
 
J.2410 For 𝒙 ∈ [−𝟏, 𝟏], prove that 

|
(𝒙 + √𝒙𝟐 − 𝟏)

𝒏+𝟏
+ (𝒙 − √𝒙𝟐 − 𝟏)

𝒏+𝟏
+ (𝒙 + √𝒙𝟐 − 𝟏)

𝒏−𝟏
+ (𝒙 − √𝒙𝟐 − 𝟏)

𝒏−𝟏

(𝒙 + √𝒙𝟐 − 𝟏)
𝒏

+ (𝒙 − √𝒙𝟐 − 𝟏)
𝒏 | ≤ 𝟐 
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Since 𝒙 ∈ [−𝟏, 𝟏], there exists 𝒖 ∈ [𝟎°, 𝟏𝟖𝟎°] such that 𝒙 = 𝐜𝐨𝐬𝒖. We obtain 

𝒙 + √𝒙𝟐 − 𝟏 = 𝐜𝐨𝐬𝒖 + 𝒊𝐬𝐢𝐧𝒖, 𝒙 − √𝒙𝟐 − 𝟏 = 𝐜𝐨𝐬𝒖 − 𝒊𝐬𝐢𝐧𝒖 = 𝐜𝐨𝐬(−𝒖) + 𝒊𝐬𝐢𝐧(−𝒖). 

By Moivre’s formula, it follows that  

(𝒙 + √𝒙𝟐 − 𝟏)
𝐧

= (𝒄𝒐𝒔𝒖 + 𝒊𝒔𝒊𝒏𝒖)𝒏 = 𝐜𝐨𝐬(𝒏𝒖) + 𝒊𝐬𝐢𝐧(𝒏𝒖), 

(𝒙 − √𝒙𝟐 − 𝟏)
𝐧

= 𝐜𝐨𝐬(−𝒏𝒖) + 𝒊𝐬𝐢𝐧(−𝒏𝒖) = 𝐜𝐨𝐬 (𝒏𝒖) − 𝒊𝐬𝐢𝐧(𝒏𝒖). 

It follows that 

|
(𝒙 + √𝒙𝟐 − 𝟏)

𝒏+𝟏
+ (𝒙 − √𝒙𝟐 − 𝟏)

𝒏+𝟏
+ (𝒙 + √𝒙𝟐 − 𝟏)

𝒏−𝟏
+ (𝒙 − √𝒙𝟐 − 𝟏)

𝒏−𝟏

(𝒙 + √𝒙𝟐 − 𝟏)
𝒏

+ (𝒙 − √𝒙𝟐 − 𝟏)
𝒏 | 

= |
𝟐𝐜𝐨𝐬(𝒏 + 𝟏) 𝒖 + 𝟐𝐜𝐨𝐬 (𝒏 − 𝟏)𝒖

𝟐𝐜𝐨𝐬𝒏𝒖
| = |

𝟐𝐜𝐨𝐬
(𝒏 + 𝟏)𝒖 + (𝒏 − 𝟏)𝒖

𝟐 𝐜𝐨𝐬
(𝒏 + 𝟏)𝒖 − (𝒏 − 𝟏)𝒖

𝟐
𝐜𝐨𝐬𝒏𝒖

| = 

= |𝟐𝐜𝐨𝐬𝒖| ≤ 𝟐. 

Equality holds if and only if 𝐜𝐨𝐬𝒖 = 𝟏, that is 𝒙 = 𝟎. 

 

 


