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FUNDAMENTAL SYMMETRIC PLYNOMIALS IN ALGEBRAIC INEQUALITIES-II 

By Marius Drăgan  and  Neculai Stanciu-Romania 

 

   Abstract:  In this article we will present a method for proving symmetric inequalities in two 
and three variables. 
 
     Preliminary considerations: In what follows, we will demonstrate some symmetric 
inequalities with the help of fundamental symmetric polynomials 
 

     Definition. Polinomial ],[ yxRp  it is symmetrical if Ryxxypyxp  ,),,(),( . 

Very important to remember: polynomials  ],[, 11 yxRyx    and ],[, 22 yxRxy    

they are called fundamental symmetric polynomials.  Fundamental symmetric polynomials 
are applied to prove some types of inequalities. The solution of these inequalities is based on 
Lemma 1. 

     Lemma 1. Let 1 yx ; 2xy . Both numbers yx,  are real and positive iff: 

0,0,04 212

2

1   . 

     Proof. yx,  are the roots of equation 021

2   zz , i.e. 

      
2

4 2

2

11  
x ;

2

4 2

2

11  
y  or 

2

4 2

2

11  
x ;

2

4 2

2

11  
y . 

 yx,   are real if  .04 2

2

1    If 04 2

2

1   , then  yx  .  So, there is 0z , such that 

.4 2

2

1 z   We have z 2

2

1 4  or 
4

2

1
2

z



 , 0,0  yx , hence: 0,0 21   . 

     Reciprocal: If  04 2

2

1   , then Ryx ,  and if 0,0 21   , then 0x  and 0y .  

Indeed, if 0x , then 021

2   zz  for xz   and also 021

2   zz  for yz  . So, 0x

and 0y . 

     Lemma 2. We denote 
kk

k yxS  , Nk . We have: 

                                 1211   kkk SSS  , ),2( 110  SS , 1k , (i). 
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     Proof. By some algebra we obtain: 

  kkkkkkkkkkkk xyyxyxxyyxyxxyyxyxyx 111111 )())((  

11   kk yx , q.e.d. 

By (i) we deduce Waring’s formula: 

mmk

m

m

k
mkm

mk
S

k
2

2

1
)!2(!

)!1()1(1
 




 , (ii). 

By (ii) we compute kS  (  6,5,4,3k ) and we obtain: 

21

3

13 3  S ; 
2

22

2

1

4

14 24  S ;
2

212

3

1

5

15 55  S ; 

3

2

2

2

2

12

4

1

6

16 296  S . 

     Theorem. Any symmetric polynomial  ],[ yxRp  can be expressed uniquely with the help 

of fundamental symmetric polynomials. 

     Proof.  We will use (ii)  by Lemma 2 and the facts:  
kyk ayax 2  or  

)()( klklkkkllk yxybxyxyxb   , kl   şi )()( lklkllkllk yxybxyxyxb   , lk  , (iii). 

By example:  1

3

2

2

232

332233 )()( SSyxyxyxyxxyp   

 2

21

2

2

2

212

3

11

2

2

2

22122 3)3(   

)2(2 221

3

12

2

2

2

212

3

1   . 

In what follows, we will use the above results to prove a number of inequalities in two variables 
highlighting, for each individual case, the essence of the solution method. 
     Observation. The theorem can also be extended for all rational algebraic expressions, as will 
be seen in the following examples. 

Applications 

     1) If  ba,  are positive real numbers, then prove that : 

                                                             
333

22







 


 baba
. 

     Solution. Putting 
1ba , 

2ab ,  we obatin: 
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      0
8

3

8
3

2

1

8222
1

3

1
21

3

1

3

13

333








 



z

Sbaba






,  true because 0z . 

     2)  If  cba ,,  are positive real numbers such that cba  , then prove that:  

                                               
2

2
22 c

ba  , 
8

4
44 c

ba  , 
128

8
88 c

ba  . 

     Generalization: 
1

2
22

2 


n

n

nn c
ba .  

     Solution. We let 
1ba , 

2ab , so we have: 

             
2224

22
2

22
2

1

2

1

2

12

12

2

1

22

2

c
ba

zz
baS 








 . 

