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FUNDAMENTAL SYMMETRIC PLYNOMIALS IN ALGEBRAIC INEQUALITIES-II 

By Marius Drăgan  and  Neculai Stanciu-Romania 

 

   Abstract:  In this article we will present a method for proving symmetric inequalities in two 
and three variables. 
 
     Preliminary considerations: In what follows, we will demonstrate some symmetric 
inequalities with the help of fundamental symmetric polynomials 
 

     Definition. Polinomial ],[ yxRp  it is symmetrical if Ryxxypyxp  ,),,(),( . 

Very important to remember: polynomials  ],[, 11 yxRyx    and ],[, 22 yxRxy    

they are called fundamental symmetric polynomials.  Fundamental symmetric polynomials 
are applied to prove some types of inequalities. The solution of these inequalities is based on 
Lemma 1. 

     Lemma 1. Let 1 yx ; 2xy . Both numbers yx,  are real and positive iff: 
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     Proof. yx,  are the roots of equation 021

2   zz , i.e. 

      
2

4 2

2

11  
x ;

2

4 2

2

11  
y  or 

2

4 2

2

11  
x ;

2

4 2

2

11  
y . 

 yx,   are real if  .04 2

2

1    If 04 2

2

1   , then  yx  .  So, there is 0z , such that 

.4 2

2

1 z   We have z 2

2

1 4  or 
4

2

1
2

z



 , 0,0  yx , hence: 0,0 21   . 

     Reciprocal: If  04 2
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     Proof. By some algebra we obtain: 
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By (i) we deduce Waring’s formula: 
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By (ii) we compute kS  (  6,5,4,3k ) and we obtain: 
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     Theorem. Any symmetric polynomial  ],[ yxRp  can be expressed uniquely with the help 

of fundamental symmetric polynomials. 

     Proof.  We will use (ii)  by Lemma 2 and the facts:  
kyk ayax 2  or  
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In what follows, we will use the above results to prove a number of inequalities in two variables 
highlighting, for each individual case, the essence of the solution method. 
     Observation. The theorem can also be extended for all rational algebraic expressions, as will 
be seen in the following examples. 

Applications 

     1) If  ba,  are positive real numbers, then prove that : 
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     Solution. Putting 
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     2)  If  cba ,,  are positive real numbers such that cba  , then prove that:  
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     Solution. We let 
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Analogously:  
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By induction yields that  
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     3) If ba,  are positive real numbers, then prove that: 
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     Solution. We denote vbua  ,   and the inequality to prove becomes 
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     4)  If  ba,   are positive real numbers, then:  3344 abbaba  . 

     Solution.  224

22443344 )( SSbaabbaabbaba   



 

4 
 

             0
4

3
45)2(24

22

12

22

2

1

4

12

2

12

2

22

2

1

4

1 



zz

 ,  

where 04 2

2

1  z . 

     5)  If  ba,  are positive real numbers, then 
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     6) ( I.V. Maftei)  If  ba,  are positive real numbers such that 1ba ,  then 
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To prove the generalization we consider the convex function  Rf ),0[: , 
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and by Jensen’ s inequality  
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7)   (I.V. Maftei)  If  ba,   are positive real numbers such that 122  ba , then:    
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     8) (AoPS, Daniel Sitaru) If 0, ba ,  then prove that 
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     Solution.  LHS becomes 
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and if we denote 2
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t , then the last inequality becomes 

                   0)812107)(2(01616847 23234  tttttttt ,  true. 

     9) (Olympiad, URSS, 1984) If ,0, ba  then: 
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     10) If  ,0,, zyx  such that  1 zyx , then 
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Equality occurs for 
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11) If ,0,, zyx  such that  12222  xyzzyx , then:  
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We consider the function 
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Case 1. ]2,0(1  .  It is suffices to prove that  0)0( f and 0
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The equality occurs for 1u and yx  , i.e. 1 yx , so cba  . 
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Equality iff 21  , i.e. zyx  . 
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