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CONNECTIONS BETWEEN FAMOUS CEVIANS 

By Bogdan Fuștei-Romania 

We consider the triangle ABC with notations: 

𝑝𝑎 , 𝑝𝑏 , 𝑝𝑐-Spieker’s cevians,  𝑛𝑎 , 𝑛𝑏, 𝑛𝑐-Nagel’s cevians, 𝑔𝑎 , 𝑔𝑏, 𝑔𝑐-Gergonne’s cevians 

It is known that: 

𝐧𝐚𝐦𝐚≥𝐩𝐚
𝟐 (and analogs) [1] 

𝐧𝐚𝐠𝐚 ≥ 𝐦𝐚𝐥𝐚(and analogs) [2] 

We will find an interesting connection between 𝑛𝑎 , 𝑔𝑎  , 𝑝𝑎  , 𝑙𝑎: 

From those relations we obtain a new one: 

𝐧𝐚√𝐠𝐚 ≥ 𝐩𝐚√𝐥𝐚 (and analogs) (1) 

(1) Is a refinement for na ≥ pa because la ≥ ga. 

𝐚

𝟐𝐫
=

𝐧𝐚

𝐡𝐚
 +𝟐

𝐫𝐚

𝐧𝐚+𝐩
 (and analogs) [3], 

and using (1) we obtain: 

𝐚

𝟐𝐫
≥

𝐩𝐚

𝐡𝐚

√
𝐥𝐚

𝐠𝐚
 + 𝟐

𝐫𝐚

𝐧𝐚 + 𝐩
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐) 

From (2) after summation: 

𝐩

𝐫
≥ ∑

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 + 𝟐 ∑

𝐫𝐚

𝐧𝐚+𝐩
 (3) 

From (1): 

∑ 𝐧𝐚√𝐠𝐚 ≥ ∑ 𝐩𝐚√𝐥𝐚 (4) 

∑
𝐧𝐚

𝐩𝐚
≥ ∑ √

𝐥𝐚

𝐠𝐚
 (5) 

𝐧𝐚 + 𝐧𝐛 + 𝐧𝐜 ≥ 𝐩𝐚√
𝐥𝐚

𝐠𝐚
 + 𝐩𝐛√

𝐥𝐛

𝐠𝐛
 + 𝐩𝐜√

𝐥𝐜

𝐠𝐜
 (6) 



 

2 
 

 a=2Rsin A (Sine Theorem) →
a

2r
=

R

r
sin A (and analogs) 

𝐑

𝐫
≥ (

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 + 𝟐

𝐫𝐚

𝐧𝐚+𝐩
)

𝟏

𝐬𝐢𝐧 𝐀
(and analogs) (7) 

From 
na

ha
=

√4r2+(b−c)2

2r
 (and analogs) [4] → 2

ra

na+p
=

a−√4r2+(b−c)2

2r
(and analogs) 

→ (𝐩𝐚√
𝐥𝐚

𝐠𝐚
 + 𝐩) (𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐) ≤ 𝟒𝐫𝐫𝐚(and analogs) (8) 

From 4rra = 4(p − b)(p − c)(and analogs) and (8) → 

(𝐩𝐚√
𝐥𝐚

𝐠𝐚
 + 𝐩) (𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐) ≤ 𝟒(𝐩 − 𝐛)(𝐩 − 𝐜)(9) 

From (8) and ra + rb + rc = 4R + r after summation we obtain: 

∑ (𝐩𝐚√
𝐥𝐚

𝐠𝐚
 + 𝐩) (𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐) ≤ 𝟒𝐫(𝐫𝐚 + 𝐫𝐛 + 𝐫𝐜) = 𝟒𝐫(𝟒𝐑 + 𝐫)(10) 

From 
2na

√4r2+(b−c)2
=

ha

r
 (and analogs)[4]; 

ha

r
= 1 +

b+c

a
(and analogs) and (1): 

