
 
UP.555 Find the solutions of the system: 

√𝟖𝒙 + 𝟓 + √𝟗𝒚 + 𝟔 = √𝟖𝒙 + 𝟗𝒚 + 𝟐𝟗 

√𝟏𝟐𝒙 + 𝟏𝟗 − √𝟑𝒚 + 𝟏𝟓 = √𝟏𝟐𝒙 + 𝟑𝒚 − 𝟔 

Proposed by Bela Kovacs – Romania  

Solution 1 by proposer 

We set the conditions of existence: The expressions under the radicals must be positive, 

both members of the equations must also be positive.Through consecutive squaring we 

obtain the following system: 

(𝟖𝒙 + 𝟓)(𝟗𝒚 + 𝟔) = 𝟖𝟏 and (𝟏𝟐𝒙 + 𝟏𝟗)(𝟑𝒚 + 𝟏𝟓) = 𝟒𝟎𝟎 

⇔ (𝟖𝒙+ 𝟓)(𝟑𝒚 + 𝟐) = 𝟐𝟕 and (𝟏𝟐𝒙 + 𝟏𝟗)(𝟑𝒚 + 𝟏𝟓) = 𝟒𝟎𝟎 

We do the calculus: 𝟐𝟒𝒙𝒚 + 𝟏𝟔𝒙 + 𝟏𝟓𝒚 = 𝟏𝟕 and 𝟑𝟔𝒙𝒚 + 𝟏𝟖𝟎𝒙 + 𝟓𝟕𝒚 = 𝟏𝟏𝟓 

We multiply with −𝟑, respectively with 𝟐: 

−𝟕𝟐𝒙𝒚 − 𝟒𝟖𝒙 − 𝟒𝟓𝒚 = −𝟓𝟏 and 𝟕𝟐𝒙𝒚 + 𝟑𝟔𝟎𝒙 + 𝟏𝟏𝟒𝒚 = 𝟐𝟑𝟎 

By adding we obtain: 𝟑𝟏𝟐𝒙 + 𝟔𝟗𝒚 = 𝟏𝟕𝟗 

We express the value of 𝒚 that we substitute in the first equation: 𝒚 =
𝟏𝟕𝟗−𝟑𝟏𝟐𝒙

𝟔𝟗
 

(𝟖𝒙 + 𝟓) (𝟑 ⋅
𝟏𝟕𝟗 − 𝟑𝟏𝟐𝒙

𝟔𝟗
+ 𝟐) = 𝟐𝟕 ⇔ (𝟖𝒙 + 𝟓) (

𝟏𝟕𝟗 − 𝟑𝟏𝟐𝒙

𝟐𝟑
+ 𝟐) = 𝟐𝟕 ⇔ 

(𝟖𝒙 + 𝟓)(𝟐𝟐𝟓 − 𝟑𝟏𝟐𝒙) = 𝟔𝟐𝟏 ⇔ (𝟖𝒙 + 𝟓)(𝟕𝟓 − 𝟏𝟎𝟒𝒙) = 𝟐𝟎𝟕 ⇔ 

−𝟖𝟑𝟐𝒙𝟐 + 𝟔𝟎𝟎𝒙 − 𝟓𝟐𝟎𝒙 + 𝟑𝟕𝟓 − 𝟐𝟎𝟕 = 𝟎 ⇔ 𝟖𝟑𝟐𝒙𝟐 − 𝟖𝟎𝒙 − 𝟏𝟔𝟖 = 𝟎 ⇔ 

𝟐𝟎𝟖𝒙𝟐 − 𝟐𝟎𝒙 − 𝟒𝟐 = 𝟎 ⇔ 𝟏𝟎𝟒𝒙𝟐 − 𝟏𝟎𝒙 − 𝟐𝟏 = 𝟎 

We solve the quadratic equation obtained: 𝚫𝟏 = 𝟐𝟓 + 𝟐𝟏𝟖𝟒 = 𝟐𝟐𝟎𝟗 = 𝟒𝟕𝟐 

𝒙𝟏 =
𝟓+𝟒𝟕

𝟏𝟎𝟒
=

𝟓𝟐

𝟏𝟎𝟒
=

𝟏

𝟐
 and 𝒙𝟐 =

𝟓−𝟒𝟕

𝟏𝟎𝟒
=

−𝟒𝟐

𝟏𝟎𝟒
=

−𝟐𝟏

𝟓𝟐
 

We return for the corresponding 𝒚 values. 

