
 
S.2480  If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

𝟏

∑ 𝒂𝟐𝒃𝐜𝐲𝐜 + 𝟑𝒂𝒃𝒄
+

𝟏

∑ 𝒂𝒃𝟐
𝐜𝐲𝐜 + 𝟑𝒂𝒃𝒄

≥
𝟐𝟕

𝟒(𝒂 + 𝒃 + 𝒄)𝟑 − 𝟐𝟕𝒂𝒃𝒄
 

Proposed by Sidi Abdallah Lemrabott - Mauritania  

   Solution by Titu Zvonaru-Romania 

By Bergström’s inequality we have: 

𝟏

∑ 𝒂𝟐𝒃𝐜𝐲𝐜 + 𝟑𝒂𝒃𝒄
+

𝟏

∑ 𝒂𝒃𝟐
𝐜𝐲𝐜 + 𝟑𝒂𝒃𝒄

≥
𝟒

 ∑ 𝒂𝟐𝒃𝐜𝐲𝐜 + ∑ 𝒂𝒃𝟐
𝐜𝐲𝐜 + 𝟔𝒂𝒃𝒄

 

It suffices to prove that 

𝟒

 ∑ 𝒂𝟐𝒃𝐜𝐲𝐜 + ∑ 𝒂𝒃𝟐
𝐜𝐲𝐜 + 𝟔𝒂𝒃𝒄

≥
𝟐𝟕

𝟒(𝒂 + 𝒃 + 𝒄)𝟑 − 𝟐𝟕𝒂𝒃𝒄
 

which is equivalent to 

𝟏𝟔(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) + 𝟒𝟖(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐) + 𝟗𝟔𝒂𝒃𝒄 − 𝟏𝟎𝟖𝒂𝒃𝒄

≥ 𝟐𝟕(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐) + 𝟏𝟔𝟐𝒂𝒃𝒄 

𝟏𝟔(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) + 𝟐𝟏(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐) ≥ 𝟏𝟕𝟒𝒂𝒃𝒄    (𝟏) 

By 𝑨𝑴 − 𝑮𝑴 inequality yields that 

𝟏𝟔(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) ≥ 𝟒𝟖𝒂𝒃𝒄 

𝟐𝟏(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐) ≥ 𝟏𝟐𝟔𝒂𝒃𝒄 

hence the inequality (𝟏) is true. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

 

 


