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S.2436Ifa,b,c > 0 and a + b + ¢ = 3 then find:

a N b N c }
a+2 b+2 c+2)
Proposed by Sidi Abdallah Lemrabott — Mauritania

max {

Solutions by Titu Zvonaru-Romania

Solution 1. We have

a N b N c 1
a+2 b+2 c+2
3a 1 3b 1 3c 1

:5a+2b+2c_§+2a+5b+20_§+2a+2b+5c_§_

_2(a-b)+2(a-c) 2(b—c)+2(b—a) 2(c—a)+2(c—b)

3(5a+2b + 2c) 3(2a+ 5b + 2c) 3(2a+2b + 5¢)
B 2(a—b) 2(a—b) N 2(b—rc) 2(b—-rc)
"~ 3(5a+2b+2c) 3(R2a+5b+2c) 3(2a+5b+2c) 3(2a+2b+ 5c¢)
2(c—a) 2(c—a)

3(2a+2b+5c¢) 3(5a+2b+2c)

2(a—b)(2a+5b+2c—5a—2b—2c) 2(b-c)(2a+2b+5c—2a—-5b—2c)
- 3(5a+2b + 2c)(2a+ 5b + 2a) 3(2a+5b + 2c)(2a+ 2b + 5¢)
2(c—a)(5a+2b+2c—5a—2b—2c)
3(2a+ 2c+50)(5a+ 2b+2¢)

B 2(a — b)? 2(b — ¢)?
~ (5a+2b+2c)(2a+5b+2a) (2a+5b+2c)(2a+2b + 5¢)
2(c — a)?
- <0.
(2a+ 2c+5c¢)(5a+2b + 2¢)

It results that

a b c
1

max{a+z+b+z+c+z

obtainedfora=b =c = 1.
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Solution 2. We will prove that

a N b N c 1o a N b N c <1
a+2 b+2 c+2 5a+2b+2c 2a+5b+2c 2a+2b+5c 3
1 a 1 3b 1 3c 3 1
Sttt 2%

5 5a+2b+2c 5 2a+5b+2c 5 2a+2b+5c 5 3

b+c c+a a+b 2
= + + e
5 +2b+2c 2a+5b+2c 2a+2b+5c 3

Applying Bergstrom inequality we obtain

b+c + c+a 4 a+b _
S5a+2b+2c 2a+5b+2c 2a+2b+5c
(b + ¢)? (c+ a)? (a + b)?

“t+0Gat2bt20) (cta)2at+5b+20) (atb)2a+2b+50) -

- 4(a+ b + ¢)?
~ 4(a? + b?% + ¢%?) + 14(ab + bc + ca)

It remains to prove that
6(a+b+c)? > 4(a®+ b? +c?) + 14(ab + bc + ca) &

a? + b% + c¢* > ab + bc + ca.



