
 
SP.551 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒙𝟑(𝟏 + 𝒙𝟒𝒏−𝟖)

(𝟏 + 𝒙𝟒)𝒏

𝟏

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Denote: 

𝛀(𝒏) = ∫
𝒙𝟑(𝟏 + 𝒙𝟒𝒏−𝟖)

(𝟏 + 𝒙𝟒)𝒏

𝟏

𝟎

𝒅𝒙 

For: 𝒚 = 𝒙𝟒 ⇒ 𝒅𝒚 = 𝟒𝒙𝟑𝒅𝒙 ⇒ 𝒙𝟑𝒅𝒙 =
𝟏

𝟒
𝒅𝒚 

𝒙 = 𝟎 ⇒ 𝒚 = 𝟎 

𝒙 = 𝟏 ⇒ 𝒚 = 𝟏 

𝛀(𝒏) = ∫
(𝟏 + 𝒚𝒏−𝟐) ⋅

𝟏
𝟒𝒅𝒚

(𝟏 + 𝒅𝒚)𝒏

𝟏

𝟎

= 

=
𝟏

𝟒
∫

𝒅𝒚

(𝟏 + 𝒚)𝒏

𝟏

𝟎

+
𝟏

𝟒
∫

𝒚𝒏−𝟐

(𝟏 + 𝒚)𝒏

𝟏

𝟎

𝒅𝒚 

Let’s observe that: 

(
𝒚

𝟏 + 𝒚
)
′

=
𝒚′(𝒚 + 𝟏) − 𝒚(𝒚 + 𝟏)′

(𝟏 + 𝒚)𝟐
=
𝒚 + 𝟏 − 𝒚

(𝟏 + 𝒚)𝟐
=

𝟏

(𝟏 + 𝒚)𝟐
 

𝛀(𝒏) =
𝟏

𝟒
∫ (𝟏 + 𝒚)′
𝟏

𝟎

(𝟏 + 𝒚)−𝒏𝒅𝒚 +
𝟏

𝟒
∫ (

𝒚

𝟏 + 𝒚
)
𝒏−𝟐𝟏

𝟎

⋅
𝟏

(𝟏 + 𝒚)𝟐
𝒅𝒚 

𝛀(𝒏) =
𝟏

𝟒
⋅
(𝟏 + 𝒚)−𝒏+𝟏

−𝒏+ 𝟏
|
𝟎

𝟏

+
𝟏

𝟒
∫ (

𝒚

𝟏 + 𝒚
)
𝒏−𝟐𝟏

𝟎

⋅ (
𝒚

𝟏 + 𝒚
)
′

𝒅𝒚 

𝛀(𝒏) =
𝟏

𝟒
(
𝟐−𝒏+𝟏

−𝒏+ 𝟏
−

𝟏

−𝒏 + 𝟏
) +

𝟏

𝟒(𝒏 − 𝟏)
⋅ (

𝒚

𝟏 + 𝒚
)
𝒏−𝟏

|
𝟎

𝟏

 

𝛀(𝒏) =
𝟏

𝟒(𝟏 − 𝒏)𝟐𝒏−𝟏
+

𝟏

𝟒(𝒏 − 𝟏)
+

𝟏

𝟒(𝒏 − 𝟏)
(
𝟏

𝟐𝒏−𝟏
− 𝟎) 

𝒏𝛀(𝒏) =
𝒏

𝟒(𝟏 − 𝒏)
⋅
𝟏

𝟐𝒏−𝟏
+

𝒏

𝟒(𝒏 − 𝟏)
+

𝒏

𝟒(𝒏 − 𝟏)
⋅
𝟏

𝟐𝒏−𝟏
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏𝛀(𝒏) =
𝟏

𝟒
⋅ 𝟎 +

𝟏

𝟒
+
𝟏

𝟒
⋅ 𝟎 

𝛀 =
𝟏

𝟒
 



 
Solution 2 by Marin Chirciu-Romania 

We make the substitution 𝒙𝟒 = 𝒕 ⇒ 𝟒𝒙𝟑𝒅𝒙 = 𝒅𝒕. 

We obtain: 

∫
𝒙𝟑(𝟏 + 𝒙𝟒𝒏−𝟖)

(𝟏 + 𝒙𝟒)𝒏

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟒
∫
𝟏 + 𝒕𝒏−𝟐

(𝟏 + 𝒕)𝒏

𝟏

𝟎

𝒅𝒕 =
𝟏

𝟒
(∫

𝟏

(𝟏 + 𝒕)𝒏
𝒅𝒕

𝟏

𝟎

+∫
𝒕𝒏−𝟐

(𝟏 + 𝒕)𝒏

𝟏

𝟎

𝒅𝒕) = 

=
𝟏

𝟒
(∫ (𝒕 + 𝟏)−𝒏

𝟏

𝟎

𝒅𝒕 +∫ (
𝒕

𝒕 + 𝟏
)
𝒏−𝟐𝟏

𝟎

𝟏

𝒕𝟐
𝒅𝒕) = 

=
𝟏

𝟒
(
(𝒕 + 𝟏)−𝒏+𝟏

−𝒏 + 𝟏
|
𝟎

𝟏

+∫ (
𝒕

𝒕 + 𝟏
)
𝒏−𝟐𝟏

𝟎

(
𝒕

𝒕 + 𝟏`
)
′

𝒅𝒕) = 

=
𝟏

𝟒

(

 
𝟐−𝒏+𝟏

−𝒏+ 𝟏
−

𝟏

−𝒏 + 𝟏
+
(
𝒕

𝒕 + 𝟏)
𝒏−𝟐+𝟏

𝒏 − 𝟐 + 𝟏
|

𝟎

𝟏

)

