
 

S.2359 If 𝒙, 𝒚, 𝒛 > 𝟎 then  in 𝑨𝑩𝑪 holds:

(𝒙 + 𝒚)𝒂𝒃 + (𝒚 + 𝒛)𝒃𝒄 + (𝒛 + 𝒙)𝒄𝒂 ≥ 𝟖√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ∙ 𝑭 

Proposed by D.M.Bătinețu-Giurgiu, Maria Lavinia Popa – Romania 

 Solution by Titu Zvonaru-Romania 

First, we will prove that 

𝟐𝟕(𝒙 + 𝒚)𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐 ≥ 𝟔𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑        (𝟏) 

First we prove that 𝟗(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ 𝟖(𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)   (𝟐) 

which is equivalent with: 

𝒙(𝒛 − 𝒚)𝟐 + 𝒚(𝒙 − 𝒛)𝟐 + 𝒛(𝒚 − 𝒙)𝟐 ≥ 𝟎 

and (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)   (𝟑) 

we obtain by squaring (𝟐): 

𝟖𝟏(𝒙 + 𝒚)𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐 ≥ 𝟔𝟒(𝒙 + 𝒚 + 𝒛)𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥⏞
(𝟑)

𝟏𝟗𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑, 

hence the inequality (𝟏) is true. 

Using (𝟏), 𝑨𝑴 − 𝑮𝑴 and Carlitz’ inequality (𝒂𝒃𝒄)𝟐/𝟑 ≥
𝟒

𝟑
√𝟑𝑭, we obtain: 

(𝒙 + 𝒚)𝒂𝒃 + (𝒚 + 𝒛)𝒃𝒄 + (𝒛 + 𝒙)𝒄𝒂 ≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑 ((𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒂𝒃𝒄)𝟐)
𝟏/𝟑

≥⏞
𝑪𝑨𝑹𝑳𝑰𝑻𝒁

≥ 𝟖√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ∙ 𝑭. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 and 𝑨𝑩𝑪 is equilateral. 


