
 
UP.541 Find: 

𝛀 = ∫
𝒙 − 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙𝟐)𝟐(𝐭𝐚𝐧−𝟏 𝒙)𝟑

√𝟑

𝟏

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Let by 𝒚 = 𝐭𝐚𝐧−𝟏 𝒙 ⇒ 𝒅𝒚 =
𝟏

𝐜𝐨𝐬𝟐 𝒚
𝒅𝒚; 𝒙 = 𝐭𝐚𝐧 𝒚 

For 𝒙 = 𝟏 ⇒ 𝒚 =
𝝅

𝟒
.  For 𝒙 = √𝟑 ⇒ 𝒚 =

𝝅

𝟑
. 

𝛀 = ∫
𝐭𝐚𝐧 𝒚 − 𝒚

(𝟏 + 𝐭𝐚𝐧𝟐 𝒚)𝟐 ⋅ 𝒚𝟑

𝝅
𝟑

𝝅
𝟒

⋅
𝟏

𝐜𝐨𝐬𝟐 𝒚
𝒅𝒚 = 

= ∫

𝐬𝐢𝐧𝒚
𝐜𝐨𝐬 𝒚 − 𝒚

𝟏
𝐜𝐨𝐬𝟒 𝒚

⋅ 𝒚𝟑

𝝅
𝟑

𝝅
𝟒

⋅
𝟏

𝐜𝐨𝐬𝟐 𝒚
𝒅𝒚 = ∫

(𝐬𝐢𝐧𝒚 − 𝒚𝐜𝐨𝐬 𝒚) 𝐜𝐨𝐬 𝒚

𝒚𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒚 = 

= ∫
𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚 − 𝒚𝐜𝐨𝐬𝟐 𝒚

𝒚𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒚 = −
𝟏

𝟐
∫ (𝐬𝐢𝐧 𝒚 𝐜𝐨𝐬𝒚 − 𝒚𝐜𝐨𝐬𝟐 𝒚)

𝝅
𝟑

𝝅
𝟒

⋅ (
−𝟐

𝒚𝟑
)𝒅𝒚 = 

= −
𝟏

𝟐
∫ (𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚 − 𝒚𝐜𝐨𝐬𝟐 𝒚)

𝝅
𝟑

𝝅
𝟒

⋅ (
𝟏

𝒚𝟐
)

′

𝒅𝒚 =
𝑰𝑩𝑷

−
𝟏

𝟐
(𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚 − 𝒚𝐜𝐨𝐬𝟐 𝒚) ⋅

𝟏

𝒚𝟐
|
𝝅
𝟒

𝝅
𝟑

+ 

+
𝟏

𝟐
∫ (𝐜𝐨𝐬𝟐 𝒚 − 𝐬𝐢𝐧𝟐 𝒚 − 𝐜𝐨𝐬𝟐 𝒚 + 𝟐𝒚𝐬𝐢𝐧 𝒚 𝐜𝐨𝐬 𝒚)

𝝅
𝟑

𝝅
𝟒

⋅
𝟏

𝒚𝟐
𝒅𝒚 = 

= −
𝟏

𝟐𝒚𝟐
(𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚 − 𝒚𝐜𝐨𝐬𝟐 𝒚)|𝝅

𝟒

𝝅
𝟑 + 

+
𝟏

𝟐
∫ (𝟐𝒚 𝐬𝐢𝐧𝒚 𝐜𝐨𝐬𝒚 − 𝐬𝐢𝐧𝟐 𝒚)

𝝅
𝟑

𝝅
𝟒

⋅
𝟏

𝒚𝟐
𝒅𝒚 = −

𝟏

𝟐 ⋅
𝝅𝟐

𝟗

(𝐬𝐢𝐧
𝝅

𝟑
𝐜𝐨𝐬

𝝅

𝟑
−

𝝅

𝟑
𝐜𝐨𝐬𝟐

𝝅

𝟑
) + 

+
𝟏

𝟐 ⋅
𝝅𝟐

𝟏𝟔

(𝐬𝐢𝐧
𝝅

𝟒
𝐜𝐨𝐬

𝝅

𝟒
−

𝝅

𝟒
𝐜𝐨𝐬𝟐

𝝅

𝟒
) +

𝟏

𝟐
∫ (

𝐬𝐢𝐧𝟐 𝒚

𝒚
)

