
 
J.2564  In triangle 𝑨𝑩𝑪 the following relationship holds: 

𝟑𝟐𝒔𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓

𝟖𝒔𝟑 − 𝒂𝟑 − 𝒃𝟑 − 𝒄𝟑
≥ 𝟏𝟐𝟎𝒓𝟐 

Proposed by Daniel Sitaru, Claudia Nănuți – Romania 

 Solution by Titu Zvonaru-Romania 

Let 𝑷(𝒂, 𝒃, 𝒄) = (𝒂 + 𝒃 + 𝒄)𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓. Since 

𝑷(𝒂, 𝒃, 𝒄) = (𝒂 + 𝒃 + 𝒄)𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓 = 

= (𝒂 + 𝒃 + 𝒄 − 𝒂)((𝒂 + 𝒃 + 𝒄)𝟒 + (𝒂 + 𝒃 + 𝒄)𝟑𝒄 + (𝒂 + 𝒃 + 𝒄)𝟐𝒄𝟐 + (𝒂 + 𝒃 + 𝒄)𝒄𝟑

+ 𝒄𝟒) + (𝒃 + 𝒄)(𝒃𝟒 + 𝒃𝟑𝒄 + 𝒃𝟐𝒄𝟐 + 𝒃𝒄𝟑 + 𝒄𝟒) = 

= (𝒃 + 𝒄)((𝒂 + 𝒃 + 𝒄)𝟒 + (𝒂 + 𝒃 + 𝒄)𝟑𝒄 + (𝒂 + 𝒃 + 𝒄)𝟐𝒄𝟐 + (𝒂 + 𝒃 + 𝒄)𝒄𝟑 + 𝒄𝟒 + 𝒃𝟒

+ 𝒃𝟑𝒄 + 𝒃𝟐𝒄𝟐 + 𝒃𝒄𝟑 + 𝒄𝟒), 

we deduce that 𝑷(𝒂, 𝒃, 𝒄) is divisible by 𝒃 + 𝒄.  

Similarly, 𝑷(𝒂, 𝒃, 𝒄) s divisible by 𝒄 + 𝒂 and 𝒂 + 𝒃.  

We want to find 𝒎, 𝒏 such that 

(𝒂 + 𝒃 + 𝒄)𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓 = 

= (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) (𝒎(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝒏(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)). 

For 𝒂 = 𝒃 = 𝒄 = 𝟏 yields 𝟐𝟒𝟑 − 𝟑 = 𝟖(𝟑𝒎 + 𝟑𝒏) ⟺ 𝒎 + 𝒏 = 𝟏𝟎,  

and for 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 we get 𝟑𝟐 − 𝟐 = 𝟐(𝟐𝒎 + 𝒏) ⟺ 𝟐𝒎 + 𝒏 = 𝟏𝟓.  

We obtain 𝒎 = 𝒏 = 𝟓 and 

(𝒂 + 𝒃 + 𝒄)𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓 = 

= 𝟓(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)   (𝟏) 

We also obtain 

(𝒂 + 𝒃 + 𝒄)𝟑 − 𝒂𝟑 − 𝒃𝟑 − 𝒄𝟑 = 

= (𝒃 + 𝒄)((𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂 + 𝒃 + 𝒄)𝒂 + 𝒂𝟐 − 𝒃𝟐 + 𝒃𝒄 −  𝒄𝟐) = 

= (𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃 + 𝟐𝒃𝒄 + 𝟐𝒄𝒂 + 𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄 + 𝒂𝟐 − 𝒃𝟐 + 𝒃𝒄 − 𝒄𝟐) = 

= (𝒃 + 𝒄)(𝟑𝒂𝟐 + 𝟑𝒂𝒃 + 𝟑𝒃𝒄 + 𝟑𝒄𝒂) = 𝟑(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)    (𝟐) 



 
By (𝟏) and (𝟐), the given inequality is equivalent to 

(𝒂 + 𝒃 + 𝒄)𝟓 − 𝒂𝟓 − 𝒃𝟓 − 𝒄𝟓

(𝒂 + 𝒃 + 𝒄)𝟑 − 𝒂𝟑 − 𝒃𝟑 − 𝒄𝟑
≥ 𝟏𝟐𝟎𝒓𝟐 

𝟓(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟑(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟏𝟐𝟎𝒓𝟐 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟕𝟐𝒓𝟐      (𝟑) 

Since 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟑𝟔𝒓𝟐 (item 𝟓. 𝟏𝟑 from [𝟏]) and 

 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑𝟔𝒓𝟐  (item 𝟓. 𝟏𝟔 from [𝟏]), 

it follows that the inequality (𝟑) is true. 

Equality  holds if and only if the triangle 𝑨𝑩𝑪 is equilateral. 

 

[𝟏] O. Bottema, Geometric Inequalities, Groningen 1969 


