ROMANIAN MATHEMATICAL MAGAZINE

UP.554 We consider the equation: (1 + iz)?" =i- (1 + z?>)", wheren > 1

natural number and i? = —1.

a. Prove that the complex number i is a solution of the equation foranyn > 1.
b. Solve the equation in the case n = 1 and in one of thecasesn = 2 orn = 3.
c. Find the solution of the equation in the general case n € N*

Proposed by Adalbert Kovacs — Romania

Solution 1 by proposer
1. a. By replacing we can check that z = i is a solution of the equation.
1.b. Case n = 1: We have the equation: (1 + iz)? =i - (1 + z?), with the roots i and 1.
Case nn = 2. We use the decomposition: (1 + z2) = (1 + iz) (1 — iz) the given equation
becomes: (1 +iz)* =i(1+iz)?2- (1—-iz)2 o (1+iz)? - [(1+iz)?—i-(1—iz)?]=0
e 1+iz)2=0and(1+iz2)2=i-(1—-iz2)?=0
The first equation has the double root: i
The second equation: 1 + 2iz —z?> —i— 2z + iz? =0 &
e1-Dz22+21-Dz-(1-)=0&
& 724+ 2z —1 =0, with theroots: —1 ++/2 and —1 — /2.
Case n = 3: We have the equation: (1 +i-2)® =i- (1 + z?)3.
Using the decomposition: (1 + z2) = (1 + iz) (1 — iz) the equation becomes:
1+iz)°=i(1+iz)3 - (1 —iz)3
©1+iz)? [A+iz2)3-i-1-iz2)’] =0 (1+iz)>=0o0r
1+iz?-i-1-iz3=0
The first equation has a triples solution: z = 1.
The second equation: (1 +iz)3+i®- (1 -iz) =0
(1+iz+i(1-i2)1+i2)? - i1+iz)(1 -in)+i*-(1-iz2)’) =0
1+i+z(14+i) =00r1+2iz—2>—i—iz?-1+2iz+2°=0&
z+1=00rzZ2—4z+1=0,

with the roots: —1 respectively: 2 + V3 and 2 — /3
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So the solutions of the equations are real numbers: —1,2 + V3,2 — /3 and the complex

number: i, imaginary unit

1.c. General case: We have the equation: (1 + iz)*" =i-(1+z>)"
es1+i2"=il+i2" 1-i2"eA+i2"[QA+iz2)"-i1-i2)"|=0

1+iz)"=0or(1+iz)"—i(1—-iz)"=0

From the first equation it follows the solution z = i, which is a multiple solution of order n

. . 1+iz\™® . . . . . L
The second equation can be written: (5) = i, it is a binomial equation, it goes to the

. . 1+iz\" . . . . .
trigonometric form: (ﬁ) = CcosS (g) + isin (g) and with the extraction of the radical of

order n:
b4
1+iz o +2km\ o +2kn 1+iz
= coS + 1 sin -
1-iz n n 1-iz
T+ 4kn .. (Tt+ 4kn
= coS (—) + isin (—)
2n 2n

Solving for the z variable, the result is obtained in the form:
1—cost—i-sint i-(1—cost—i-sint)
i-(1+cost+i-sint) 1+cost+i-sint

zZ =

n+4km . . . . . .
where t = o Using trigonometric formulas and performing the calculations we arrive

n+4kn)
’

at the final result: z = tan % We obtain the solutions: z;, = tan( n

with k = 0,1,2, ..., n — 1 (the number of solutions in this form is n). Particular cases:

For n = 1 we have the solution: tan% =1
5
For n = 2 we have the solutions: tang =+2+ 1and tan%r =+2-1

. 5 3
For n = 3 we have the solutions: tan% =2 —+/3, tanl—z =2—-+/3and tanTn =-1

Solution 2 by Marin Chirciu-Romania
a.ltchecks(1+i- D) =i-1+i ) "eo(1-D"=i-1-1)"e0"=i- 0"
<0=0
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b. For n = 1 we have the equation (1 +iz)2 =i-(1+2z>) © 1+ z®>-2iz+i—-1=
0, with A = 4. Weobtainz; = 2,z+ 2 = 2i.
For n = 2 we have the equation (1 +iz)*=i-(1+2z%*)? o
o 1-iz* —4i22 - (6+20)2*+4iz+1-i=0 (z-*(z*2+2z-1)=0
We obtain z; = i,2,3 = -1+ 2
For n = 3 we have the equation (1 +iz)° =i - (1+2z%)% &
& (1+0)z°%—6iz° + (3i — 15)z* + 20iz3 + (3i+ 15)z2 —6iz+i—1=0
©(z-0)3(23-322-32z4+1)=0o (z-)3(z+1)(z?—42z+1) =0
We obtain z; = i,z, = —1,23, =2 + V3
2)n

c. For solving the equation (1 + iz)?" = i - (1 + z?)™ we distinguish the cases:

i.Case1l.1+2z2#0

o ) 1+ 2iz —z2\" )
A+in)"=i-A+z)"e |——— ) =i1+z°#0
1+z
X 1+2iz—z% . , . . .
Denoting w = +1:zzzz we solve the equation w" =i © w" = (cos%+tsm§),wnth
the solutions
T T
7+2k1l' 7+2kn
Wi =cos=—+ isin=— k=0n-1
n n

Going back to the notation we have:

F—
=T e (1+w)Z—iz+w—1=0, withA =3 —4w? >z =i + V3 — 4w?,
where
%+2kn g+2kn
w=cos=——+isin=— k=0n-1
n n
ii. Case 2. 1 + z% =

1+z22=0z’ -1 z=+i

The problem is completely solved.



