
 
J.2520 Find the natural numbers 𝒏 such that  𝒏𝟐 + 𝟕𝒏 + 𝟒𝟎 to be written as a 

product of four natural consecutive numbers. 

Proposed by Simona Chiriță, Marin Laura – Romania 

Solution by Titu Zvonaru-Romania 

Let 𝒑 a natural number such that 

𝒏𝟐 + 𝟕𝒏 + 𝟒𝟎 = 𝒑(𝒑 + 𝟏)(𝒑 + 𝟐)(𝒑 + 𝟑)    (𝟏) 

Since  𝒑(𝒑 + 𝟏)(𝒑 + 𝟐)(𝒑 + 𝟑) = (𝒑𝟐 + 𝟑𝒑)(𝒑𝟐 + 𝟑𝒑 + 𝟐), we denote 𝒎 = 𝒑𝟐 + 𝟑𝒑. The 

equation (𝟏) is equivalent to 

𝒏𝟐 + 𝟕𝒏 + 𝟒𝟎 = 𝒎(𝒎 + 𝟐) 

𝟒𝒏𝟐 + 𝟐𝟖𝒏 + 𝟏𝟔𝟎 = 𝟒𝒎𝟐 + 𝟖𝒎 

𝟒𝒏𝟐 + 𝟐𝟖𝒏 + 𝟒𝟗 + 𝟏𝟏𝟏 = 𝟒𝒎𝟐 + 𝟖𝒎 + 𝟒 − 𝟒 

(𝟐𝒏 + 𝟕)𝟐 + 𝟏𝟏𝟓 = (𝟐𝒎 + 𝟐)𝟐 

(𝟐𝒎 + 𝟐 − 𝟐𝒏 − 𝟕)(𝟐𝒎 + 𝟐 + 𝟐𝒏 + 𝟕) = 𝟏𝟏𝟓. 

Since 𝟏𝟏𝟓 = 𝟓 ∙ 𝟐𝟑 and 𝟐𝒎 + 𝟐 > 𝟐𝒏 + 𝟕, we have the possibilities: 

𝟐𝒎 + 𝟐 − 𝟐𝒏 − 𝟕 = 𝟏, 𝟐𝒎 + 𝟐 + 𝟐𝒏 + 𝟕 = 𝟏𝟏𝟓    (𝟐) 

𝟐𝒎 + 𝟐 − 𝟐𝒏 − 𝟕 = 𝟓, 𝟐𝒎 + 𝟐 + 𝟐𝒏 + 𝟕 = 𝟐𝟑       (𝟑) 

From (𝟐) it results 𝟐𝒏 + 𝟕 = 𝟓𝟕, 𝟐𝒎 + 𝟐 = 𝟓𝟖; then 𝒏 = 𝟐𝟓, 𝒎 = 𝟐𝟖. Yields 𝒑𝟐 + 𝟑𝒑 =

𝟐𝟖, hence 𝒑 = 𝟒. 

From (𝟑) it follows 𝟐𝒏 + 𝟕 = 𝟗, 𝟐𝒎 + 𝟐 = 𝟏𝟒; then 𝒏 = 𝟏, 𝒎 = 𝟔. Yields 𝒑𝟐 + 𝟑𝒑 = 𝟔, 

and there is not integer solutions. 

It results that the equation (𝟏) has the solution (𝒏, 𝒑) = (𝟐𝟓, 𝟒). 

 

 


