
 

S.2444𝑶 − the circumcenter of 𝑨𝑩𝑪lies on the incircle of 𝑨𝑩𝑪.  

Prove that:

𝟖√𝟐 + 𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
> 𝟏𝟐

Proposed by Daniel Sitaru, Claudia Nănuți – Romania  

   Solution 1 by Titu Zvonaru-Romania: 

Since 𝑶𝑰𝟐 = 𝑹𝟐 − 𝟐𝑹𝒓, we have 𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓𝟐   (𝟏) 

By the law of sines and formula 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓, we obtain 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑹𝟐
=

𝟒𝒔𝟐 − 𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟒𝑹𝟐
=

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
    (𝟐) 

𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪 + 𝐬𝐢𝐧𝑪𝐬𝐢𝐧𝑨 =
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒𝑹𝟐
=

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝟐
    (𝟑)

By (𝟐) yields that 

𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 + 𝐜𝐨𝐬𝟐 𝑪 = 𝟑 − (𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪)

=
𝟔𝑹𝟐 − 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝟐
    (𝟒)

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪 = 𝟏 + 𝟒 𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
= 𝟏 +

𝒓

𝑹
=

𝑹 + 𝒓

𝑹
,

it results that 

𝟐(𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪 + 𝐜𝐨𝐬𝑪𝐜𝐨𝐬𝑨)

= (𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪)𝟐 − (𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 + 𝐜𝐨𝐬𝟐 𝑪)

= (
𝑹 + 𝒓

𝑹
)

𝟐

−
𝟔𝑹𝟐 − 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝟐
=

𝒔𝟐 − 𝟒𝑹𝟐 + 𝒓𝟐

𝟐𝑹𝟐
    (𝟓)

Applying (𝟑) and (𝟓), it follows that 

𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
=

𝟏

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
(𝐜𝐨𝐬

𝑩 − 𝑪 + 𝑪 − 𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩 − 𝑪 − 𝑪 + 𝑨

𝟐
)

=

=
𝟏

𝟐
𝐜𝐨𝐬𝟐

𝑨 − 𝑩

𝟐
+

𝟏

𝟐
(𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 + 𝑨 − 𝟐𝑪

𝟐
)

=
𝟏

𝟒
(𝟏 + 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝐜𝐨𝐬(𝑨 − 𝑪) + 𝐜𝐨𝐬(𝑩 − 𝑪))

=
𝟏

𝟒
(𝟏 + (𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪 + 𝐜𝐨𝐬𝑪𝐜𝐨𝐬𝑨)

+ (𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪 + 𝐬𝐢𝐧𝑪𝐬𝐢𝐧𝑨)) =



 

=
𝟏

𝟒
(𝟏 +

𝒔𝟐 − 𝟒𝑹𝟐 + 𝒓𝟐

𝟒𝑹𝟐
+

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝟐
) =

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝟖𝑹𝟐
     (𝟔)

Using Gerretsen inequality 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐, Euler inequality 𝑹 ≥ 𝟐𝒓 and the relation 

(𝟏), we get

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 = 𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐 = 𝟗(𝑹𝟐 − 𝒓𝟐) − 𝟒𝒓𝟐

=
𝟐𝟑

𝟒
𝑹𝟐 +

𝟏𝟑

𝟒
(𝑹𝟐 − 𝟒𝒓𝟐) ≥

𝟐𝟑

𝟒
𝑹𝟐,

hence 
𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐

𝟖𝑹𝟐 ≥
𝟐𝟑

𝟑𝟐
.  It suffices to prove that 

𝟖√𝟐 +
𝟐𝟑

𝟑𝟐
> 𝟏𝟐 ⟺ 𝟖√𝟐 >

𝟑𝟔𝟏

𝟑𝟐
⟺ 𝟏𝟑𝟏𝟎𝟕𝟐 > 𝟏𝟑𝟎𝟑𝟐𝟏.

   Solution 2 by Titu Zvonaru-Romania 

Since 𝑶𝑰𝟐 = 𝑹𝟐 − 𝟐𝑹𝒓, we have 𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓𝟐   (𝟏) 

Using the law of sines we obtain 

𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 = 𝟐 𝐬𝐢𝐧
𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
⟹ 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
=

𝒂 + 𝒃

𝟒𝑹𝐜𝐨𝐬
𝑨
𝟐

. 

Since 𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= √

𝒔(𝒔−𝒂)

𝒃𝒄
∙

𝒔(𝒔−𝒃)

𝒄𝒂
∙

𝒔(𝒔−𝒄)

𝒂𝒃
=

𝒔𝑭

𝒂𝒃𝒄
=

𝒔𝑭

𝟒𝑭𝑹
=

𝒔

𝟒𝑹
  and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓,  it rezults that 

𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
=

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟔𝟒𝐑𝟑 𝐜𝐨𝐬
𝑨
𝟐 𝐜𝐨𝐬

𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐

=
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄

𝟔𝟒𝑹𝟑 ∙
𝒔

𝟒𝑹

= 

=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝒔𝑹𝒓

𝟏𝟔𝑹𝟐𝒔
=

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐
. 

Using Gerretsen inequality 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐, Euler inequality 𝑹 ≥ 𝟐𝒓 and the relation 

(𝟏), we get

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 = 𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐 = 𝟗(𝑹𝟐 − 𝒓𝟐) − 𝟒𝒓𝟐

=
𝟐𝟑

𝟒
𝑹𝟐 +

𝟏𝟑

𝟒
(𝑹𝟐 − 𝟒𝒓𝟐) ≥

𝟐𝟑

𝟒
𝑹𝟐,

Hence  
𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐

𝟖𝑹𝟐 ≥
𝟐𝟑

𝟑𝟐
.  It suffices to prove that 

𝟖√𝟐 +
𝟐𝟑

𝟑𝟐
> 𝟏𝟐 ⟺ 𝟖√𝟐 >

𝟑𝟔𝟏

𝟑𝟐
⟺ 𝟏𝟑𝟏𝟎𝟕𝟐 > 𝟏𝟑𝟎𝟑𝟐𝟏.


