
 
S.2624 If 𝒎, 𝒏, 𝒙, 𝒚, 𝒛 > 𝟎 then: 

(
(𝒎𝒙 + 𝒏𝒚)𝟐

𝒛𝟐 + 𝟐) (
(𝒎𝒚 + 𝒏𝒛)𝟐

𝒙𝟐 + 𝟐) (
(𝒎𝒛 + 𝒏𝒙)𝟐

𝒚𝟐 + 𝟐) ≥ 𝟐𝟕(𝒎 + 𝒏)𝟐 

Proposed by D.M.Bătinețu-Giurgiu, Daniel Sitaru – Romania 

Solution by Titu Zvonaru-Romania 

Applying Arkady Alt’s  inequality (𝒙𝟐 + 𝒕𝟐)(𝒚𝟐 + 𝒕𝟐)(𝒛𝟐 + 𝒕𝟐) ≥
𝟑

𝟒
𝒕𝟒(𝒙 + 𝒚 + 𝒛)𝟐 

(with equality if and only if   𝒙 = 𝒚 = 𝒛 =
𝒕

√𝟐
) and 𝑨𝑴 − 𝑮𝑴 inequality, it follows that 

(
(𝒎𝒙 + 𝒏𝒚)𝟐

𝒛𝟐
+ 𝟐) (

(𝒎𝒚 + 𝒏𝒛)𝟐

𝒙𝟐
+ 𝟐) (

(𝒎𝒛 + 𝒏𝒙)𝟐

𝒚𝟐
+ 𝟐) = 

≥
𝟑

𝟒
(√𝟐)

𝟐
(

𝒎𝒙 + 𝒏𝒚

𝒛
+

𝒎𝒚 + 𝒏𝒛

𝒙
+

𝒎𝒛 + 𝒏𝒙

𝒚
)

𝟐

= 

= 𝟑 (𝒎 (
𝒙

𝒛
+

𝒚

𝒙
+

𝒛

𝒚
) + 𝒏 (

𝒚

𝒛
+

𝒛

𝒙
+

𝒙

𝒚
))

𝟐

≥ 𝟑(𝟑𝒎 + 𝟑𝒏)𝟐 = 𝟐𝟕(𝒎 + 𝒏)𝟐. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 and 
𝒎𝒙+𝒏𝒚

𝒛
=

𝒎𝒚+𝒏𝒙

𝒙
=

𝒎𝒛+𝒏𝒙

𝒚
= 𝟏,  

that is 𝒙 = 𝒚 = 𝒛 = 𝟏, 𝒎 + 𝒏 = 𝟏. 

ARKADY ALT’S INEQUALITY 

If  𝒕, 𝒙, 𝒚, 𝒛 > 𝟎  then the following relationship holds: 

(𝒙𝟐 + 𝒕𝟐)(𝒚𝟐 + 𝒕𝟐)(𝒛𝟐 + 𝒕𝟐) ≥
𝟑

𝟒
𝒕𝟒(𝒙 + 𝒚 + 𝒛)𝟐 

with equality if and only if  𝒙 = 𝒚 = 𝒛 =
𝒕

√𝟐
. 

Proof: We have 

(𝒙𝟐 + 𝒕𝟐)(𝒚𝟐 + 𝒕𝟐) ≥
𝟑

𝟒
𝒕𝟐((𝒙 + 𝒚)𝟐 + 𝒕𝟐) ⟺ (𝒙𝒚 −

𝒕𝟐

𝟐
)

𝟐

+
𝒕𝟐

𝟒
(𝒙 − 𝒚)𝟐 ≥ 𝟎. 

Applying Cauchy-Buniakovski-Schwarz inequality we obtain 

(𝒙𝟐 + 𝒕𝟐)(𝒚𝟐 + 𝒕𝟐)(𝒛𝟐 + 𝒕𝟐) ≥
𝟑𝒕𝟐

𝟒
((𝒙 + 𝒚)𝟐 + 𝒕𝟐)(𝒕𝟐 + 𝒛𝟐) ≥ 



 

≥
𝟑𝒕𝟐

𝟒
(𝒕(𝒙 + 𝒚) + 𝒕𝒛)𝟐 =

𝟑

𝟒
𝒕𝟒(𝒙 + 𝒚 + 𝒛)𝟐. 

The equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝒕

√𝟐
. 

 


