
 

S.2467If 𝒙, 𝒚, 𝒛 > 𝟎, then in 𝑨𝑩𝑪 holds:

𝒂𝟒𝒆𝒙𝟐

𝒚 + 𝒛
+

𝒃𝟒𝒆𝒚𝟐

𝒛 + 𝒙
+

𝒄𝟒𝒆𝒛𝟐

𝒙 + 𝒚
> 𝟏𝟔𝑭𝟐 

Proposed by D.M.Bătinețu-Giurgiu,Dan Nănuți - Romania 

 Solution by Titu Zvonaru-Romania 

For 𝒕 > 𝟎 we consider the function 𝒇(𝒕) = 𝒆𝒕 − 𝟏 − 𝒕. 

We have 𝒇′(𝒕) = 𝒆𝒕 − 𝟏, 𝒇′′(𝒕) = 𝒆𝒕 > 𝟎. Yields that 𝒇′ is an increasing function, hence 𝒇′(𝒕) >

𝒇′(𝟎) = 𝟎. We deduce that the function 𝒇 is increasing; 

then 𝒇(𝒕) > 𝒇(𝟎) = 𝟎. For 𝒕 = 𝒙𝟐, by 𝑨𝑴 − 𝑮𝑴 it results that 𝒆𝒙𝟐
> 𝟏 + 𝒙𝟐 ≥ 𝟐𝒙   (𝟏) 

Applying inequality (𝟏), Bergström’s inequality  and  the Heron’s formula 

𝟏𝟔𝑭𝟐 = 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒),  it follows that 

𝒂𝟒𝒆𝒙𝟐

𝒚 + 𝒛
+

𝒃𝟒𝒆𝒚𝟐

𝒛 + 𝒙
+

𝒄𝟒𝒆𝒛𝟐

𝒙 + 𝒚
> 𝟐 (

𝒙𝒂𝟒

𝒚 + 𝒛
+

𝒚𝒃𝟒

𝒛 + 𝒙
+

𝒛𝒄𝟒

𝒙 + 𝒚
) = 

= 𝟐 (
𝒙𝒂𝟒

𝒚 + 𝒛
+ 𝒂𝟒 +

𝒚𝒃𝟒

𝒛 + 𝒙
+ 𝒃𝟒 +

𝒛𝒄𝟒

𝒙 + 𝒚
+ 𝒄𝟒 − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)) = 

= 𝟐 (
(𝒙 + 𝒚 + 𝒛)𝒂𝟒

𝒚 + 𝒛
+

(𝒙 + 𝒚 + 𝒛)𝒃𝟒

𝒛 + 𝒙
+

(𝒙 + 𝒚 + 𝒛)𝒄𝟒

𝒙 + 𝒚
− (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)) ≥ 

≥ 𝟐 (
(𝒙 + 𝒚 + 𝒛)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐

𝒚 + 𝒛 + 𝒛 + +𝒙 + 𝒚
− (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)) = (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐
− 𝟐(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) = 

= 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) = 𝟏𝟔𝑭𝟐. 


