
 
S.2457  In acute triangle 𝑨𝑩𝑪 holds: 

∑
𝐭𝐚𝐧𝑨

𝐛𝐜
𝐜𝐲𝐜

≥ 𝟑∑
𝐜𝐨𝐭𝑨

𝒃𝒄
𝐜𝐲𝐜

 

Proposed by Marin Chirciu – Romania 

   Solution by Titu Zvonaru-Romania 

By the law of sines, the given inequality is equivalent to 

∑
𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬 𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪
𝐜𝐲𝐜

≥ 𝟑∑
𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝐜𝐲𝐜

⟺ 

∑𝐬𝐢𝐧𝟐 𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝐂

𝐜𝐲𝐜

≥ 𝟑∑𝐜𝐨𝐬𝟐 𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪

𝐜𝐲𝐜

 

∑(𝟏− 𝐜𝐨𝐬𝟐 𝑨)𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝐂

𝐜𝐲𝐜

≥ 𝟑∑𝐜𝐨𝐬𝟐 𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪

𝐜𝐲𝐜

⟺ 

∑𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝐂

𝐜𝐲𝐜

≥ 𝟒𝐜𝐨𝐬𝐀𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪∑𝐜𝐨𝐬 𝑨

𝐜𝐲𝐜

. 

Using the known identities 

∑𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩

𝐜𝐲𝐜

=
𝒓𝟐 + 𝒔𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
,∑𝐜𝐨𝐬𝑨

𝐜𝐲𝐜

=
𝑹 + 𝒓

𝑹
, 𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪 =

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
, 

we have to prove that 

𝒓𝟐 + 𝒔𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
≥
𝟒(𝑹+ 𝒓)

𝑹
∙
𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
 

𝑹(𝒓𝟐 + 𝒔𝟐 − 𝟒𝑹𝟐) ≥ (𝟒𝑹 + 𝟒𝒓)(𝒔𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐) 

𝟏𝟐𝑹𝟑 + 𝟑𝟐𝑹𝟐𝒓 + 𝟐𝟏𝑹𝒓𝟐 + 𝟒𝒓𝟑 ≥ 𝒔𝟐(𝟑𝑹 + 𝟒). 

Using Gerretsen inequality 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐, it suffices to prove that 

𝟏𝟐𝑹𝟑 + 𝟑𝟐𝑹𝟐𝒓 + 𝟐𝟏𝑹𝒓𝟐 + 𝟒𝒓𝟑 ≥ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)(𝟑𝑹 + 𝟒𝒓) 

𝒓(𝑹𝟐 − 𝑹𝒓 − 𝟐𝒓𝟐) ≥ 𝟎 ⟺ 𝒓(𝑹− 𝟐𝒓)(𝑹 + 𝒓) ≥ 𝟎, 

which is true because 𝑹 ≥ 𝟐𝒓 (Euler inequality). 

Equality holds if and only if the triangle 𝑨𝑩𝑪 is  equilateral. 


