
 
SP.552 If 𝒂 > 𝟎 then find: 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂
𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙)

𝒂

−𝒂

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂
𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙)𝒅𝒙

𝒂

−𝒂

 

For 𝒚 = −𝒙 ⇒ 

𝒙 = −𝒂 ⇒ 𝒚 = 𝒂 

𝒙 = 𝒂 ⇒ 𝒚 = −𝒂 

𝒅𝒙 = −𝒅𝒚 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒚𝟐 + 𝟏 + 𝒂𝒚) (−𝒅𝒚)
−𝒂

𝒂

 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒚𝟐 + 𝟏 + 𝒂𝒚)
𝒂

−𝒂

𝒅𝒚 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙)𝒅𝒙
𝒂

−𝒂

 

𝟐𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙)
𝒂

−𝒂

𝒅𝒙 +∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙)
𝒂

−𝒂

𝒅𝒙 

𝟐𝛀 = ∫ 𝐥𝐨𝐠𝒂 ((√𝒂𝟐𝒙𝟐 + 𝟏)
𝟐

− (𝒂𝒙)𝟐)
𝒂

−𝒂

𝒅𝒙 

𝟐𝛀 = ∫ 𝐥𝐨𝐠𝒂(𝒂
𝟐𝒙𝟐 + 𝟏 − 𝒂𝟐𝒙𝟐)

𝒂

−𝒂

𝒅𝒙 

𝟐𝛀 = ∫ 𝐥𝐨𝐠𝒂 𝟏
𝒂

−𝒂

𝒅𝒙 ⇒ 𝟐𝛀 = 𝟎 ⇒ 𝛀 = 𝟎 

Solution 2 by Marin Chirciu-Romania 

The function 𝒇: [−𝒂, 𝒂] → ℝ, 𝒇(𝒙) = 𝐥𝐨𝐠𝒂(√𝒂𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙) is odd, see: 

𝒇(𝒙) + 𝒇(−𝒙) = 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙) + 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙) = 

= 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙) (√𝒂𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙) = 

= 𝐥𝐨𝐠𝒂(𝒂
𝟐𝒙𝟐 + 𝟏 − 𝒂𝟐𝒙𝟐) = 𝐥𝐨𝐠𝒂 𝟏 = 𝟎 



 
Using the fact that the integral over a symmetric interval of an odd function is zero, we 

deduce that: 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂𝟐𝒙𝟐 + 𝟏 − 𝒂𝒙)
𝒂

−𝒂

𝒅𝒙 = 𝟎 

Remark. 

If 𝒂 > 𝟎,𝒂 ≠ 𝟏 then find: 

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂
𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙)

𝒂

𝒂

𝒅𝒙 

Solution 

Analogous  

𝛀 = ∫ 𝐥𝐨𝐠𝒂 (√𝒂
𝟐𝒙𝟐 + 𝟏 + 𝒂𝒙)𝒅𝒙

𝒂

−𝒂

= 𝟎 