′𝝅
𝟑

𝝅
𝟒

𝒅𝒚 = 

= −
𝟗

𝟐𝝅𝟐
(
√𝟑

𝟒
−

𝝅

𝟏𝟐
) +

𝟖

𝝅𝟐
(
𝟏

𝟐
−

𝝅

𝟖
) +

𝟏

𝟐
(

𝐬𝐢𝐧𝟐 𝝅
𝟑

𝝅
𝟑

−
𝐬𝐢𝐧𝟐 𝝅

𝟒
𝝅
𝟒

) = 



 

=
𝟏

𝝅𝟐
(−

𝟗√𝟑

𝟖
+

𝟗𝝅

𝟐𝟒
+ 𝟒 − 𝝅) +

𝟏

𝝅
(𝟑 ⋅

𝟑

𝟒
− 𝟒 ⋅

𝟏

𝟐
) =

𝟏

𝝅𝟐
(𝟒 −

𝟗√𝟑

𝟖
−

𝟓𝝅

𝟖
) +

𝟏

𝟐𝝅
⋅
𝟏

𝟒
= 

=
𝟏

𝟖𝝅𝟐
(𝟑𝟐 − 𝟗√𝟑 − 𝟓𝝅) +

𝟏

𝟖𝝅
 

Solution 2 by Marin Chirciu-Romania 

Using the substitution 𝒕 = 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙 ⇒ 𝒙 = 𝐭𝐚𝐧 𝒕 ⇒ 𝒅𝒙 = (𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒅𝒕 ⇒ 

𝛀 = ∫
𝐭𝐚𝐧 𝒕 − 𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝟐𝒕𝟑

𝝅
𝟑

𝝅
𝟒

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒅𝒕 = ∫
𝐭𝐚𝐧 𝒕 − 𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

= ∫
𝐭𝐚𝐧 𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

= ∫

𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕
𝟏

𝐜𝐨𝐬𝟐 𝒕
𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝒕

𝟏
𝐜𝐨𝐬𝟐 𝒕

𝒕𝟑

𝝅
𝟑

𝝅
𝟑

𝒅𝒕 = ∫
𝐬𝐢𝐧 𝒕 𝐜𝐨𝐬 𝒕

𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬𝟐 𝒕

𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
𝟏

𝟐
∫

𝐬𝐢𝐧 𝟐𝒕

𝒕𝟑

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝟏 + 𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
𝟏

𝟐
∫ (

−𝟏

𝟐𝒕𝟐
)

′
𝝅
𝟑

𝝅
𝟒

𝐬𝐢𝐧𝟐𝒅𝒕 − ∫
𝟏

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
𝟏

𝟐
[(

−𝟏

𝟐𝒕𝟐
) 𝐬𝐢𝐧 𝟐𝒕|

𝝅
𝟒

𝝅
𝟑

− ∫ (
−𝟏

𝟐𝒕𝟐
)

𝝅
𝟑

𝝅
𝟒

⋅ 𝟐 𝐜𝐨𝐬 𝟐𝒕𝒅𝒕] − ∫
𝟏

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬 𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

= 

=
𝟏

𝟐
[(

−𝟏

𝟐(
𝝅
𝟑)

𝟐
)𝐬𝐢𝐧

𝟐𝝅

𝟑
+ (

𝟏

𝟐 (
𝝅
𝟒)

𝟐
)𝐬𝐢𝐧

𝟐𝝅

𝟒
+ ∫

𝟏

𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝐜𝐨𝐬 𝟐𝒕𝒅𝒕] +
𝟏

𝟐𝒕
|
𝝅
𝟒

𝝅
𝟑

− ∫
𝐜𝐨𝐬 𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
𝟏

𝟐
[(

−𝟏

𝟐(
𝝅
𝟑)

