
 

S.2401 If 𝒎, 𝒏 > 𝟎 the in 𝑨𝑩𝑪 the following relationship holds:

𝟒√𝟑(𝒎 + 𝒏) ∙
𝒓

𝑹
≤ ∑

𝒎𝒂 + 𝒏𝒃

𝒓𝒄
𝐜𝐲𝐜

≤
𝟑𝑹(𝒎 + 𝒏)

𝑭
∙ √𝟗𝑹𝟐 − 𝒔𝟐 

Proposed by Mehmet Șahin – Turkiye 

Solution by Titu Zvonaru-Romania 

Since 𝒓𝒂 =
𝑭

𝒔−𝒂
, we obtain: 

∑
𝒎𝒂 + 𝒏𝒃

𝒓𝒄
𝐜𝐲𝐜

=
𝒎𝒂(𝒔 − 𝒄) + 𝒏𝒃(𝒔 − 𝒄) + 𝒎𝒃(𝒔 − 𝒂) + 𝒏𝒄(𝒔 − 𝒂) + 𝒎𝒄(𝒔 − 𝒃) + 𝒏𝒂(𝒔 − 𝒃)

𝑭
= 

=
𝒎(𝒔(𝒂 + 𝒃 + 𝒄) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)) + 𝒏(𝒔(𝒂 + 𝒃 + 𝒄) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂))

𝑭
= 

=
(𝒎 + 𝒏)((𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂))

𝟐𝑭
=

(𝒎 + 𝒏)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐𝑭
. 

It results that we have to prove that 

𝟒√𝟑 ∙
𝒓

𝑹
≤

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐𝑭
≤

𝟑𝑹

𝑭
∙ √𝟗𝑹𝟐 − 𝒔𝟐      (𝟏) 

By Euler inequality 𝑹 ≥ 𝟐𝒓 and Ionescu-Weitzenbock’s inequality  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑 ∙ 𝑭, 

it follows that: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐𝑭
≥ 𝟐√𝟑 ≥ 𝟒√𝟑 ∙

𝒓

𝑹
. 

The right inequality in (𝟏) is equivalent to 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟔𝑹√𝟗𝑹𝟐 − 𝒔𝟐  ⟺ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
𝟐

≤ 𝟑𝟔𝑹𝟐(𝟗𝑹𝟐 − 𝒔𝟐) 

Using the known inequality 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐, it suffices to prove that 

𝟖𝟏𝑹𝟒 ≤ 𝟑𝟔𝑹𝟐(𝟗𝑹𝟐 − 𝒔𝟐) ⟺ 𝟗𝑹𝟐 ≤ 𝟑𝟔𝑹𝟐 − 𝟒𝒔𝟐 ⟺ 𝒂 + 𝒃 + 𝒄 ≤ 𝟑√𝟑𝑹, 

which is item 𝟓. 𝟓 from [𝟏]. 

Equality for both sides holds if and only if 𝑨𝑩𝑪 is equilateral. 
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