
 
S.2470  If 𝒂, 𝒃, 𝒄 > 𝟎 and 𝒂 + 𝒃 + 𝒄 = 𝟑 then find  

𝐦𝐚𝐱 {∑
𝒂

𝒂𝟐 + 𝟑
𝐜𝐲𝐜

+ ∑
𝒂𝟐

𝒂𝟑 + 𝟏
𝐜𝐲𝐜

} 

Proposed by Sidi Abdallah Lemrabott – Mauritania 

 Solution by Titu Zvonaru-Romania 

We will prove that  

 ∑ (
𝒂

𝒂𝟐 + 𝟑
+

𝒂𝟐

𝒂𝟑 + 𝟏
)

𝐜𝐲𝐜

≤
𝟗

𝟒
    (𝟏) 

By tangent line method, we search 𝒎, 𝒏 such that 

𝒙

𝒙𝟐 + 𝟑
+

𝒙𝟐

𝒙𝟑 + 𝟏
≤ 𝒎𝒙 + 𝒏     (𝟐) 

For 𝒙 = 𝟏, from (𝟐) we get 𝒎 + 𝒏 =
𝟑

𝟒
   (𝟑) 

By derivation, the inequality (𝟐) becomes 

𝒙𝟐 + 𝟑 − 𝟐𝒙𝟐

(𝒙𝟐 + 𝟑)𝟐
+

𝟐𝒙(𝒙𝟑 + 𝟏) − 𝟑𝒙𝟒

(𝒙𝟑 + 𝟏)𝟐
≤ 𝒎   (𝟒) 

For 𝒙 = 𝟏, from (𝟒) we obtain 𝒎 =
𝟑

𝟖
. Now, by (𝟑) yields 𝒏 =

𝟑

𝟖
. 

For 𝒎 = 𝒏 =
𝟑

𝟖
, the inequality (𝟐) is equivalent to 

𝒙

𝒙𝟐 + 𝟑
+

𝒙𝟐

𝒙𝟑 + 𝟏
≤

𝟑(𝒙 + 𝟏)

𝟖
     (𝟓) 

𝟑𝒙𝟔 + 𝟑𝒙𝟓 − 𝟕𝒙𝟒 + 𝟏𝟐𝒙𝟑 − 𝟐𝟏𝒙𝟐 + 𝒙 + 𝟗 ≥ 𝟎 

(𝒙 − 𝟏)𝟐(𝟑𝒙𝟒 + 𝟗𝒙𝟑 + 𝟖𝒙𝟐 + 𝟏𝟗𝒙 + 𝟗) ≥ 𝟎, 

which is true for 𝒙 > 𝟎. 

Writting the inequality  (𝟓) for 𝒂, 𝒃, 𝒄, and adding up, it follows that 

∑ (
𝒂

𝒂𝟐 + 𝟑
+

𝒂𝟐

𝒂𝟑 + 𝟏
)

𝐜𝐲𝐜

≤
𝟑(𝐚 + 𝟏)

𝟖
+

𝟑(𝒃 + 𝟏)

𝟖
+

𝟑(𝒄 + 𝟏)

𝟖
=

𝟑(𝒂 + 𝒃 + 𝒄)

𝟖
+

𝟗

𝟖
=

𝟗

𝟒
. 

The searched maximum is equal to 
𝟗

𝟒
, obtained for 𝒂 = 𝒃 = 𝒄 = 𝟏. 


