
 
J.2485  If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐 then 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≥ 𝟏𝟐. 

Proposed by Marin Chirciu – Romania  

Solution by Titu Zvonaru-Romania 

It is easy to check that the relationship 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐 is equivalent to 

𝟏

𝒙+𝟏
+

𝟏

𝒚+𝟏
+

𝟏

𝒛+𝟏
= 𝟏. Indeed, we have 

𝟏

𝒙 + 𝟏
+

𝟏

𝒚 + 𝟏
+

𝟏

𝒛 + 𝟏
= 𝟏 ⟺ 

(𝒙 + 𝟏)(𝒚 + 𝟏) + (𝒚 + 𝟏)(𝒛 + 𝟏) + (𝒛 + 𝟏)(𝒙 + 𝟏) = (𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏) ⟺ 

𝒙𝒚 + 𝒙 + 𝒚 + 𝟏 + 𝒚𝒛 + 𝒚 + 𝒛 + 𝟏 + 𝒛𝒙 + 𝒛 + 𝒙 + 𝟏 = 𝒙𝒚𝒛 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 + 𝒙 + 𝒚 + 𝒛 + 𝟏 

⟺ 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐. 

We denote  𝒂 =
𝟏

𝒙+𝟏
, 𝒃 =

𝟏

𝒚+𝟏
, 𝒄 =

𝟏

𝒛+𝟏
; then 𝒂 + 𝒃 + 𝒄 = 𝟏 and 

𝒙 + 𝟏 =
𝟏

𝒂
⟹ 𝒙 =

𝟏

𝒂
− 𝟏 =

𝟏 − 𝒂

𝒂
=

𝒃 + 𝒄

𝒂
. 

It results that if  𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐 then there exist 𝒂, 𝒃, 𝒄 > 𝟎 such that 

𝒙 =
𝒃 + 𝒄

𝒂
, 𝒚 =

𝒄 + 𝒂

𝒃
, 𝒛 =

𝒂 + 𝒃

𝒄
. 

Using 𝑨𝑴 − 𝑮𝑴 inequality, it follows that 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 =
(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃
+

(𝒄 + 𝒂)(𝒂 + 𝒃)

𝒃𝒄
+

(𝒂 + 𝒃)(𝒃 + 𝒄)

𝒄𝒂
= 

=
𝒄(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝒂(𝒄 + 𝒂)(𝒂 + 𝒃) + 𝒃(𝒛 + 𝒃)(𝒃 + 𝒄)

𝒂𝒃𝒄
= 

=
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝒃𝒄
≥

𝟑𝒂𝒃𝒄 + 𝟗𝒂𝒃𝒄

𝒂𝒃𝒄
= 𝟏𝟐. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄, that is 𝒙 = 𝒚 = 𝒛 = 𝟐. 

 


