
 

J.2350 If 𝒙, 𝒚, 𝒛 > 𝟎, then in 𝑨𝑩𝑪 holds: 

𝒂𝟑 ∙ 𝒙𝟐

𝒉𝒂
+

𝒃𝟑 ∙ 𝒚𝟐

𝒉𝒃
+

𝒄𝟑 ∙ 𝒛𝟐

𝒉𝒄
≥

𝟖

𝟑
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ∙ 𝑭 
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   Solution by Titu Zvonaru-Romania 

We have 𝒂𝒉𝒂 = 𝒃𝒉𝒃 = 𝒄𝒉𝒄 = 𝟐𝑭. 

Applying the known inequality 𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≥ (𝒙 + 𝒚 + 𝒛)𝟐 

and Oppenheim inequality 𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛 ≥ 𝟒𝑭 √𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙, 

it follows that: 

𝒂𝟑 ∙ 𝒙𝟐

𝒉𝒂
+

𝒃𝟑 ∙ 𝒚𝟐

𝒉𝒃
+

𝒄𝟑 ∙ 𝒛𝟐

𝒉𝒄
=

𝒂𝟒 ∙ 𝒙𝟐

𝟐𝑭
+

𝒃𝟒 ∙ 𝒚𝟐

𝟐𝑭
+

𝒄𝟒 ∙ 𝒛𝟐

𝟐𝑭
≥

(𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛)𝟐

𝟔𝑭

≥
𝟏𝟔𝑭𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟔𝑭
=

𝟖

𝟑
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ∙ 𝑭 

Equality holds if and only if 𝑨𝑩𝑪 is equilateral and 𝒙 = 𝒚 = 𝒛. 


