
 
J.2511  Let 𝑨𝑩𝑪𝑫 be a rectangle with 𝑨𝑩 = 𝒍, 𝑩𝑪 = 𝟐𝒍 and 𝑴 an interior 

point such that < 𝑴𝑨𝑩 = < 𝑴𝑩𝑨 = 𝟏𝟓°. Find the angles' measures of 

triangle 𝑴𝑪𝑫. 

Proposed by Dan Grigorie, Lucian Tuțescu – Romania 

Solution by Titu Zvonaru-Romania 

     Since < 𝑴𝑨𝑩 = < 𝑴𝑩𝑨 = 𝟏𝟓°, the point 𝑴 belongs to the perpendicular bisector of 

𝑨𝑩; te triangle 𝑴𝑪𝑫 is isosceles with 𝑴𝑪 = 𝑴𝑫. 

   Solution 1.  

Let 𝑷, 𝑸 be the midpoints of sides 𝑩𝑪 and 𝑨𝑫, respectively. We consider the point 𝑴′ in 

interior of the rectangle, such that the triangle 𝑷𝑴′𝑸 is equilateral. Yields that triangle 

𝑸𝑨𝑴′ is isosceles with < 𝑸𝑨𝑴′ = 𝟑𝟎°, hence < 𝑸𝑨𝑴′ = 𝟕𝟓°. It follows that <𝑴′𝑨𝑩 =

𝟏𝟓° and point 𝑴′ coincide with the point 𝑴. It results that in triangle 𝑨𝑴𝑫, the median 

𝑴𝑸 is equal to half of 𝑨𝑫. We deduce that triangle 𝑨𝑴𝑫 is right-angled, < 𝑨𝑴𝑫 = 𝟗𝟎°, <

𝑨𝑫𝑴 = 𝟏𝟓°, that is < 𝑴𝑫𝑪 = 𝟕𝟓°. 

   Solution 2.  

We denote 𝒙 =< 𝑨𝑫𝑴. Since 𝑨𝑴 =
𝒍

𝟐𝐜𝐨𝐬𝟏𝟓°
=

𝒍𝐬𝐢𝐧𝟏𝟓°

𝟐𝐬𝐢𝐧𝟏𝟓°𝐜𝐨𝐬𝟏𝟓°
=

𝒍𝐬𝐢𝐧𝟏𝟓°

𝐬𝐢𝐧𝟑𝟎°
= 𝟐𝒍𝐬𝐢𝐧𝟏𝟓°, by the 

sines law in triangle 𝑨𝑴𝑫 we obtain 

𝑨𝑴

𝐬𝐢𝐧𝒙
=

𝑨𝑫

𝐬𝐢𝐧(𝒙 + 𝟕𝟓°)
⟺

𝟐𝒍𝐬𝐢𝐧𝟏𝟓°

𝐬𝐢𝐧𝒙
=

𝟐𝒍

𝐬𝐢𝐧(𝒙 + 𝟕𝟓°)
⟺ 𝐬𝐢𝐧𝟏𝟓°𝐬𝐢𝐧 (𝒙 + 𝟕𝟓°) = 𝐬𝐢𝐧𝒙 

𝐜𝐨𝐬(𝒙 + 𝟔𝟎°) − 𝐜𝐨𝐬(𝒙 + 𝟗𝟎°) = 𝟐𝒔𝒊𝒏𝒙 ⟺ 𝐜𝐨𝐬(𝒙 + 𝟔𝟎°) + 𝐬𝐢𝐧𝒙 = 𝟐𝒔𝒊𝒏𝒙 ⟺ 

𝐬𝐢𝐧(𝟑𝟎° − 𝒙) = 𝒔𝒊𝒏𝒙 ⟺ 𝒙 = 𝟏𝟓°, 

hence < 𝑴𝑫𝑪 = 𝟕𝟓°. 

   Solution 3.  

Since 𝑨𝑴 =
𝒍

𝟐𝐜𝐨𝐬𝟏𝟓°
, by cosines law we obtain 

𝑴𝑫𝟐 = 𝑨𝑴𝟐 + 𝑨𝑫𝟐 − 𝟐𝑨𝑴 ∙ 𝑨𝑫𝐜𝐨𝐬𝟕𝟓° =
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝟒𝒍𝟐 −

𝟒𝒍𝟐𝐜𝐨𝐬𝟕𝟓°

𝟐𝐜𝐨𝐬𝟏𝟓°
= 

=
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝟒𝒍𝟐 −

𝟒𝒍𝟐𝐬𝐢𝐧𝟏𝟓°𝐜𝐨𝐬𝟏𝟓°

𝟐 𝐜𝐨𝐬𝟐 𝟏𝟓°
=

𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝟒𝒍𝟐 −

𝒍𝟐𝐬𝐢𝐧𝟑𝟎°

𝐜𝐨𝐬𝟐 𝟏𝟓°
= 

=
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝟒𝒍𝟐 −

𝒍𝟐

𝟐𝐜𝐨𝐬𝟐 𝟏𝟓°
= 𝟒𝒍𝟐 −

𝒍𝟐

𝟒𝐜𝐨𝐬𝟐 𝟏𝟓°
. 

It easy to see that 𝑨𝑴𝟐 + 𝑴𝑫𝟐 = 𝟒𝒍𝟐 = 𝑨𝑫𝟐, that is the triangle 𝑨𝑴𝑫 is right-angled at 

𝑫. It follows that < 𝑨𝑫𝑴 = 𝟗𝟎° − 𝟕𝟓° = 𝟏𝟓°, hence < 𝑴𝑫𝑪 = 𝟕𝟓°. 



 
   Solution 4.  

Since 𝑨𝑴 =
𝒍

𝟐𝐜𝐨𝐬𝟏𝟓°
, by cosines law we obtain 

𝑴𝑸𝟐 = 𝑨𝑴𝟐 + 𝑨𝑸𝟐 − 𝟐𝑨𝑴 ∙ 𝑨𝑸𝐜𝐨𝐬𝟕𝟓° =
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝒍𝟐 −

𝟐𝒍𝟐𝐜𝐨𝐬𝟕𝟓°

𝟐𝐜𝐨𝐬𝟏𝟓°
= 

=
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝒍𝟐 −

𝟐𝒍𝟐𝐬𝐢𝐧𝟏𝟓°𝐜𝐨𝐬𝟏𝟓°

𝟐 𝐜𝐨𝐬𝟐 𝟏𝟓°
=

𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝒍𝟐 −

𝒍𝟐𝐬𝐢𝐧𝟑𝟎°

𝟐 𝐜𝐨𝐬𝟐 𝟏𝟓°
= 

=
𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
+ 𝒍𝟐 −

𝒍𝟐

𝟒 𝐜𝐨𝐬𝟐 𝟏𝟓°
= 𝒍𝟐 = 𝑨𝑸𝟐. 

In triangle 𝑨𝑴𝑫, the median 𝑴𝑸 is equal to half of 𝑨𝑫; then the triangle 𝑨𝑴𝑫 is right-

angled,          < 𝑴𝑫𝑨=15° and < 𝑴𝑫𝑪 = 𝟕𝟓°. 


