
 
UP.549 If 𝟎 < 𝑎 ≤ 𝑏 then find: 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧 𝒙

𝒙𝟐 + (𝒂 + 𝒃)𝒙 + 𝒂𝒃

𝒃

𝒂

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Let be 𝒚 =
𝒂𝒃

𝒙
⇒ 𝒙 =

𝒂𝒃

𝒚
⇒ 𝒅𝒙 = −

𝒂𝒃

𝒚𝟐
𝒅𝒚 

If 𝒙 = 𝒂 then 𝒚 = 𝒃. 

If 𝒙 = 𝒃 then 𝒚 = 𝒂. 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧 (

𝒂𝒃
𝒚 )

𝒂𝟐𝒃𝟐

𝒚𝟐
+
(𝒂 + 𝒃)𝒂𝒃

𝒚 + 𝒂𝒃

𝒃

𝒂

⋅
−𝒂𝒃

𝒚𝟐
𝒅𝒚 

𝛀(𝒂, 𝒃) = −∫
𝐥𝐧(𝒂𝒃) − 𝐥𝐧 𝒚

(
𝒂𝒃
𝒚𝟐

+
𝒂 + 𝒃
𝒚 + 𝟏)𝒚𝟐

𝒂

𝒃

𝒅𝒚 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧(𝒂𝒃) − 𝐥𝐧𝒚

𝒂𝒃 + (𝒂 + 𝒃)𝒚 + 𝒚𝟐

𝒃

𝒂

𝒅𝒚 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧(𝒂𝒃)

𝒚𝟐 + (𝒂+ 𝒃)𝒚 + 𝒂𝒃

𝒃

𝒂

𝒅𝒚 − ∫
𝐥𝐧 𝒚

𝒚𝟐 + (𝒂 + 𝒃)𝒚 + 𝒂𝒃

𝒃

𝒂

𝒅𝒚 

𝛀(𝒂, 𝒃) = 𝐥𝐧(𝒂𝒃)∫
𝒅𝒚

(𝒚 +
𝒂 + 𝒃
𝟐 )

𝟐

−
(𝒂 + 𝒃)𝟐 − 𝟒𝒂𝒃

𝟒

𝒃

𝒂

−𝛀(𝒂, 𝒃) 

𝟐𝛀(𝒂, 𝒃) = 𝐥𝐧(𝒂𝒃) ⋅ ∫
𝒅𝒚

(𝒚 +
𝒂 + 𝒃
𝟐 )

𝟐

−
(𝒂− 𝒃)𝟐

𝟒

𝒃

𝒂

 

𝛀(𝒂, 𝒃) =
𝟏

𝟐
𝐥𝐧(𝒂𝒃) ⋅

𝟏

𝟐 ⋅
𝒃 − 𝒂
𝟐

𝐥𝐧 |
𝒚 +

𝒂 + 𝒃
𝟐 −

𝒂 − 𝒃
𝟐

𝒚 +
𝒂 + 𝒃
𝟐 +

𝒂 − 𝒃
𝟐

|||

𝒂

𝒃

 

𝛀(𝒂, 𝒃) =
𝐥𝐧(𝒂𝒃)

𝟐(𝒃 − 𝒂)
(𝐥𝐧 |

𝒂 + 𝒃

𝟐𝒃
| − 𝐥𝐧 |

𝟐𝒂

𝒂 + 𝒃
|) 



 

𝛀(𝒂, 𝒃) =
𝐥𝐧(𝒂𝒃)

𝟐(𝒃 − 𝒂)
𝐥𝐧
(𝒂 + 𝒃)𝟐

𝟒𝒂𝒃
 

Solution 2 by Marin Chirciu-Romania 

Using the substitution 𝒙 =
𝒂𝒃

𝒕
⇒ 𝒅𝒙 =

−𝒂𝒃

𝒕𝟐
𝒅𝒕 ⇒ 

⇒ 𝛀(𝒂, 𝒃) = ∫
𝐥𝐧 𝒙

𝒙𝟐 + (𝒂 + 𝒃)𝒙 + 𝒂𝒃

𝒃

𝒂

𝒅𝒙 = ∫
𝐥𝐧
𝒂𝒃
𝒕

(
𝒂𝒃
𝒕
)
𝟐

+ (𝒂 + 𝒃)
𝒂𝒃
𝒕
+ 𝒂𝒃

𝒃

𝒂

(−
𝒂𝒃

𝒕𝟐
𝒅𝒕) = 

= ∫
𝐥𝐧(𝒂𝒃) − 𝐥𝐧 𝒕

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 = ∫
𝐥𝐧(𝒂𝒃)

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 − ∫
𝐥𝐧 𝒕

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 = 

= ∫
𝐥𝐧(𝒂𝒃)

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 − 𝛀(𝒂, 𝒃). 