𝟐
)𝐬𝐢𝐧

𝟐𝝅

𝟑
+ (

𝟏

𝟐 (
𝝅
𝟒)

𝟐
)𝐬𝐢𝐧

𝟐𝝅

𝟒
+ ∫

𝟏

𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝐜𝐨𝐬 𝟐𝒕𝒅𝒕] +
𝟏

𝟐 ⋅
𝝅
𝟑

−
𝟏

𝟐 ⋅
𝝅
𝟒

− ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 

=
𝟏

𝟐
(

−𝟏

𝟐 (
𝝅
𝟑)

𝟐
) ⋅

√𝟑

𝟐
+

𝟏

𝟐
(

𝟏

𝟐 (
𝝅
𝟒)

𝟐
) ⋅ 𝟏 +

𝟏

𝟐
∫

𝟏

𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝐜𝐨𝐬 𝟐𝒕𝒅𝒕 +
𝟏

𝟐𝝅
𝟑

−
𝟏

𝟐𝝅
𝟒

−
𝟏

𝟐
∫

𝐜𝐨𝐬𝟐𝒕

𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 



 

=
−√𝟑

𝟖 (
𝝅
𝟑)

𝟐 +
𝟏

𝟒(
𝝅
𝟒)

𝟐 +
𝟑

𝟐𝝅
−

𝟒

𝟐𝝅
=

−√𝟑

𝟖
𝝅𝟐

𝟗

+
𝟏

𝟒
𝝅𝟐

𝟏𝟔

−
𝟏

𝟐𝝅
=

−𝟗√𝟑

𝟖𝝅𝟐
+

𝟒

𝝅𝟐
−

𝟏

𝟐𝝅
 

We deduce that 𝛀 = ∫
𝒙−𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

(𝟏+𝒙𝟐)(𝐚𝐫𝐜𝐭𝐚𝐧 𝒙)𝟑
√𝟑

𝟏
𝒅𝒙 =

𝟒𝝅

𝝅𝟐 −
𝟗√𝟑

𝟖𝝅𝟐 −
𝟏

𝟐𝝅
 

Remark: The problem can be developed. 

If 𝒌 ∈ ℕ find: 

𝛀 = ∫
𝒌𝒙 − 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

(𝟏 + 𝒙𝟐)𝟐(𝐚𝐫𝐜𝐭𝐚𝐧 𝒙)𝟐𝒌+𝟏

√𝟑

𝟏

𝒅𝒙 

Marin Chirciu  

Solution 

For 𝒌 = 𝟎 we have 𝛀 = ∫
− 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

(𝟏+𝒙𝟐)(𝐚𝐫𝐜𝐭𝐚𝐧 𝒙)

√𝟑

𝟏
𝒅𝒙 = −∫

𝟏

(𝟏+𝒙𝟐)

√𝟑

𝟏
𝒅𝒙 

Integrating by parts we have 

∫
𝟏

𝒙𝟐 + 𝟏
𝒅𝒙 = ∫𝒙′

𝟏

𝒙𝟐 + 𝟏
𝒅𝒙 = 𝒙 ⋅

𝟏

𝒙𝟐 + 𝟏
− ∫𝒙(

𝟏

𝒙𝟐 + 𝟏
)

