
 

J.2465 In any 𝑨𝑩𝑪 the following relationship holds:

𝒎𝒂
𝟐(𝒎𝒂

𝟐 + 𝒎𝒃𝒎𝒄)

(𝒎𝒃 + 𝒎𝒄)𝟐
+

𝒎𝒃
𝟐(𝒎𝒃

𝟐 + 𝒎𝒄𝒎𝒂)

(𝒎𝒄 + 𝒎𝒂)𝟐
+

𝒎𝒄
𝟐(𝒎𝒄

𝟐 + 𝒎𝒂𝒎𝒃)

(𝒎𝒂 + 𝒎𝒃)𝟐
≥

𝟐𝟕𝒓𝟐

𝟐
. 

Proposed by Zaza Mzhavandze – Georgia 

Solution by Titu Zvonaru-Romania 

We will prove the inequality 

𝒙𝟐(𝒙𝟐 + 𝒚𝒛)

(𝒚 + 𝒛)𝟐
+

𝒚𝟐(𝒚𝟐 + 𝒛𝒙)

(𝒛 + 𝒙)𝟐
+

𝒛𝟐(𝒛𝟐 + 𝒙𝒚)

(𝒙 + 𝒛)𝟐
≥

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝟐
      (𝟏) 

We have 

∑
𝒙𝟐(𝒙𝟐 + 𝒚𝒛)

(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

− ∑
𝒙𝟐

𝟐
𝐜𝐲𝐜

= ∑
𝒙𝟐(𝟐𝒙𝟐 + 𝟐𝒚𝒛 − 𝒚𝟐 − 𝟐𝒚𝒛 − 𝒛𝟐)

𝟐(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

= ∑
𝒙𝟐(𝒙𝟐 − 𝒚𝟐 + 𝒙𝟐 − 𝒛𝟐)

𝟐(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

= 

= ∑
𝒙𝟐(𝒙𝟐 − 𝒚𝟐)

𝟐(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

+ ∑
𝒙𝟐(𝒙𝟐 − 𝒛𝟐)

𝟐(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

= ∑
𝒙𝟐(𝒙𝟐 − 𝒚𝟐)

𝟐(𝒚 + 𝒛)𝟐

𝐜𝐲𝐜

+ ∑
𝒚𝟐(𝒚𝟐 − 𝒙𝟐)

𝟐(𝒛 + 𝒙)𝟐

𝐜𝐲𝐜

= 

= ∑
𝒙𝟐 − 𝒚𝟐

𝟐
𝐜𝐲𝐜

(
𝒙𝟐

(𝒚 + 𝒛)𝟐
−

𝒚𝟐

(𝒛 + 𝒙)𝟐
)

= ∑
(𝒙𝟐 − 𝒚𝟐)((𝒙𝟒 − 𝒚𝟒) + 𝟐𝒛(𝒙𝟑 − 𝒚𝟑) + 𝒛𝟐(𝒙𝟐 − 𝒚𝟐))

𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐

𝐜𝐲𝐜

≥ 𝟎 

Because the expressions 𝒙𝟐 − 𝒚𝟐 , 𝒙𝟒 − 𝒚𝟒, 𝒙𝟑 − 𝒚𝟑 have the same sign. 

Taking in (𝟏) 𝒙 = 𝒎𝒂, 𝒚 = 𝒎𝒃, 𝒛 = 𝒎𝒄 and using the inequalities 𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≥

(𝒙 + 𝒚 + 𝒛)𝟐 and 𝒎𝒂 + 𝒎𝒃 + 𝒎𝒄 ≥ 𝟗𝒓 (item 𝟖. 𝟑 from [𝟏]) it follows that 

𝒎𝒂
𝟐(𝒎𝒂

𝟐 + 𝒎𝒃𝒎𝒄)

(𝒎𝒃 + 𝒎𝒄)𝟐
+

𝒎𝒃
𝟐(𝒎𝒃

𝟐 + 𝒎𝒄𝒎𝒂)

(𝒎𝒄 + 𝒎𝒂)𝟐
+

𝒎𝒄
𝟐(𝒎𝒄

𝟐 + 𝒎𝒂𝒎𝒃)

(𝒎𝒂 + 𝒎𝒃)𝟐
≥

𝒎𝒂
𝟐 + 𝒎𝒃

𝟐 + 𝒎𝒄
𝟐

𝟐
≥ 

≥
(𝒎𝒂 + 𝒎𝒃 + 𝒎𝒄)𝟐

𝟔
≥

𝟖𝟏𝒓𝟐

𝟔
=

𝟐𝟕𝒓𝟐

𝟐
. 

Equality holds if and only if 𝑨𝑩𝑪 is equilateral. 

[𝟏] O. Bottema, Geometric Inequalities, Groningen 1969 


