
 
J.2463 Let 𝒇(𝒙) = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄, 𝒈(𝒙) = 𝒄𝒙𝟐 + 𝒂𝒙 + 𝒃 (𝒂, 𝒃, 𝒄 ∈ 𝑹). Find all 

values 𝒂, 𝒃, 𝒄 such that 𝒇(𝒈(𝒙)) = 𝒙𝟒 − 𝟐𝒙𝟑 + 𝟒𝒙𝟐 − 𝟑𝒙 + 𝟏, 𝒙 ∈ 𝑹. 

Proposed by Nguyen Van Canh – Vietnam 

Solution by Titu Zvonaru-Romania 

We have: 

𝒇(𝒈(𝒙)) = 𝒂(𝒄𝒙𝟐 + 𝒂𝒙 + 𝒃)𝟐 + 𝒃(𝒄𝒙𝟐 + 𝒂𝒙 + 𝒃) + 𝒄 = 

= 𝒂𝒄𝟐𝒙𝟒 + 𝟐𝒂𝟐𝒄𝒙𝟑 + (𝒂𝟑 + 𝟐𝒂𝒃𝒄 + 𝒃𝒄)𝒙𝟐 + (𝟐𝒂𝟐𝒃 + 𝒂𝒃)𝒙 + 𝒂𝒃𝟐 + 𝒃𝟐 + 𝒄. 

It follows that 

𝒂𝒄𝟐 = 𝟏, 𝟐𝒂𝟐𝒄 = −𝟐, 𝒂𝟑 + 𝟐𝒂𝒃𝒄 + 𝒃𝒄 = 𝟒, 𝟐𝒂𝟐𝒃 + 𝒂𝒃 = −𝟑, 𝒂𝒃𝟐 + 𝒃𝟐 + 𝒄 = 𝟏. 

By 𝒂𝒄𝟐 = 𝟏, 𝒂𝒄𝟐 = −𝟏 we get 𝒂𝟑𝒄𝟑 = −𝟏, hence 𝒂𝒄 = −𝟏, 𝒂 = 𝟏, 𝒄 = −𝟏. 

It remains:  𝟏 − 𝟐𝒃 − 𝒃 = 𝟒, 𝟐𝒃 + 𝒃 = −𝟑, 𝒃𝟐 + 𝒃𝟐 − 𝟏 = 𝟏 ⟹ 𝒃 = −𝟏. 

 


