
 
J.2420  If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑, then 

∑
𝟏

𝒂𝟑 + 𝒃𝟑

𝐜𝐲𝐜

+ 𝟑 ∑
𝟏

𝒂𝒃(𝒂 + 𝒃)
𝐜𝐲𝐜𝐥𝐢𝐜

≥ 𝟔. 

Proposed by Daniel Sitaru, Claudia Nănuți – Romania 

   Solution by Titu Zvonaru-Romania 

 Applying Bergström inequality we have: 

∑
𝟏

𝒂𝟑 + 𝒃𝟑

𝐜𝐲𝐜

+ 𝟑 ∑
𝟏

𝒂𝒃(𝒂 + 𝒃)
𝐜𝐲𝐜𝐥𝐢𝐜

= ∑ (
𝟏

𝒂𝟑 + 𝒃𝟑
+

𝟏

𝒂𝒃(𝒂 + 𝒃)
+

𝟏

𝒂𝒃(𝒂 + 𝒃)
+

𝟏

𝒂𝒃(𝒂 + 𝒃)
)

𝐜𝐲𝐜

≥ ∑
(𝟏 + 𝟏 + 𝟏 + 𝟏)𝟐

𝒂𝟑 + 𝒃𝟑 + 𝒂𝒃(𝒂 + 𝒃) + 𝒂𝒃(𝒂 + 𝒃) + 𝒂𝒃(𝒂 + 𝒃)
𝐜𝐲𝐜𝐥𝐢𝐜

= ∑
𝟏𝟔

(𝒂 + 𝒃)𝟑

𝐜𝐲𝐜

. 

   It suffices to prove that: 
𝟏

(𝒂+𝒃)𝟑 +
𝟏

(𝒃+𝒄)𝟑 +
𝟏

(𝒄+𝒂)𝟑 ≥
𝟑

𝟖
         (𝟏) 

   Here two proofs for (𝟏). 

I. By 𝑨𝑴 − 𝑮𝑴 inequality it follows that: 

𝟏

(𝒂 + 𝒃)𝟑
+

𝟏

(𝒃 + 𝒄)𝟑
+

𝟏

(𝒄 + 𝒂)𝟑
≥

𝟑

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥

𝟑

(
𝒂 + 𝒃 + 𝒃 + 𝒄 + 𝒄 + 𝒂

𝟑
)

𝟑 =
𝟑

(
𝟔
𝟑

)
𝟑 =

𝟑

𝟖
. 

II.  Using line tangent method, we deduce that for 𝒙 > 𝟎 the following inequality 
holds: 

𝟏

(𝟑 − 𝒙)𝟑
≥

𝟑𝒙 − 𝟏

𝟏𝟔
      (𝟐) 

Indeed, (𝟐) is equivalent to  𝟑𝒙𝟒 − 𝟐𝟖𝒙𝟑 + 𝟗𝟎𝒙𝟐 − 𝟏𝟎𝟖𝒙 + 𝟒𝟑 ≥ 𝟎 ⟺ 

(𝒙 − 𝟏)𝟐(𝟑𝒙𝟐 − 𝟐𝟐𝒙 + 𝟒𝟑) ≥ 𝟎. 

The last inequality is true because the discriminant of the quadratic 

 𝒇(𝒙) = 𝟑𝒙𝟐 − 𝟐𝟐𝒙 + 𝟒𝟑 is equal to 𝟐𝟐𝟐 − 𝟒 ∙ 𝟑 ∙ 𝟒𝟑 = 𝟒(𝟏𝟏𝟐 − 𝟑 ∙ 𝟒𝟑) = −𝟒 ∙ 𝟖 < 𝟎. 

   By (𝟐) it results that  

𝟏

(𝒂 + 𝒃)𝟑
+

𝟏

(𝒃 + 𝒄)𝟑
+

𝟏

(𝒄 + 𝒂)𝟑
=

𝟏

(𝟑 − 𝒄)𝟑
+

𝟏

(𝟑 − 𝒂)𝟑
+

𝟏

(𝟑 − 𝒃)𝟑
≥

𝟑𝒄 − 𝟏

𝟏𝟔
+

𝟑𝒂 − 𝟏

𝟏𝟔
+

𝟑𝒃 − 𝟏

𝟏𝟔

=
𝟑(𝒂 + 𝒃 + 𝒄) − 𝟑

𝟏𝟔
=

𝟑

𝟖
. 

   Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. 


