
 
S.2356 If 𝒎, 𝒏 > 𝟎, 𝒎 ≠ 𝒏 and in 𝑨𝑩𝑪, 𝑨𝟏, 𝑨𝟐 ∈ (𝑩𝑪), 𝑩𝟏, 𝑩𝟐 ∈ (𝑪𝑨), 

𝑪𝟏, 𝑪𝟐 ∈ (𝑨𝑩) such that 𝑩𝑨𝟏 = 𝒎𝑨𝟏𝑪, 𝑩𝑨𝟐 = 𝒏𝑨𝟐𝑪, 𝑪𝑩𝟏 = 𝒎𝑩𝟏𝑨, 

𝑪𝑩𝟐 = 𝒏𝑩𝟐𝑨, 𝑨𝑪𝟏 = 𝒎𝑪𝟏𝑩, 𝑨𝑪𝟐 = 𝒏𝑪𝟐𝑩 then if 𝒂𝟏 = 𝑩𝟏𝑪𝟏, 𝒃𝟏 = 𝑪𝟏𝑨𝟏, 

𝒄𝟏 = 𝑨𝟏𝑩𝟏 and  𝒂𝟐 = 𝑩𝟐𝑪𝟐, 𝒃𝟐 = 𝑪𝟐𝑨𝟐, 𝒄𝟐 = 𝑨𝟐𝑩𝟐 holds 

𝒂𝟏𝒂𝟐 + 𝒃𝟏𝒃𝟐 + 𝒄𝟏𝒄𝟐 ≥
𝟒√𝟑 ∙ √𝒎𝒏

(𝒎 + 𝟏)(𝒏 + 𝟏)
∙ 𝑭 

Proposed by D.M.Bătinețu-Giurgiu, Dorina Goiceanu – Romania  

   Solution by Titu Zvonaru-Romania 

By 𝑩𝑨𝟏 = 𝒎𝑨𝟏𝑪, 𝑩𝑨𝟏 + 𝑨𝟏𝑪 = 𝒂, we get 𝑩𝑨𝟏 =
𝒂𝒎

𝒎+𝟏
, 𝑨𝟏𝑪 =

𝒂

𝒎+𝟏
, and similar 𝑪𝑩𝟏 =

𝒃𝒎

𝒎+𝟏
, 𝑩𝟏𝑨 =

𝒃

𝒎+𝟏
, 𝑨𝑪𝟏 =

𝒄𝒎

𝒎+𝟏
, 𝑪𝟏𝑩 =

𝒄

𝒎+𝟏
. 

We obtain [𝑨𝑩𝟏𝑪𝟏] =
𝑨𝑩𝟏𝑨𝑪𝟏𝐬𝐢𝐧𝑨

𝟐
=

𝒃𝒄𝒎𝐬𝐢𝐧𝑨

𝟐(𝒎+𝟏)𝟐 =
𝒎

(𝒎+𝟏)𝟐 ∙ 𝑭. It follows that 

[𝑨𝟏𝑩𝟏𝑪𝟏] = [𝑨𝑩𝑪] − [𝑨𝑩𝟏𝑪𝟏] − [𝑩𝑪𝟏𝑨𝟏] − [𝑪𝑨𝟏𝑩𝟏] = 

= 𝑭 −
𝟑

(𝒎 + 𝟏)𝟐
∙ 𝑭 =

𝒎𝟐 − 𝒎 + 𝟏

(𝒎 + 𝟏)𝟐
∙ 𝑭. 

By 𝑨𝑴 − 𝑮𝑴 we have 𝒎𝟐 − 𝒎 + 𝟏 = 𝒎𝟐 + 𝟏 − 𝒎 ≥ 𝟐𝒎 − 𝒎 = 𝒎. It results that 

[𝑨𝟏𝑩𝟏𝑪𝟏] =
𝒎𝟐 − 𝒎 + 𝟏

(𝒎 + 𝟏)𝟐
∙ 𝑭 ≥

𝒎

(𝒎 + 𝟏)𝟐
∙ 𝑭      (𝟏) 

Analog we obtain  

[𝑨𝟐𝑩𝟐𝑪𝟐] ≥
𝒏

(𝒏 + 𝟏)𝟐
∙ 𝑭       (𝟐) 

Using 𝑨𝑴 − 𝑮𝑴 inequality, Carlitz inequality (𝒂𝒃𝒄)𝟐/𝟑 ≥
𝟒

𝟑
√𝟑𝑭 (for the triangles 𝑨𝟏𝑩𝟏𝑪𝟏 

and 𝑨𝟐𝑩𝟐𝑪𝟐), the inequalities  (𝟏) and (𝟐), it follows that 

𝒂𝟏𝒂𝟐 + 𝒃𝟏𝒃𝟐 + 𝒄𝟏𝒄𝟐 ≥ 𝟑(𝒂𝟏𝒃𝟏𝒄𝟏)
𝟏
𝟑(𝒂𝟐𝒃𝟐𝒄𝟐)

𝟏
𝟑 ≥ 

≥ 𝟑√
𝟒

𝟑
√𝟑

𝒎

(𝒎 + 𝟏)𝟐
∙ 𝑭 ∙

𝟒

𝟑
√𝟑

𝒏

(𝒏 + 𝟏)𝟐
∙ 𝑭 =

𝟒√𝟑 ∙ √𝒎𝒏

(𝒎 + 𝟏)(𝒏 + 𝟏)
∙ 𝑭. 

Since 𝒎 ≠ 𝒏, inequality is strict. If we accept 𝒎 = 𝒏, then the equality holds if and only if 

𝒎 = 𝒏 = 𝟏 and the triangle 𝑨𝑩𝑪 is equilateral. 


