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UP.546. Prove without any software:
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Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
Letbe £:[0,1] = [0,2]; f(x) = x3 + x

f continuous; f —increasing because f'(x) =3x2+1 >0

biiectif: —1()_3f+ l+£+3f_ i+£
f bijectif; f77(x) = 2 27 4 2 27 4

f(0)=0;f(1) =2

By Young’s inequality — integral form:

f1(3+)d +f2|/3x+ 1+x2+x 1+xZ\|d >1-2
, e 0\2 27" 2" |27 |27 4/x—

Solution 2 by Marin Chirciu-Romania
We use Cardano's formulas for the cubic equation x3 + px + q = 0.
The discriminator is A = —(4p3 + 27q?)

If A = —(4p3 + 27q?%) < 0, the equation has a single real root.
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For p = 1,q = —1 the third-grade equation x3 + x —1 =0hasA = —(4 +27) <0 >

31 ,1 1,31 ,1 1
xl_\/5+ Z+E+\[§_ st 5;andx;3 € C—R

We have:

5
We prove that x; > s

We consider the function g:[0,6] - R, g(x) = x3 + x — 1; we have
gx)=3x*+1>0=>¢g1

5 5\3 s -323 5
Becauseg(g)—(g) +§—1—E<Oandg(1)—1>0:>§<x1<1.

We obtain:
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