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𝑬𝟏 = 𝟏 − ∑
𝒙

𝟐𝒙 + 𝒛
 

𝒄𝒚𝒄

,      𝑬𝟐 = 𝟏 − ∑
𝒙

𝒙 + 𝟐𝒚
 

𝒄𝒚𝒄

, 𝒙, 𝒚, 𝒛 > 0        

Make a choice:  A. 𝑬𝟏𝑬𝟐 ≥ 𝟎    B. 𝑬𝟏𝑬𝟐 ≤ 𝟎 

Proposed by Daniel Sitaru, Camelia Dană  – Romania 

Solution by Titu Zvonaru-Romania  

We will prove that 
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𝟐𝒛 + 𝒚
≤ 𝟏          (𝟏) 

Since we want to use Bergström inequality, we change  " ≤ " sign to " ≥ " sign.   The 
inequality (𝟏) is equivalent to 
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+
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𝟐𝒛 + 𝒚
≥ 𝟏         (𝟐) 

Applying Bergström inequality we obtain 
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+

𝒙

𝟐𝒚 + 𝒙
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𝟐𝒙𝒚 + 𝒙𝟐
+

𝒚𝟐

𝟐𝒚𝒛 + 𝒚𝟐

≥
(𝒙 + 𝒚 + 𝒛)𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
=

(𝒙 + 𝒚 + 𝒛)𝟐

(𝒙 + 𝒚 + 𝒛)𝟐
= 𝟏 ⟹  𝑬𝟏

= 𝟏 −  ∑
𝒙

𝟐𝒙 + 𝒛
 

𝐜𝐲𝐜

≥ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

Applying Bergström we obtain 

𝒙

𝒙 + 𝟐𝒚
+
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𝒚 + 𝟐𝒛
+
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𝒛 + 𝟐𝒙
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+
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𝒛𝟐 + 𝟐𝒛𝒙
≥ 

≥
(𝒙 + 𝒚 + 𝒛)𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
=

(𝒙 + 𝒚 + 𝒛)𝟐

(𝒙 + 𝒚 + 𝒛)𝟐
= 𝟏 ⟹  𝑬𝟐 = 𝟏 −  ∑

𝒙

𝟐𝒙 + 𝒚
 

𝐜𝐲𝐜

≤ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

It follows that 𝑬𝟏𝑬𝟐 ≤ 𝟎. 