′

𝒅𝒙 = 

=
𝒙

𝒙𝟐 + 𝟏
− ∫𝒙 ⋅

−𝟐𝒙

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 = 

=
𝒙

𝒙𝟐 + 𝟏
+ 𝟐

𝒙𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 =

𝒙

𝒙𝟐 + 𝟏
+ 𝟐 ∫

𝒙𝟐 + 𝟏 − 𝟏

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 =

𝒙

𝒙𝟐 + 𝟏
+ 𝟐∫

𝟏

𝒙𝟐 + 𝟏
− 

−𝟐∫
𝟏

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 

It follows ∫
𝟏

𝒙𝟐+𝟏
𝒅𝒙 =

𝒙

𝒙𝟐+𝟏
+ 𝟐∫

𝟏

𝒙𝟐+𝟏
− 𝟐∫

𝟏

(𝒙𝟐+𝟏)
𝒅𝒙 ⇔ 𝟐∫

𝟏

(𝒙𝟐+𝟏)
𝟐 𝒅𝒙 =

𝒙

𝒙𝟐+𝟏
+ ∫

𝟏

𝒙𝟐+𝟏
 

wherefrom ∫
𝟏

(𝒙𝟐+𝟏)
𝟐 𝒅𝒙 =

𝟏

𝟐
⋅

𝒙

𝒙𝟐+𝟏
+

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙 

We obtain  

∫
𝟏

(𝟏 + 𝒙𝟐)𝟐

√𝟑

𝟏

𝒅𝒙 = (
𝟏

𝟐
⋅

𝒙

𝒙𝟐 + 𝟏
+

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙)|

𝟏

√𝟑

= 

=
𝟏

𝟐
⋅

√𝟑

𝟑 + 𝟏
+

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 √𝟑 −

𝟏

𝟐
⋅

𝟏

𝟏 + 𝟏
−

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 𝟏 = 

=
√𝟑

𝟖
+

𝟏

𝟐
⋅
𝝅

𝟑
−

𝟏

𝟒
−

𝟏

𝟐
⋅
𝝅

𝟒
=

√𝟑

𝟖
−

𝟏

𝟒
+

𝟏

𝟐
⋅

𝝅

𝟏𝟐
=

√𝟑

𝟖
−

𝟏

𝟒
+

𝝅

𝟐𝟒
 

𝛀 = −∫
𝟏

(𝟏 + 𝒙𝟐)𝟐
𝒅𝒙

√𝟑

𝟏

= −(
√𝟑

𝟖
−

𝟏

𝟒
+

𝝅

𝟐𝟒
) =

𝟏

𝟒
−

√𝟑

𝟖
−

𝝅

𝟐𝟒
. 



 
Next, let be 𝒌 ≥ 𝟏. 

Using the substitution 𝒕 = 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙 ⇒ 𝒙 = 𝐭𝐚𝐧 𝒕 ⇒ 𝒅𝒙 = (𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒅𝒕 ⇒ 

𝛀 = ∫
𝒌 𝐭𝐚𝐧 𝒕 − 𝟏

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝟐

𝝅
𝟑

𝝅
𝟒

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒅𝒕 = ∫
𝒌 𝐭𝐚𝐧 𝒕 − 𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

= ∫
𝒌 𝐭𝐚𝐧 𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝒕

(𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

= ∫
𝒌

𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕

𝟏
𝐜𝐨𝐬𝟐 𝒕

𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝒕

𝟏
𝐜𝐨𝐬𝟐 𝒕

𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

= ∫
𝒌𝐬𝐢𝐧 𝒕 𝐜𝐨𝐬 𝒕

𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬𝟐 𝒕

𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

=
𝒌

𝟐
∫

𝐬𝐢𝐧𝟐𝒕

𝒕𝟐𝒌+𝟏

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝟏 + 𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

= 

=
𝒌

𝟐
∫ (

−𝟏

𝟐𝒌𝒕𝟐𝒌
)

′
𝝅
𝟑

𝝅
𝟒

𝐬𝐢𝐧𝟐𝒕𝒅𝒕 − ∫
𝟏

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

= 

=
𝒌

𝟐
[(−

𝟏

𝟐𝒌𝒕𝟐𝒌
) 𝐬𝐢𝐧 𝟐𝒕|

𝝅
𝟒

𝝅
𝟑

− ∫ (
−𝟏

𝟐𝒌𝒕𝟐𝒌
)

𝝅
𝟑

𝝅
𝟒

⋅ 𝟐 𝐜𝐨𝐬 𝟐𝒕 𝒅𝒕] − 

= ∫
𝟏

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 − ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 =
𝒌

𝟐

[
 
 
 
 
 
 
(−

𝟏

𝟐𝒌 (
𝝅
𝟑)