It follows that: 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧(𝒂𝒃)

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 − 𝛀(𝒂, 𝒃) ⇔ 

⇔ 𝟐𝛀(𝒂, 𝒃) = ∫
𝐥𝐧(𝒂𝒃)

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 ⇔ 𝛀(𝒂, 𝒃) =
𝐥𝐧(𝒂𝒃)

𝟐
∫

𝟏

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 

∫
𝟏

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 = ∫
𝟏

(𝒕 + 𝒂)(𝒕 + 𝒃)

𝒃

𝒂

𝒅𝒕 =
𝟏

𝒃 − 𝒂
∫ (

𝟏

𝒕 + 𝒂
−

𝟏

𝒕 + 𝒃
)

𝒃

𝒂

𝒅𝒕 = 

=
𝟏

𝒃 − 𝒂
∫ (

𝟏

𝒕 + 𝒂
−

𝟏

𝒕 + 𝒃
)

𝒃

𝒂

𝒅𝒕 =
𝟏

𝒃 − 𝒂
(𝐥𝐧(𝒕 + 𝒂) − 𝐥𝐧(𝒕 + 𝒃)) = 

=
𝟏

𝒃−𝒂
𝐥𝐧 (

𝒕+𝒂

𝒕+𝒃
)|

𝒂

𝒃

=
𝟏

𝒃−𝒂
(𝐥𝐧 (

𝒃+𝒂

𝒃+𝒃
) − 𝐥𝐧 (

𝒂+𝒂

𝒂+𝒃
)) =

𝟏

𝒃−𝒂
𝐥𝐧

(𝒂+𝒃)𝟐

𝟒𝒂𝒃
, for 𝒂 < 𝒃 

For 𝒂 = 𝒃 we have ∫
𝟏

𝒕𝟐+(𝒂+𝒃)𝒕+𝒂𝒃

𝒃

𝒂
𝒅𝒕 = 𝟎. 

We deduce that: 

𝛀(𝒂, 𝒃) =
𝐥𝐧(𝒂𝒃)

𝟐
∫

𝟏

𝒕𝟐 + (𝒂 + 𝒃)𝒕 + 𝒂𝒃

𝒃

𝒂

𝒅𝒕 =
𝐥𝐧(𝒂𝒃)

𝟐
⋅

𝟏

𝒃 − 𝒂
𝐥𝐧
(𝒂 + 𝒃)𝟐

𝟒𝒂𝒃
= 

=
𝐥𝐧(𝒂𝒃)

𝟐(𝒃 − 𝒂)
𝐥𝐧
(𝒂 + 𝒃)𝟐

𝟒𝒂𝒃
 

for 𝒂 < 𝒃 and 𝛀(𝒂, 𝒃) = 𝟎 for 𝒂 = 𝒃. 

Remark:  In the same way. 



 
If 𝟎 < 𝒂 ≤ 𝒃 then find: 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧 𝒙

(𝒙 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒙 

Marin Chirciu  

Solution 

Using the substitution 𝒙 =
𝒂𝟐

𝒕
⇒ 𝒅𝒙 =

−𝒂𝟐

𝒕𝟐
𝒅𝒕 ⇒ 

𝛀(𝒂, 𝒃) = ∫
𝐥𝐧𝒙

(𝒙 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒙 = ∫
𝐥𝐧
𝒂𝟐

𝒕

(
𝒂𝟐

𝒕 + 𝒂)
𝟐

𝒃

𝒂

(−
𝒂𝟐

𝒕𝟐
𝒅𝒕) = ∫

𝐥𝐧(𝒂𝟐) − 𝐥𝐧 𝒕

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 = 

= ∫
𝐥𝐧(𝒂𝟐)

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 −∫
𝐥𝐧 𝒕

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 = ∫
𝟐 𝐥𝐧𝒂

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 − 𝛀(𝒂, 𝒃) 

It follows that: 𝛀(𝒂, 𝒃) = ∫
𝟐 𝐥𝐧 𝒂

(𝒕+𝒂)𝟐

𝒃

𝒂
−𝛀(𝒂, 𝒃) ⇔ 𝟐𝛀(𝒂, 𝒃) = 𝟐 𝐥𝐧 𝒂∫

𝟏

(𝒕+𝒂)𝟐

𝒃

𝒂
𝒅𝒕 ⇔ 

⇔ 𝛀(𝒂, 𝒃) = 𝐥𝐧𝒂 ⋅ ∫
𝟏

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 

∫
𝟏

(𝒕 + 𝒂)𝟐

𝒃

𝒂

𝒅𝒕 =
−𝟏

𝒕 + 𝒂
|
𝒂

𝒃

=
−𝟏

𝒃 + 𝒂
+

𝟏

𝟐𝒂
=
−𝟐𝒂 + 𝒃 + 𝒂

𝟐𝒂(𝒂 + 𝒃)
=

𝒃 − 𝒂

𝟐𝒂(𝒂 + 𝒃)
 

We deduce that: 𝛀(𝒂, 𝒃) = 𝐥𝐧𝒂 ⋅
𝒃−𝒂

𝟐𝒂(𝒂+𝒃)
=

(𝒃−𝒂) 𝐥𝐧 𝒂

𝟐𝒂(𝒂+𝒃)
 


