
 
S.2479 Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 such that 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏. Prove that 

𝟒(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟑
≥ 𝒂(𝟏 − 𝒃𝟐)(𝟏 − 𝒄𝟐) + 𝒃(𝟏 − 𝒄𝟐)(𝟏 − 𝒂𝟐) + 𝒄(𝟏 − 𝒂𝟐)(𝟏 − 𝒃𝟐) ≥

𝟏𝟎𝟖

(
𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄

)
𝟑 
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𝒂(𝟏 − 𝒃𝟐)(𝟏 − 𝒄𝟐) + 𝒃(𝟏 − 𝒄𝟐)(𝟏 − 𝒂𝟐) + 𝒄(𝟏 − 𝒂𝟐)(𝟏 − 𝒃𝟐) = 

= 𝒂 − 𝒂𝒃𝟐 − 𝒂𝒄𝟐 + 𝒂𝒃𝟐𝒄𝟐 + 𝒃 − 𝒃𝒄𝟐 − 𝒂𝟐𝒃 + 𝒂𝟐𝒃𝒄𝟐 + 𝒄 − 𝒂𝟐𝒄 − 𝒃𝟐𝒄 + 𝒂𝟐𝒃𝟐𝒄 = 

= (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝒂𝒃𝒄(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝟐𝒃 − 𝒂𝒃𝟐 − 𝒃𝟐𝒄 − 𝒃𝒄𝟐 − 𝒄𝟐𝒂

− 𝒄𝒂𝟐 = 𝟒𝒂𝒃𝒄 

and 

𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
=

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
=

𝟏

𝒂𝒃𝒄
. 

The inequality is equivalent to: 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
≥ 𝒂𝒃𝒄 ≥ 𝟐𝟕𝒂𝟑𝒃𝟑𝒄𝟑      (𝟏) 

The left inequality from (𝟏) is 𝑨𝑴 − 𝑮𝑴 inequality. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 =
𝟏

√𝟑
. 

Applying again 𝑨𝑴 − 𝑮𝑴 inequality, it follows that 

𝟏 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑(𝒂𝟐𝒃𝟐𝒄𝟐)𝟏/𝟑 

that is 𝟏 ≥ 𝟐𝟕𝒂𝟐𝒃𝟐𝒄𝟐; the right inequality from (𝟏) is proved. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 =
𝟏

√𝟑
. 

 

 