 = 

=
𝟏

𝟒
(
𝟐−𝒏+𝟏

−𝒏+ 𝟏
−

𝟏

−𝒏 + 𝟏
+
(
𝟏
𝟐)

𝒏−𝟏

𝒏 − 𝟏
− 𝟎) =

𝟏

𝟒
(
𝟐−𝒏+𝟏

−𝒏 + 𝟏
+

𝟏

𝒏 − 𝟏
+
𝟐−𝒏+𝟏

𝒏 − 𝟏
) = 

=
𝟏

𝟒
⋅
𝟏

𝒏 − 𝟏
=

𝟏

𝟒(𝒏 − 𝟏)
 

It follows ∫
𝒙𝟑(𝟏+𝒙𝟒𝒏−𝟖)

(𝟏+𝒙𝟒)𝟔𝒏 

𝟏

𝟎
𝒅𝒙 =

𝟏

𝟒(𝒏−𝟏)
. 

Finally, 𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏∫
(𝟏+𝒙𝟒𝒏−𝟖)

(𝟏+𝒙𝟒)
𝒏

𝟏

𝟎
𝒅𝒙 = 𝐥𝐢𝐦

𝒏→∞
𝒏

𝟏

𝟒(𝒏−𝟏)
=
𝟏

𝟒
 

Remark:  Let 𝒌 > 𝟏 fixed. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒙𝒌−𝟏(𝟏 + 𝒙𝒌𝒏−𝟐𝒌)

(𝟏 + 𝒙𝒌)𝒏

𝟏

𝟎

𝒅𝒙 

Marin Chiricu  

Solution: 

We make the substitution 𝒙𝒌 = 𝒕 ⇒ 𝒌𝒙𝒌−𝟏𝒅𝒙 = 𝒅𝒕. 

We obtain 

∫
𝒙𝒌−𝟏(𝟏 + 𝒙𝒌𝒏−𝟐𝒌)

(𝟏 + 𝒙𝒌)𝒏

𝟏

𝟎

=
𝟏

𝒌
∫
𝟏 + 𝒕𝒏−𝟐

(𝟏 + 𝒕)𝒏

𝟏

𝟎

𝒅𝒕 = 

=
𝟏

𝒌
(∫

𝟏

(𝟏 + 𝒕)𝒏

𝟏

𝟎

𝒅𝒕 +∫
𝒕𝒏−𝟐

(𝟏 + 𝒕)𝒏

𝟏

𝟎

𝒅𝒕) =
𝟏

𝒌
(∫ (𝒕 + 𝟏)−𝒏

𝟏

𝟎

𝒅𝒕 +∫ (
𝒕

𝒕 + 𝟏
)
𝒏−𝟐𝟏

𝟎

𝟏

𝒕𝟐
𝒅𝒕) = 



 

=
𝟏

𝒌
(
(𝒕 + 𝟏)−𝒏+𝟏

−𝒏+ 𝟏
|
𝟎

𝟏

+∫ (
𝒕

𝒕 + 𝟏
)
𝒏−𝟐𝟏

𝟎

(
𝒕

𝒕 + 𝟏
)
′

𝒅𝒕) = 

=
𝟏

𝒌

(

 
𝟐−𝒏+𝟏

−𝒏+ 𝟏
−

𝟏

−𝒏 + 𝟏
+
(
𝒕

𝒕 + 𝟏)
𝒏−𝟐+𝟏

𝒏 − 𝟐 + 𝟏
|

𝟎

𝟏

)

 = 

=
𝟏

𝒌
(
𝟐−𝒏+𝟏

−𝒏 + 𝟏
−

𝟏

−𝒏 + 𝟏
+
(
𝟏
𝟐)

𝒏−𝟏

𝒏 − 𝟏
− 𝟎) = 

=
𝟏

𝒌
(
𝟐−𝒏+𝟏

−𝒏 + 𝟏
+

𝟏

𝒏 − 𝟏
+
𝟐−𝒏+𝟏

𝒏 − 𝟏
) =

𝟏

𝒌
⋅
𝟏

𝒏 − 𝟏
=

𝟏

𝒌(𝒏− 𝟏)
 

It follows ∫
𝒙𝒌−𝟏(𝟏+𝒙𝒌𝒏−𝟐𝒌)

(𝟏+𝒙𝒌)
𝒏

𝟏

𝟎
=

𝟏

𝒌(𝒏−𝟏)
. 

Finally, 𝛀 = 𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒙𝒌−𝟏(𝟏+𝒙𝒌𝒏−𝟐𝒌)

(𝟏+𝒙𝒌)
𝒏

𝟏

𝟎
𝒅𝒙 = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒌(𝒏−𝟏)
=
𝟏

𝒌
 

Note: For 𝒌 = 𝟒 we obtain Problem SP.551 from RMM Nr. 37 – Sumer 2025 