Analogously:  

822

1
)()(

4
2

2
222244 cc

baba 







 ; 

12882

1
)()(

8
2

4
242488 cc

baba 







 . 

By induction yields that  
1

2
22

2 


n

n

nn c
ba . 

     3) If ba,  are positive real numbers, then prove that: 

                                                            ba
a

b

b

a


22

. 

     Solution. We denote vbua  ,   and the inequality to prove becomes 

                                             )(33
22

vuuvvuvu
u

v

v

u
 . 

Since,  0)4()( 2

2

11123

33  Svuuvvu , true. 

     4)  If  ba,   are positive real numbers, then:  3344 abbaba  . 

     Solution.  224

22443344 )( SSbaabbaabbaba   
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             0
4

3
45)2(24

22

12

22

2

1

4

12

2

12

2

22

2

1

4

1 



zz

 ,  

where 04 2

2

1  z . 

     5)  If  ba,  are positive real numbers, then 

                                               
224334 622 bababbaa  . 

     Solution. Let 04,, 2

2

121   zabba  , then: 

 2

22

2

1

4

1

2

2224

224334 8262622  sSSbababbaa  

068)4(2)4( 2

22

222

2

2  zzzz  ,  true. 

     6) ( I.V. Maftei)  If  ba,  are positive real numbers such that 1ba ,  then 

                                                        
2

2511
22




















b
b

a
a  . 

     Generalization. 
12

511





















n

nnn

b
b

a
a , Nn . 

     Solution. 





















2

17

2

17

2

2511
2

2

2
222

22
22

22



S
S

ba

ba
ba

b
b

a
a  

)24154(
2

1
2

2

2

3

22

2

 


 and it remains to prove that                                                      

24154 2

2

2

3

2   . 

Since: 02   and 04 2

2

1  z  ,  and using  11   yields that 
4

1
0 2   . 

So, 21
16

15

16

1
4154 2

2

2

3

2   .We have equality for 2 ba . 

To prove the generalization we consider the convex function  Rf ),0[: , 
nxxf )( , *Nn

and by Jensen’ s inequality  






 


2
2)()(

yx
fyfxf . 
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If we take  
b

by
a

ax
1

,
1

 ,  then we obatin 

                           

n

n

nnn

b
b

a
a 
















































2

1

2

1
1

1
1

2

1

2

1
2

11




 . 

Using: 51
1

4
1

4
22

2

2

1 


 , we will obtain  
12

511





















n

nnn

b
b

a
a . 

7)   (I.V. Maftei)  If  ba,   are positive real numbers such that 122  ba , then:    

224
1

1

1

1





 ba
. 

    Solution. We have 
2

1

1

2

1
1

1

)1(

)2(2

2

1
1

2

1

1

1

1















 








ba
. 

From,   12 2

2

1    şi 2

2

1 4   we have 
2

1
2  and 21  . 

Then,  222 1   şi 
22

1 )12()1(  . 

Hence,  224
)12(

)22(2

)1(

)2(2
22

1

1 












. 

     8) (AoPS, Daniel Sitaru) If 0, ba ,  then prove that 






























 





a

b

b

a

baabab

baba
ab

ba

ab
25

21

22

2
9 . 

     Solution.  LHS becomes 

                          
1

22






1

22






2

1

2 




2

1

2 


6

4

4

2

2

1

2

1

2 







,  

which yields by AM-GM inequality. RHS becomes 

                                        
2

2

1

2

1

2

2

1

1

2

4

744
2
















 , 
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and if we denote 2
2

1 



t , then the last inequality becomes 

                   0)812107)(2(01616847 23234  tttttttt ,  true. 

     9) (Olympiad, URSS, 1984) If ,0, ba  then: 

abba
baba







42

)( 2

. 

     Solution. Denoting PxySyxybxa  21 ,,,   : 







SPPSPSyxxy
yxyx

42)2(2)(
42

)( 222
22222

 

SPPSPPSS 42882 2224  02)248(8 2422  SSPSSP . 

