
 
S.2454  If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝒎 and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒏, prove that 

𝐦𝐚𝐱(𝒂, 𝒃, 𝒄) − 𝐦𝐢𝐧(𝒂, 𝒃, 𝒄) ≤
𝟒

𝟑
 √𝒎𝟐 − 𝟑𝒏 

Proposed by Hikmat Mammadov - Azerbaijan 

Solution by Titu Zvonaru-Romania 

Suppose that 𝒂 ≥ 𝒃 ≥ 𝒄; yields that there are 𝒙, 𝒚 ≥ 𝟎 such that 𝒂 = 𝒄 + 𝒙 + 𝒚, 𝒃 = 𝒄 + 𝒙. 

We have to prove that: 

𝟗(𝒙 + 𝒚)𝟐 ≤ 𝟏𝟔((𝟑𝒄 + 𝟐𝒙 + 𝒚)𝟐 − 𝟑((𝒄 + 𝒙 + 𝒚)(𝒄 + 𝒙) + (𝒄 + 𝒙)𝒄 + 𝒄(𝒄 + 𝒙 + 𝒚)) 

⟺ 𝟕𝒙𝟐 − 𝟐𝒙𝒚 + 𝟕𝒚𝟐 ≥ 𝟎 ⟺ 𝟔(𝒙𝟐 + 𝒚𝟐) + (𝒙 − 𝒚)𝟐 ≥ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝟎, that is 𝒂 = 𝒃 = 𝒄, 𝒎𝟐 = 𝟑𝒏. 


