
 

S.2382If in 𝑨𝑩𝑪, 𝒂 ≠ 𝒃 ≠ 𝒄 ≠ 𝒂, then 

∑
𝒃 + 𝒄

𝒃 + 𝒄 − 𝒂
𝐜𝐲𝐜

>
𝟔𝒔

𝒘𝒂 + 𝒘𝒃 + 𝒘𝒄


Proposed by Daniel Sitaru, Elena Alexie - Romania 

   Solution by Titu Zvonaru-Romania 

Applying Bergstrom’s inequality and the well-known inequality: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐,  we obtain: 

∑
𝒃 + 𝒄

𝒃 + 𝒄 − 𝒂
𝐜𝐲𝐜

− 𝟑 = ∑ (
𝒃 + 𝒄

𝒃 + 𝒄 − 𝒂
− 𝟏)

𝐜𝐲𝐜

= ∑
𝒂

𝒃 + 𝒄 − 𝒂
𝐜𝐲𝐜

= 

= ∑
𝒂𝟐

𝒂𝒃 + 𝒂𝒄 − 𝒂𝟐

𝐜𝐲𝐜

≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
= 

=
𝟑(𝒂 + 𝒃 + 𝒄)𝟐

𝟔(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
≥

𝟑(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
= 𝟑, 

hence  

∑
𝒃 + 𝒄

𝒃 + 𝒄 − 𝒂
𝐜𝐲𝐜

≥ 𝟔. 

It remains to prove that: 

𝟔 >
𝟔𝒔

𝒘𝒂 + 𝒘𝒃 + 𝒘𝒄
⟺ 𝒘𝒂 + 𝒘𝒃 + 𝒘𝒄 > 𝒔       (𝟏) 

The inequality (𝟏) is the item 𝟖. 𝟗 from [𝟏]. 

[𝟏] O. Bottema, Geometric Inequalities, Groningen 1969 