𝐡𝐚

𝐫
≥

𝟐𝐩𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
√

𝐥𝐚

𝐠𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(11) 

From (11) after summation: 

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟐𝐫
≥ ∑

𝐩𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
√

𝐥𝐚

𝐠𝐚
 (12) 

From (11) → 

𝐛+𝐜

𝐚
≥

𝟐𝐩𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
√

𝐥𝐚

𝐠𝐚
 − 𝟏 (and analogs) (13) 

From la= 
2√bc

b+c
 √rbrc (and analogs) → lalblc=

8abc

(a+b)(b+c)(c+a)
rarbrc 

𝟖
𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
=

(𝐚+𝐛)(𝐛+𝐜)(𝐜+𝐚)

𝐚𝐛𝐜
≥ ∏ (

𝟐𝐩𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
√

𝐥𝐚

𝐠𝐚
 − 𝟏)(14) 

We know: 
R

r
− 1 =

na
2+ra

2

2hara
 (and analogs)[5] we obtain: 
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2raha (
R

r
− 1)=na

2 + ra
2 (and analogs) →2

ha

na
(

R

r
− 1) =

na

ra
+

ra

na
 (and analogs) using (1) we 

obtain:  

2(
𝐑

𝐫
− 𝟏) ≥

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 (

𝐧𝐚

𝐫𝐚
+

𝐫𝐚

𝐧𝐚
)(15) 

From: 
R

r
≥ 1 +

na

ha
(and analogs) → 

𝐑

𝐫
≥ 𝟏 +

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 (and analogs) (16) 

From 
R

r
≥ 1 +

na

ha
(and analogs) →(

R

r
− 1)

3

≥
nanbnc

hahbhc
→ 

R

r
≥ 1 + √

nanbnc

hahbhc

3
 we obtain: 

𝐑

𝐫
≥ 𝟏 +

√
𝐩𝐚

𝐡𝐚

𝐩𝐛

𝐡𝐛

𝐩𝐜

𝐡𝐜
√

𝐥𝐚

𝐠𝐚

𝐥𝐛

𝐠𝐛

𝐥𝐜

𝐠𝐜

𝟑

 (17) 

From p2=na
2 + 2hara (and analogs) →p2 − na

2=2hara 

 (p−na)(p + na)= 2hara , and 
p

ha
=

a

2r
 (and analogs) →

a

2r
+

na

ha
=

2ra

p−na
 (and analogs). Using 

na

ha
=

√4r2+(b−c)2

2r
 (and analogs) and 

a

2r
+

na

ha
=

2ra

p−na
 we obtain: 

2ra

p−na
=

a+√4r2+(b−c)2

2r
 (and analogs)  

4rar

p−na
=  a + √4r2 + (b − c)2 (and analogs) 

p= na +
4rar

a+√4r2+(b−c)2
 (and analogs)(*) 

p= na +
4(p−b)(p−c)

 a+√4r2+(b−c)2
 (and analogs) (**) 

From those we obtain: 

p≥ 𝐩𝐚√
𝐥𝐚

𝐠𝐚
 +

𝟒(𝐩−𝐛)(𝐩−𝐜)

 𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟖) 

From (18) after summation we obtain: 

3p≥ ∑ (𝐩𝐚√
𝐥𝐚

𝐠𝐚
 +

𝟒(𝐩−𝐛)(𝐩−𝐜)

 𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
) (19) 
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From 
a

2r
+

na

ha
=

2ra

p−na
 (and analogs) and (1) we obtain: 

𝟐𝐫𝐚

𝐩 − 𝐧𝐚
≥

𝐩𝐚

𝐡𝐚

√
𝐥𝐚

𝐠𝐚
 +

𝐚

𝟐𝐫
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟎) 

From (20) after summation we obtain: 

∑
𝟐𝐫𝐚

𝐩−𝐧𝐚
≥

𝐩

𝐫
+ ∑

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 (21) 
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