 𝟑√
𝒔

𝒓

𝟑
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
 

≥ 𝟑√
𝟑√𝟑𝒓

𝒓

𝟑

= 𝟑√𝟑√𝟑
𝟑

= 𝟑√(√𝟑)
𝟑𝟑

= 𝟑√𝟑 = 𝑹𝑯𝑺 

Equality holds if and only if the triangle is equilateral. 

 

 


