
 
J.2590 In triangle 𝑨𝑩𝑪 the following relationship holds  

((𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂))
𝟏
𝟑 ≥ 𝟒√𝟑𝒓 

Proposed by Daniel Sitaru, Dan Nănuți – Romania 

Solutions by Titu Zvonaru-Romania 

   Solution 1: Using Cesaro’s inequality (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖𝒂𝒃𝒄, Euler’s inequality 

𝑹 ≥ 𝟐𝒓 and Mitrinovici  inequality 𝒔 ≥ 𝟑√𝟑𝒓, it follows that 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖𝒂𝒃𝒄 = 𝟑𝟐𝑹𝒓𝒔 ≥ 𝟔𝟒𝒓𝟐𝒔 ≥ 𝟏𝟗𝟐√𝟑𝒓𝟑, 

hence  

((𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂))
𝟏
𝟑 ≥ 𝟒√𝟑𝒓. 

 

   Solution 2: Using Gerretsen’s inequality 𝒔𝟐 > 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐, Euler’s inequality 𝑹 ≥ 𝟐𝒓 and 

Mitrinovici inequality 𝒔 ≥ 𝟑√𝟑𝒓 we obtain 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) = (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄

= 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔 = 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

≥ 𝟔√𝟑𝒓(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) = 𝟔√𝟑𝒓(𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐) ≥

≥ 𝟔√𝟑𝒓(𝟑𝟔𝒓𝟐 − 𝟒𝒓𝟐) = 𝟏𝟗𝟐√𝟑𝒓𝟑, 

Hence 

((𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂))
𝟏
𝟑 ≥ 𝟒√𝟑𝒓. 

   Equality holds if and only if the triangle 𝑨𝑩𝑪 is equilateral. 

 


