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SP.5531f0 < a < b < 1 then:
b 1+x

6J log(—) dx > (b?> — a?)(b* + a* + 6)
a 1-—x

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

Letbe f: [a,b] - R; f(x) = log (1_3) ox— ?

3
f(x) =log(1+x) —log(1 —x) —2x —2%

1 1
f(x)=1—+x+1—_x—2—2x2
f’(x)=1_x2—2(1+x2)=2<1_x2—(1+x2)>

_ 4 4
f’(x)=2-1 1+x _ 2x -0

1—-x2  1-—x27
f increasing on [a, b] c [0,1] =

min f(x)=f(0)=0= f(x) = 0;(V)x € [a,b]

b 1+x b 2 (b
f log(—)dxzf 2xdx+—f x3 dx
a 1-x a 3 a

2 b*—-a*
3 4

1
=b%—a%+ g(b2 —a®)(b?* + a?) =

1
= g(b2 —a?)(6 + b? + a?)

b 1+x
6f log(l_x>dx2(bz—az)(6+b2+a2)

Equality holds for a = b.

Solution 2 by Marin Chirciu-Romania

+x

We prove that log (h) >2x+ §x3, 0<x<1.
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Indeed: We consider the function f(x) = log (%i) —2x— gx?’, 0<x<1

4
Wehavef’(x)=12_xx220=>fisincreasingon 0,1)=>f(x)=f(0)=0=
o1 (1+x> 2 2 35051 (1+x)>2 +2 3
ogl1 = X=X 2 ogli =) = 2x +3x%

Using log (g) > 2x + §x3 we obtain:

b 1+x b 2 b x*
6f log(—>dx26j (2x+—x3)dx=6_[ x% 4+ —
a 1-x a 3 a 6

4 _ gt

6

b

a

b
=6<b2—a2+ >=(b2—a2)(b2+a2+6).

Remark: In the same way.

If 0 < a < b then:

b
6f log(1 + x)dx > (a — b)(a®? + ab + b* — 3a — 3b)

a

Marin Chirciu

Solution

We prove that log(1 + x) > x — %xz, x>0
Indeed: We consider the function f(x) = log(1 +x) — x + %xz,x > 0.
2
We have f'(x) = % > 0 = fisincreasingon [0,0) = f(x) = f(0) =0 =
1 1
:>log(1+x)—x+5x2 >0 = log(1+x) Zx—zx2

Usinglog(1 + x) > x — %xz we obtain:
b b 1 2 3\ b*—a* b3-ad
6| logl+x)dx>6 (__ 2>d DY A | R _ _
faog( + x) dx fax 7% )dx <2 6>a < > . >

= 3(b?> — a?®) — (b® — a®) = (a— b)(a®? + ab + b*> — 3a — 3b)




