
 
J.2539 If 𝒙, 𝒚, 𝒛 > 𝟎, then: 

𝟐 ∑(𝒙 + 𝒚)𝟒

𝐜𝐲𝐜

≥ 𝟑𝟐𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + ∑(𝒚 − 𝒙)(𝒙 + 𝒚 + 𝟐𝒛).

𝐜𝐲𝐜

 

Proposed by Daniel Sitaru – Romania 

Solution by Titu Zvonaru-Romania 

We have: 

∑(𝒚 − 𝒙)(𝒙 + 𝒚 + 𝟐𝒛)

𝐜𝐲𝐜

= 𝒚𝟐 − 𝒙𝟐 + 𝟐𝒛(𝒚 − 𝒙) + 𝒛𝟐 − 𝒚𝟐 + 𝟐𝒙(𝒛 − 𝒚) + 𝒙𝟐 − 𝒛𝟐 + 𝟐𝒚(𝒙 − 𝒛) = 𝟎. 

It remains to prove that: 

∑(𝒙 + 𝒚)𝟒

𝐜𝐲𝐜

≥ 𝟏𝟔𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)   (𝟏) 

Three proofs for (𝟏): 

a) Since (𝟏) is symmetric and homogenous of 𝟒 degree, it suffices to prove the 

inequality for 

𝒛 = 𝟎 and for 𝒚 = 𝒙. For 𝒛 = 𝟎, the inequality (𝟏) is true. For 𝒚 = 𝒙 we have to prove 

that 

𝟐(𝒙 + 𝒚)𝟒 + 𝟏𝟔𝒚𝟒 ≥ 𝟏𝟔𝒙𝒚𝟐(𝒙 + 𝟐𝒚) ⟺ (𝒙 + 𝒚)𝟒 + 𝟖𝒚𝟒 ≥ 𝟖𝒙𝒚𝟐(𝒙 + 𝟐𝒚) 

(𝒙 − 𝒚)𝟐(𝒙 + 𝟑𝒚)𝟐 ≥ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

 

b) Using the known inequality 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ (𝒂 + 𝒃 + 𝒄)𝟐, it suffices to prove that 

((𝒂 + 𝒃)𝟐 + (𝒃 + 𝒄)𝟐 + (𝒄 + 𝒂)𝟐)𝟐 ≥ 𝟒𝟖𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟏𝟐𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)   (𝟐) 

Applying the known inequalities 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 and 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄), it follows that 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟏𝟐𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛), 

the inequality (𝟐) is true. 

 



 
c) The inequality (𝟏) is equivalent to 

𝟐 ∑ 𝒙𝟒

𝐜𝐲𝐜

+ 𝟒 ∑ 𝒙𝟑𝒚

𝐬𝐲𝐦

+ 𝟔 ∑ 𝒙𝟐𝒚𝟐

𝐜𝐲𝐜

≥ 𝟏𝟔 ∑ 𝒙𝟐𝒚𝒛

𝐜𝐲𝐜

 

∑ 𝒙𝟒

𝐬𝐲𝐦

+ 𝟒 ∑ 𝒙𝟑𝒚

𝐬𝐲𝐦

+ 𝟑 ∑ 𝒙𝟐𝒚𝟐

𝐬𝐲𝐦

≥ 𝟖 ∑ 𝒙𝟐𝒚𝒛

𝐬𝐲𝐦

         (𝟑) 

The inequality (𝟑) results by Muirhead’s inequality: 

∑ 𝒙𝟒

𝐬𝐲𝐦

≥ ∑ 𝒙𝟐𝒚𝒛

𝐬𝐲𝐦

, 𝟒 ∑ 𝒙𝟑𝒚

𝐬𝐲𝐦

≥ 𝟒 ∑ 𝒙𝟐𝒚𝒛

𝐬𝐲𝐦

, 𝟑 ∑ 𝒙𝟐𝒚𝟐

𝐬𝐲𝐦

≥ 𝟑 ∑ 𝒙𝟐𝒚𝒛

𝐬𝐲𝐦

. 