𝒚𝟏 =
𝟏𝟕𝟗−𝟏𝟓𝟔

𝟔𝟗
=

𝟐𝟑

𝟔𝟗
=

𝟏

𝟑
 and 𝒚𝟐 =

𝟏𝟕𝟗−𝟑𝟏𝟐(−
𝟐𝟏

𝟓𝟐
)

𝟔𝟗
=

𝟏𝟕𝟗+𝟏𝟐𝟔

𝟔𝟗
=

𝟑𝟎𝟓

𝟔𝟗
 



 
By substitution, we find that the first result verifies the system, so it is a solution, and the 

second result does not verify the system, i.e. in the second equation, a negative number is 

obtained in the left member, so it is not a solution. So the only system solution is: (
𝟏

𝟐
;
𝟏

𝟑
) 

Solution 2 by Marin Chirciu-Romania 

For admissible (𝒙, 𝒚), the square is successively raised. 

{
√𝟖𝒙 + 𝟓 + √𝟗𝒚 + 𝟔 = √𝟖𝒙 + 𝟗𝒚 + 𝟐𝟗

√𝟏𝟐𝒙 + 𝟏𝟗 − √𝟑𝒚 + 𝟏𝟓 = √𝟏𝟐𝒙 + 𝟑𝒚− 𝟔
⇔ {

√𝟖𝒙 + 𝟓 ⋅ √𝟗𝒚 + 𝟔 = 𝟗

√𝟏𝟐𝒙 + 𝟏𝟗 ⋅ √𝟑𝒚 + 𝟏𝟓 = 𝟐𝟎
⇔ 

⇔ {
(𝟖𝒙 + 𝟓) ⋅ (𝟗𝒚 + 𝟔) = 𝟖𝟏

(𝟏𝟐𝒙 + 𝟏𝟗) ⋅ (𝟑𝒚 + 𝟏𝟓) = 𝟒𝟎𝟎
⇔ {

(𝟖𝒙 + 𝟓) ⋅ (𝟑𝒚 + 𝟐) = 𝟐𝟕
(𝟏𝟐𝒙 + 𝟏𝟗) ⋅ (𝟑𝒚 + 𝟏𝟓) = 𝟒𝟎𝟎

⇔ 

⇔ {
𝟐𝟒𝒙𝒚 + 𝟏𝟔𝒙 + 𝟏𝟓𝒚 = 𝟏𝟕
𝟑𝟔𝒙𝒚 + 𝟏𝟖𝟎𝒙 + 𝟓𝟕𝒚 = 𝟏𝟏𝟓

⇔ {
𝟐𝟒𝒙𝒚 + 𝟏𝟔𝒙 + 𝟏𝟓𝒚 = 𝟏𝟕
𝟑𝟏𝟐𝒙 + 𝟔𝟗𝒚 = 𝟏𝟕𝟗

 

Replacing 𝒚 =
𝟏𝟕𝟗−𝟑𝟏𝟐𝒙

𝟔𝟗
 in 𝟐𝟒𝒙𝒚 + 𝟏𝟔𝒙 + 𝟏𝟓𝒚 = 𝟏𝟕 we obtain the equation: 

𝟗𝟑𝟔𝒙𝟐 − 𝟗𝟎𝒙 − 𝟏𝟖𝟗 = 𝟎 with the solutions 𝒙𝟏𝟐 =
𝟒𝟓±𝟒𝟐𝟑

𝟗𝟑𝟔
⇒ 𝒙𝟏 =

𝟏

𝟐
 and 𝒙𝟐 =

−𝟐𝟏

𝟓𝟐
 

We obtain (𝒙, 𝒚) = (
𝟏

𝟐
,
𝟏

𝟑
) also checks (𝒙, 𝒚) = (

−𝟐𝟏

𝟓𝟐
,
𝟑𝟎𝟓

𝟔𝟗
) doesn’t check  

√𝟏𝟐𝒙 + 𝟏𝟗 − √𝟑𝒚 + 𝟏𝟓 ≥ 𝟎 

We deduce that (𝒙, 𝒚) = (
𝟏

𝟐
,
𝟏

𝟑
) is the unique solution of the system. 

 


