
 
J.2344 If 𝒙, 𝒚 > 𝟎, then in 𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟑

𝒙𝒓 + 𝒚𝒉𝒂
+

𝒃𝟑

𝒙𝒓 + 𝒚𝒉𝒃
+

𝒄𝟑

𝒙𝒓 + 𝒚𝒉𝒄
≥

𝟐𝟒

𝒙 + 𝟑𝒚
𝑭 

Proposed by D.M.Bătinețu-Giurgiu,Claudia Nănuți – Romania 

Solution by Titu Zvonaru-Romania 

We have 𝒂𝒉𝒂 = 𝒃𝒉𝒃 = 𝒄𝒉𝒄 = 𝟐𝑭 and 𝒂𝒓 + 𝒃𝒓 + 𝒄𝒓 = 𝟐𝒔𝒓 = 𝟐𝑭. 

Applying Bergström inequality and Ionescu-Weitzenbock inequality 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭, 

we obtain: 

𝒂𝟑

𝒙𝒓 + 𝒚𝒉𝒂
+

𝒃𝟑

𝒙𝒓 + 𝒚𝒉𝒃
+

𝒄𝟑

𝒙𝒓 + 𝒚𝒉𝒄
= 

=
𝒂𝟒

𝒙𝒂𝒓 + 𝒚𝒂𝒉𝒂
+

𝒃𝟒

𝒙𝒃𝒓 + 𝒚𝒃𝒉𝒃
+

𝒄𝟒

𝒙𝒄𝒓 + 𝒚𝒄𝒉𝒄
≥ 

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝒙(𝒂𝒓 + 𝒃𝒓 + 𝒄𝒓) + 𝒚(𝒂𝒉𝒂 + 𝒃𝒉𝒃 + 𝒄𝒉𝒄)
=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟐𝑭(𝒙 + 𝟑𝒚)
≥ 

≥⏞
𝑰𝑶𝑵𝑬𝑺𝑪𝑼−𝑾𝑬𝑰𝑻𝒁𝑬𝑵𝑩𝑶𝑪𝑲 (𝟒√𝟑𝑭)

𝟐

𝟐𝑭(𝒙 + 𝟑𝒚)
=

𝟐𝟒

𝒙 + 𝟑𝒚
𝑭. 

Equality holds if and only if 𝑨𝑩𝑪 is equilateral. 