We consider the function  R
S

f 








4
,0:

2

, 2422 2)248(8)( SSPSSPPf  . 

0)144(4 23  SSS  and let 21 , PP the roots of equation 0)( Pf . 

We prove that 0)( Pf  , so it is suffices to prove 





416

144162248

4

22322

1

SSSSSSS
P  

0)1(414416)122( 222322  SSSSSSS . 

So, 0)( Pf , 









4
,0

2S
P  , q.e.d. 

     10) If  ,0,, zyx  such that  1 zyx , then 
27

7
20  xyzzxyzxy  (IMO, 1984). 

     Solution. Since  1 zyx , so 
11 z , where ]1,0[z . The inequality becomes: 

                                                 
27

7
)1(2)1(0 12112   . 

We consider the function: Rf 








4
,0:

2

1 , 2

11212 )12(25)(  f , 
1 fixed. 
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We have 0)1()0( 11  f , 0
4

)452(

4

1

2

11

2

1 











 
f . 

The equality for  01   or 11  , i.e. for  }0,0,1{},,{ zyx .Also we consider the function: 

     Rg 








4
,0:

2

1 , 7)1(27)12(27)( 11212  g , 072727)0( 1

2

1  g . 

Since, 027  , 0)76()23(
4

1

4
1

2

1

2

1 












g  , so  0)( 2 g , 










4
,0

2

1
2


 . 

Equality occurs for 
3

2
1  , i.e. 










3

1
,

3

1
,

3

1
},,{ zyx . 

11) If ,0,, zyx  such that  12222  xyzzyx , then:  

                                           zyxzxyzxy  )(2  . 

     Solution. Let },,max{ xzzyyxyx  , so 

2

2

12

2

22

2

2

2

1 12122   zzz . 

The inequality becomes: 

 12

2

12

2

212 )12(22  2

2

12

2

2 12    

12211

2

12

2

2 32)12(12    

014244)224()88( 1

2

1

3

1

2

121

2

1

2

21   . 

We consider the function 

Rf 








4
,0:

2

1 , 14244)224()88()( 1

2

1

3

1

2

121

2

1

2

212  f . 

We have: 22222 )(21 zyxxyzzyx  and since  zzyyx   we deduce 

    
2

1
1)()(2 222  yxzyxxy . Because 1,1  yx  we have 2

2

1
1  . 

We will prove that 0)( 2 f , 









4
,0

2

1
2


 . 
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Case 1. ]2,0(1  .  It is suffices to prove that  0)0( f and 0
4

2

1 









f . 

14244)0( 1

2

1

3

1

2

1  f  and we consider the function 

14244)( 1

2

1

3

1

2

11  g  with 

)134(4)( 1

2

1

3

11  g , 0)1612(4)( 1

2

11  g   since 
12

213
11


 . 

So g   is decreasing on ]2,1( , i.e. 0)1()( 1  gg   .  Therefore, g is decreasing on ]2,1( , i.e. 

0)1()( 1  gg   , hence  0)0( f . 

0
2

)26)(1)(1(

4

1

2

111

2

1 











 
f , since 0326 1

2

1   . 

Case 2. 







 1,

2

1
1 . 

We prove that 



 12)1(2

)1(16

224

44
1

3

11

2

1

1

1

2

1

2

1
2

2

1 






V  

01)12( 1

2

1   ,  true because 012 2

1  . 

0
2

)26)(1)(1(

4

1

2

111

2

1 











 
f ,  since 0

2

265
26 1

2

1 


  . 

Therefore, 0)( 2 f , 









4
,0

2

1
2


 , then 0)( 2 f , 










4
,0

2

1
2


 şi 








 2,

2

1
1 . 

     12) If 0,, zyx , then  

                                          
4

)2(
27)(

2
3 xzyx

xyzzyx


 . 

     Solution. 1
x

z

x

y
, 2

x

z

x

y
.  The inequality is equivalent to  

4

)2(
27)1(

2

1
2

3

1





  . 



 

9 
 

Since 2

2

1

4



  it suffices to prove that 

0)2(4
4

)2(

4

27
)1( 2

11

2

1

2

13

1 


 


 ,  true. 

