
 
UP.550 If 𝒇: [𝟎, 𝟏] → ℝ; 𝒇 continuous and 

∫ 𝒙𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 = 𝒂;∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 = 𝒃; 𝒂, 𝒃 ∈ ℝ 

then: 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ≥ 𝟑(𝒂 − 𝒃)𝟐 

Proposed by Daniel Sitaru – Romania 

Solution 1 by proposer 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅ ∫ (𝒙 − 𝟏)𝟐
𝟏

𝟎

𝒅𝒙 ≥
𝑪𝑩𝑺

(∫ 𝒇(𝒙)
𝟏

𝟎

⋅ (𝒙 − 𝟏)𝒅𝒙)

𝟐

 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅ ∫ (𝒙𝟐 − 𝟐𝒙 + 𝟏)
𝟏

𝟎

𝒅𝒙 ≥ (∫ 𝒙𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 −∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙)

𝟐

 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅ (
𝟏𝟑

𝟑
−
𝟎𝟑

𝟑
− 𝟐(

𝟏𝟐

𝟐
−
𝟎𝟐

𝟐
) + (𝟏 − 𝟎)) ≥ (𝒃 − 𝒂)𝟐 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅ (
𝟏

𝟑
− 𝟏 + 𝟏) ≥ (𝒃 − 𝒂)𝟐 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ≥ 𝟑(𝒃 − 𝒂)𝟐 

Solution 2 by Marin Chirciu-Romania 

Using CBS inequality under integral form: 

If 𝒇,𝒈: [𝒂, 𝒃] → ℝ, 𝒇, 𝒈 integrable then  

∫ 𝒇𝟐(𝒙)
𝒃

𝒂

𝒅𝒙∫ 𝒈𝟐(𝒙)
𝒃

𝒂

𝒅𝒙 ≥ (∫ 𝒇(𝒙)
𝒃

𝒂

𝒈(𝒙)𝒅𝒙)

𝟐

 

Putting [𝒂, 𝒃] = [𝟎, 𝟏] and 𝒈(𝒙) = 𝒙 − 𝟏 we obtain: 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙∫ (𝒙 − 𝟏)𝟐
𝟏

𝟎

≥ (∫ 𝒇(𝒙)
𝟏

𝟎

(𝒙 − 𝟏)𝒅𝒙)

𝟐

⇒ 

⇒ ∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅
𝟏

𝟑
≥ (∫ 𝒙𝒇(𝒙)

𝟏

𝟎

𝒅𝒙 −∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙)

𝟐

⇒ 



 

⇒ ∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅
𝟏

𝟑
≥ (𝒂 − 𝒃)𝟐 ⇒ ∫ 𝒇𝟐(𝒙)

𝟏

𝟎

𝒅𝒙 ≥ 𝟑(𝒂 − 𝒃)𝟐. 

Remark: In the same way. 

If 𝒇: [𝟎, 𝟏] → ℝ, 𝒇 continuous and ∫ 𝒙𝒇(𝒙)
𝟏

𝟎
𝒅𝒙 = 𝒂, ∫ 𝒇(𝒙)

𝟏

𝟎
𝒅𝒙 = 𝒃,𝒂, 𝒃 ∈ ℝ then: 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ≥ (𝟑𝒂− 𝟐𝒃)𝟐 

Marin Chirciu  

Solution 

Using CBS inequality under integral form: 

If 𝒇,𝒈: [𝒂, 𝒃] → ℝ, 𝒇, 𝒈 integrable, then ∫ 𝒇𝟐(𝒙)
𝒃

𝒂
𝒅𝒙∫ 𝒈𝟐(𝒙)

𝒃

𝒂
𝒅𝒙 ≥ (∫ 𝒇(𝒙)𝒈(𝒙)

𝒃

𝒂
𝒅𝒙)

𝟐

. 

Putting [𝒂, 𝒃] = [𝟎, 𝟏] and 𝒈(𝒙) = 𝟑𝒙 − 𝟐 we obtain: 

∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙∫ (𝟑𝒙 − 𝟐)𝟐
𝟏

𝟎

≥ (∫ 𝒇(𝒙)
𝟏

𝟎

(𝟑𝒙 − 𝟐)𝒅𝒙)

𝟐

⇒ 

⇒ ∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ⋅ 𝟏 ≥ (𝟑∫ 𝒙𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 − 𝟐∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙)

𝟐

⇒ ∫ 𝒇𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 ≥ (𝟑𝒂 − 𝟐𝒃)𝟐. 

 

 


