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S.23951If a, b, c > 0, then:

<a+b+c+ 33/abc ><%+%+%+ 3*Vabc >>4
3¥abc a+ Vb + Vc 33abc Ya+3Ib+3c)

Proposed by Daniel Sitaru, Dan Mitricoiu — Romania

Solution by Titu Zvonaru-Romania

We will prove that if x,y,z > 0 then

x?+y%+2° 3xyz
>2 (1)
3x3y323 x34+y3+ 23

which is equivalent to
x?+y°+2° 3xyz
P4y 4 L 3wz
3x3y3z3 x3+y3+2z3
(o +y° +29((F -y + (F =22 + (2% -2

x+y+2)(x—y)2+(y—2)?%+ (z—x)?)
> .
- x3+y3+23

It suffices to prove that

(3 + 33+ 23)(x* + xy + y2)2(x3 — y3)? - (x+y+2)(x—y)?
3x3y3z3 T x3+y3+28

If x = y then we have equality else it remains to show that
(B +y3+ 2222 +xy+y?)?2 > 323y323(x + y + 2),
or
23 +9y3)23 + 2%+ xy + y*)? > 3x3y323(x + y + 2)
& 223 +3y3 + 22+ xy +y2)?2 > 3x3y3(x + y + 2).

After some calculations, it remains to prove that 3x*y3 — 3x3y3z + xy32z3 > 0, which
folows by AM — GM inequality: x*y3 + x*y3 + xy323 > 3x3y3z.

Equality holds ifand only if x =y = z.
Forx = Ya,y = Vb, z = Ycin (1):
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a+b+c 33/abc
3 + 3 3 3 2 2 (2)
3Vabc 3a+3/b+3c
Forx = Va,y = *Vb,z = *Ycin (1):
Ya+3b+ %+ 3*Vabc -
33abc Ya+3b+ Ve~
By multypling (2), (3):

<a+b+c+ 33Vabc ><%+%+%+ 3*Vabc >>
3¥abc  3a+3ib+3ic 3Vabc Ya+3b+3c)

Equalityifandonlyifa = b = c.
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