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J.2410 For x € [—1,1], prove that

HvZ—1) 4 (x-VZ 1)+ (x+ VP 1)+ (x—VHE—1)"
(x+Va2—1) +(x -V —1)"

<2

Proposed by Neculai Stanciu — Romania

Solution by Titu Zvonaru-Romania
Since x € [—1,1], there exists u € [0°,180°] such that x = cosu. We obtain
x++vVx%2—1 = cosu+ isinu,x —/x%2 — 1 = cosu — isinu = cos(—u) + isin(—u).
By Moivre’s formula, it follows that
n
(x ++/x2% — 1) = (cosu + isinu)™ = cos(nu) + isin(nu),
n
(x —Vx?% - 1) = cos(—nu) + isin(—nu) = cos(nu) — isin(nu).
It follows that
+1 +1 -1 -1
(x + VaZ —1)n + (x —Vx? —1)n + (x+ Va2 - 1)n + (x—VaZ - 1)n
(x+Vx2 - l)n + (x—VaZ - 1)n

2c0s (n+1Du ;— n—1Du cos (n+1Du ; n—1Du

2cos(n+ 1) u + 2cos(n — 1)u‘ B

2cosnu cosnu

= |2cosu| < 2.

Equality holds if and only if cosu = 1, thatis x = 0.