𝟐𝒌
)𝐬𝐢𝐧

𝟐𝝅

𝟑
+ (

𝟏

𝟐𝒌 (
𝝅
𝟒)

𝟐𝒌
)𝐬𝐢𝐧

𝟐𝝅

𝟒
+

+∫ (
𝟏

𝟐𝒌𝒕𝒏−𝟏
)

𝝅
𝟑

𝝅
𝟒

⋅ 𝟐 𝐜𝐨𝐬 𝟐𝒕𝒅𝒕
]
 
 
 
 
 
 

+ 

+
𝟏

𝟐(𝟐𝒌 − 𝟏)𝒕𝟐𝒌−𝟏
|
𝝅
𝟒

𝝅
𝟑

− ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐𝒌

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 =
𝒌

𝟐

[
 
 
 
 
 
 
(

−𝟏

𝟐𝒌 (
𝝅
𝟑)

𝟐𝒌
) ⋅

√𝟑

𝟐
+ (

𝟏

𝟐 (
𝝅
𝟒)

𝟐
) ⋅ 𝟏 +

+∫
𝟏

𝒕𝟐
𝐜𝐨𝐬 𝟐𝒕𝒅𝒕

𝝅
𝟑

𝝅
𝟒 ]

 
 
 
 
 
 

+ 

+
𝟏

𝟐(𝟐𝒌 − 𝟏) ⋅ (
𝝅
𝟑)

𝟐𝒌−𝟏 −
𝟏

𝟐 ⋅ (
𝝅
𝟒)

𝟐𝒌−𝟏 − ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
−

𝒌
𝟐

𝟐𝒌 (
𝝅
𝟑)

𝟐𝒌 ⋅
√𝟑

𝟐
+

𝒌
𝟐

𝟐𝒌(
𝝅
𝟒)

𝟐𝒌 ⋅ 𝟏 + ∫
𝟏

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝐜𝐨𝐬 𝟐𝒕𝒅𝒕 + 



 

+
𝟏

𝟐(𝟐𝒌 − 𝟏)(
𝝅
𝟑)

𝟐𝒌−𝟏 −
𝟏

𝟐(𝟐𝒌 − 𝟏) (
𝝅
𝟒)

𝟐𝒌−𝟏 − ∫
𝐜𝐨𝐬𝟐𝒕

𝟐𝒕𝟐

𝝅
𝟑

𝝅
𝟒

𝒅𝒕 = 

=
−√𝟑

𝟖(
𝝅
𝟑)

𝟐𝒌 +
𝟏

𝟒(
𝝅
𝟒)

𝟐𝒌 +
𝟏

𝟐(𝟐𝒌 − 𝟏) (
𝝅
𝟑)

𝟐𝒌−𝟏 −
𝟏

𝟐(𝟐𝒌 − 𝟏) (
𝝅
𝟒)

𝟐𝒌−𝟏 = 

=
−√𝟑 ⋅ 𝟑𝟐𝒌

𝟖𝝅𝟐𝒌
+

𝟒𝟐𝒌−𝟏

𝝅𝟐𝒌
+

𝟑𝟐𝒌−𝟏 − 𝟒𝟐𝒌−𝟏

𝟐(𝟐𝒌 − 𝟏)𝝅𝟐𝒌−𝟏
= 

We deduce that 𝛀 = ∫
𝒌𝒙−𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

(𝟏+𝒙𝟐)(𝐚𝐫𝐜𝐭𝐚𝐧 𝒙)𝟐𝒌+𝟏

√𝟑

𝟏
𝒅𝒙 =

𝟒𝟐𝒌−𝟏

𝝅𝟐𝒌 −
√𝟑⋅𝟑𝟐𝒌

𝟖𝝅𝟐𝒌 +
𝟑𝟐𝒌−𝟏−𝟒𝟐𝒌−𝟏

𝟐(𝟐𝒌−𝟏)𝝅𝟐𝒌−𝟏 

Note: For 𝒌 = 𝟏 we obtain Problem UP.541 from RMM Nr.37 – Summer 2025. 


