
 
J.2428. If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟐 then: 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 +
𝟏𝟏

𝟖
𝒂𝒃𝒄 ≤ 𝟏. 

Proposed by Tran Quoc Thinh – Vietnam 

   Solution by Titu Zvonaru-Romania 

Since 𝒂 + 𝒃 + 𝒄 = 𝟐, the inequality is equivalent to 

𝟏𝟔(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟏𝟏𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≤ (𝒂 + 𝒃 + 𝒄)𝟒    (𝟏) 

 

Here two proofs for (𝟏): 

I. Since the inequality is symmetric and homogeneous of 4 degree, it suffices to prove for 

𝒄 = 𝟎 and 𝒃 = 𝒄. 

For 𝒄 = 𝟎 we have to prove that 𝟏𝟔𝒂𝟐𝒃𝟐 ≤ (𝒂 + 𝒃)𝟒, true by 𝑨𝑴 − 𝑮𝑴 inequality. 

For 𝒃 = 𝒄 we have to prove that   

 

𝟏𝟔(𝟐𝒂𝟐𝒃𝟐 + 𝒃𝟒) + 𝟏𝟏𝒂𝒃𝟐(𝒂 + 𝟐𝒃) ≤ (𝒂 + 𝟐𝒃)𝟒 

 

𝒂(𝒂𝟑 + 𝟖𝒂𝟐𝒃 − 𝟏𝟗𝒂𝒃𝟐 + 𝟏𝟎𝒃𝟑) ≥ 𝟎 ⟺ 𝒂(𝒂 − 𝒃)𝟐(𝒂 + 𝟏𝟎𝒃) ≥ 𝟎 

 

II. The inequality (𝟏) is equivalent to 

𝒂𝟐(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃𝟐(𝒃 − 𝒄)(𝒃 − 𝒂) + 𝒄𝟐(𝒄 − 𝒂)(𝒄 − 𝒃) + 𝟓𝒂𝒃(𝒂 − 𝒃)𝟐

+ 𝟓𝒃𝒄(𝒃 − 𝒄)𝟐 + 𝟓𝒄𝒂(𝒄 − 𝒂)𝟐 ≥ 𝟎, 

which is true by Schur inequality  

 

𝒂𝟐(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃𝟐(𝒃 − 𝒄)(𝒃 − 𝒂) + 𝒄𝟐(𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎. 

Equality holds if and only if (𝒂, 𝒃, 𝒄) = (
𝟐

𝟑
,

𝟐

𝟑
,

𝟐

𝟑
) , (𝟎, 𝟏, 𝟏), (𝟏, 𝟎, 𝟏), (𝟏, 𝟏, 𝟎). 

 

    


