
 

J.2399 In acute 𝑨𝑩𝑪 holds:

𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝐜𝐨𝐬𝑨 +

𝒄𝟐 + 𝒂𝟐

𝒃𝟐
𝐜𝐨𝐬𝑩 +

𝒂𝟐 + 𝒃𝟐

𝒄𝟐
𝐜𝐨𝐬𝑨 ≥ 𝟐𝟒 (

𝒓

𝑹
)
𝟐

− 𝟑 

Proposed by Mehmet Șahin – Turkiye 

Solution by Titu Zvonaru-Romania 

Since by 𝑨𝑴−𝑮𝑴 inequality we have 𝒃𝟐 + 𝒄𝟐 ≥ 𝟐𝒃𝒄 and 𝟐𝒃𝒄𝐜𝐨𝐬𝑨 = 𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐, it 

follows that 

𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝐜𝐨𝐬𝑨 +

𝒄𝟐 + 𝒂𝟐

𝒃𝟐
𝐜𝐨𝐬𝑩 +

𝒂𝟐 + 𝒃𝟐

𝒄𝟐
𝐜𝐨𝐬𝑨 ≥ 

≥
𝟐𝒃𝒄𝐜𝐨𝐬𝑨

𝒂𝟐
+
𝟐𝒄𝒂𝐜𝐨𝐬𝑩

𝒃𝟐
+
𝟐𝒂𝒃𝐜𝐨𝐬𝑪

𝒄𝟐
= 

=
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝒂𝟐
+
𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐

𝒃𝟐
+
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝒄𝟐
= 

=
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
− 𝟑 ≥ 𝟐 + 𝟐 + 𝟐 − 𝟑 = 𝟑. 

It remains to prove that: 

𝟑 ≥ 𝟐𝟒(
𝒓

𝑹
)
𝟐

− 𝟑⟺ 𝟔 ≥ 𝟐𝟒(
𝒓

𝑹
)
𝟐

⟺𝑹𝟐 ≥ 𝟒𝒓𝟐 ⟺𝑹 ≥ 𝟐𝒓, 

that is Euler’s inequality. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 


