
 
S.2400 If 𝑰 – incenter of triangle 𝑨𝑩𝑪 then:  

𝑰𝑨𝟒 + 𝑰𝑩𝟒 + 𝑰𝑪𝟒 ≥
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟐𝟕
 

Proposed by Daniel Sitaru, Dan Nănuți – Romania 

   Solution by Titu Zvonaru-Romania 

Since 𝒘𝒂 =
𝟐𝒃𝒄𝐜𝐨𝐬

𝐀

𝟐
 

𝒃+𝒄
, by Van Aubel theorem it results that 𝑰𝑨 =

𝒃𝒄𝐜𝐨𝐬
𝐀

𝟐

𝒔
. It follows that 

𝑰𝑨𝟐 =
𝒃𝟐𝒄𝟐

𝒔𝟐
∙

𝒔(𝒔 − 𝒂)

𝒃𝒄
=

𝒃𝒄(𝒔 − 𝒂)

𝒔
. 

We will use Ravi substitutions: 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚, 𝒙, 𝒚, 𝒛 > 𝟎.  

Since 𝒔 = 𝒙 + 𝒚 + 𝒛, yields 

𝑰𝑨𝟐 =
𝒙(𝒛 + 𝒙)(𝒙 + 𝒚)

𝒙 + 𝒚 + 𝒛
, 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 

We have to prove that 

𝟐𝟕(𝒙𝟐(𝒛 + 𝒙)𝟐(𝒙 + 𝒚)𝟐 + 𝒚𝟐(𝒙 + 𝒚)𝟐(𝒚 + 𝒛)𝟐 + 𝒛𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐)𝟐

≥ 𝟒(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐(𝒙 + 𝒚 + 𝒛)𝟐 

Using the known inequality 𝟑(𝒎𝟐 + 𝒏𝟐 + 𝒑𝟐) ≥ (𝒎 + 𝒏 + 𝒑)𝟐, it is enough to prove that 

𝟗(𝒙(𝒛 + 𝒙)(𝒙 + 𝒚) + 𝒚(𝒙 + 𝒚)(𝒚 + 𝒛) + 𝒛(𝒚 + 𝒛)(𝒛 + 𝒙))
𝟐

≥ 𝟒(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐(𝒙 + 𝒚 + 𝒛)𝟐 

which is equivalent to 

𝟑(𝒙(𝒛 + 𝒙)(𝒙 + 𝒚) + 𝒚(𝒙 + 𝒚)(𝒚 + 𝒛) + 𝒛(𝒚 + 𝒛)(𝒛 + 𝒙))

≥ 𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)(𝒙 + 𝒚 + 𝒛) 

𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) + 𝟑(𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

≥ 𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙 + 𝒚 + 𝒛) + 𝟐(𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) + (𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ≥ 𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙 + 𝒚 + 𝒛) 

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝟑𝒙𝒚𝒛 ≥ 𝒙𝟐𝒚 + 𝒙𝒚𝟐 + 𝒚𝟐𝒛 + 𝒚𝒛𝟐 + 𝒛𝟐𝒙 + 𝒛𝒙𝟐 

𝒙(𝒙 − 𝒚)(𝒙 − 𝒛) + 𝒚(𝒚 − 𝒛)(𝒚 − 𝒙) + 𝒛(𝒛 − 𝒙)(𝒛 − 𝒚) ≥ 𝟎     (𝟏) 

The inequality (𝟏) is Schur’s inequality. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛, and the triangle ABC is equilateral. 

 