     Remark. A stronger inequality it is: 

      






 


4

)2(
,

4

)2(
,

4

)2(
max27)(

222
3 zyxzyzxyxzyx

xyzzyx . 

     13) If 0,, zyx , then:  

                               
4

)44()2(
27)(

2
3 zyxzyx

xyzzyx


 . 

     Solution. 1
x

z

x

y
, 2

x

z

x

y
, and the inequality becomes 

4

)14()2(
27)1( 1

2

1
2

3

1





 . 

Since 2

2

1

4



  it is suffices to prove that 

,
4

)14()2(

4

27
)1( 1

2

1

2

13

1





  which is true. 

    Remark.  A stronger inequality it is:  

                                                  xyzzyx 27)( 3  







 


4

)444()2(
,

4

)444()2(
,

4

)444()2(
max

222 zyxyxzzyxxzyzyxzyx
. 

     14) (Marius Drăgan) If  0,, zyx , then   

2

1
111

)(



























yz

zy

zyx
zyx . 

     Solution. 
1 zy ,

2yz . The inequality becomes 
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






















 1

2
11

1
)(

2

1

2

2

1

2

2

11

2

1

2

2

1

2

1
1


























x

x

x
x  

2

1

2

1

21






 










x

x
0

1
0

21

2

1

22

1 






























x

x

x

x





 ,  which is true. 

     15) If Rcba ,, with  0 cba  , then  abccba 3333  . 

     Solution. 
1 cb ,

2bc . The inequality becomes 

 0)(3 12

3

1

3 aa  0)3)(( 2

2

1

2

11   aaa . 

Since 01  a , it is remains to prove that 03 2

2

1

2

1   aa  and since 2

2

1

4



 it 

suffices to show 0
4

)2(
0

4
3

2

1

2

12

1

2

1 



a

aa


 , true. 

     16) If  0,, cba  , then )(444 cbaabccba  . 

     Solution. 1
a

c

a

b
, 2

a

c

a

b
. The inequality becomes 

 )1(2)2(1 12

2

2

2

2

2

1   

.01)14(2 4

121

2

1

2

2    

Considering the function: Rf 








4
,0:

2

1 , .01)14(2)( 4

121

2

1

2

22  f  

01)0( 4

1 f , 0
4

)22525()2(

4

22

1

2

1 











 
f  

Since: 
4

14

4

1

2

1
2

2

1 






V  yields that 0)( 2 f , 










4
,0

2

1
2


 . 

     17) (I.V. Maftei, L. Toderiuc, IMAC, 2007) If  0,, cba , then   

                                          ))()((9)(8 2222333 abcacbbcacba  . 

      Solution. y
a

c
x

a

b
 , , 21

33 ,   xyyx . The inequality becomes 
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0878)99(189 1

2

121

2

2

3

2   . 

Because 3

2

2

1

3333 42   yxyx ;  denoting 
2

13 
u ,  then 2

2 u .  So, 

81432)189(189878)99(189 362346

1

2

121

2

2

3

2  uuuuuu . 

It remains to prove that  08914181823 23456 uuuuu  

0)816152823()1( 2342  uuuuu ,  true. 

The equality occurs for 1u and yx  , i.e. 1 yx , so cba  . 

     18) (Moldavian Math Olympiad, 1993) If  0,, zyx , then  

                               ))()(()()( 22 zyxzyzxzyyzxx  . 

     Solution. 1
z

y

z

x
, 2

z

y

z

x
.  The inequality becomes 

 )1)(1()2(2)3( 1122

2

112

2

11   

0)1)(1()35( 2

1221   . 

Considering the function Rf 








4
,0:

2

1 , 2

12212 )1)(1()35()(  f , since 

0
4

)2(

4

2

1

2

1 











 
f ,  yields 0)( 2 f , 










4
,0

2

1
2


 . 

Equality iff 21  , i.e. zyx  . 

Reference: 

Romanian Mathematical Magazine-www.ssmrmh.ro 

 )1)((9)1(8)1)()((9)1(8 22

2

21

2

1

22233 xyxyyxyx


