
 

S.2482 In triangle 𝑨𝑩𝑪, 𝝎 - Brocard'sangle. Prove that  

𝐜𝐬𝐜𝟐 𝝎 + 𝟒(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪) ≥ 𝟏𝟑.

When does equality holds ?

Proposed by Mohamed Amine Ben Ajiba – Morroco 

Solution by Titu Zvonaru-Romania 

It is known that 𝐜𝐬𝐜𝟐 𝝎 =
𝒂𝟐𝒃𝟐+𝒃𝟐𝒄𝟐+𝒄𝟐𝒂𝟐

𝟒𝑭𝟐 . 

Using the sines law and the formula𝑹 =
𝒂𝒃𝒄

𝟒𝑭
, the given inequality is equivalent to 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟒𝑭𝟐
+

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟒𝑹𝟐
≥ 𝟏𝟑 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟒𝑭𝟐
+

𝟔𝟒𝑭𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟒𝒂𝟐𝒃𝟐𝒄𝟐
≥ 𝟏𝟑 

𝒂𝟐𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟔𝟒𝑭𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟓𝟐𝒂𝟐𝒃𝟐𝒄𝟐𝑭𝟐    (𝟏) 

Applying the Heron formula 𝟏𝟔𝑭𝟐 = 𝟐𝒂𝟐𝒃𝟐 + 𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒄𝟐𝒂𝟐 − 𝒂𝟒 − 𝒃𝟒 − 𝒄𝟒, the 

inequality (𝟏) becomes 

𝟒𝒂𝟐𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 

+(𝟐𝒂𝟐𝒃𝟐 + 𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒄𝟐𝒂𝟐 − 𝒂𝟒 − 𝒃𝟒 − 𝒄𝟒)𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 

≥ 𝟏𝟑𝒂𝟐𝒃𝟐𝒄𝟐(𝟐𝒂𝟐𝒃𝟐 + 𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒄𝟐𝒂𝟐 − 𝒂𝟒 − 𝒃𝟒 − 𝒄𝟒)  (𝟐) 

Denoting 𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐, 𝒛 = 𝒄𝟐, we have to prove that: 

  

𝟒𝒙𝒚𝒛(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + (𝟐𝒙𝒚 + 𝟐𝒚𝒛 + 𝟐𝒛𝒙 − 𝒙𝟐 − 𝒚𝟐 − 𝒛𝟐)𝟐(𝒙 + 𝒚 + 𝒛) ≥ 

≥ 𝟏𝟑𝒙𝒚𝒛(𝟐𝒙𝒚 + 𝟐𝒚𝒛 + 𝟐𝒛𝒙 − 𝒙𝟐 − 𝒚𝟐 − 𝒛𝟐)  (𝟑) 

The inequality (𝟑) is simetric of 5 degree; it suffices to prove it for 𝒛 = 𝟎 and for 𝒚 = 𝒛. 

For 𝒛 = 𝟎, the inequality (𝟑) is obviously true. For 𝒚 = 𝒛, the inequality (𝟑) is 

𝟒𝒙𝒚𝟐(𝟐𝒙𝒚 + 𝒚𝟐) + (𝟒𝒙𝒚 − 𝒙𝟐)𝟐(𝒙 + 𝟐𝒚) ≥ 𝟏𝟑𝒙𝒚𝟐(𝟒𝒙𝒚 − 𝒙𝟐) 

𝒙(𝒙𝟒 − 𝟔𝒙𝟑𝒚 + 𝟏𝟑𝒙𝟐𝒚𝟐 − 𝟏𝟐𝒙𝒚𝟑 + 𝟒𝒚𝟒) ≥ 𝟎 

𝒙(𝒙 − 𝒚)𝟐(𝒙 − 𝟐𝒚)𝟐 ≥ 𝟎, 



 
which is true. 

Equality holds if and only if the triangle 𝑨𝑩𝑪 is equilateral. 

 

 

 

 


